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PREFACE 


At one time the study of elliptic functions began with the inversion 
of Legendre’s integral. Every young mathematician was familiar with 
sn^i, cn 24 , and dni^, and algebraic identities between these functions 
figured in every examination. But a growing realization that the 
inversion of a complex integral raises issues which are not all elementary 
brought about a change. To-day, many a good teacher says nothing 
of the Jacobian functions until he can utilize theta functions, and many 
a good student learns nothing of them at all. Moreover, a theory in 
which the definition of the fundamental function takes the form 

A, Uu/&() 

starts with a handicap of artificiality from which the older treatment, 
whatever its faults, was free. 

This book is an attempt to restore the Jacobian functions to the 
elementary curriculum by exhibiting them as functions constructed on 
a. lattice. In the course of the general theory of doubly periodic func- 
tions, we find that the lowest order possible for such a function is the 
second, and that therefore the simplest functions have either one double 
pole or two simple poles in a primitive parallelogram. The investigation 
of the first possibility is the invariable method of introducing the 
Weierstrassian function pz. It is seldom — the first edition of Modern 
Analysis was an honourable exception — that the investigation of the 
alternative is recognized as the natural sequel. This is our sorting- 
point. We associate with an arbitrary Weierstrassian function a sym- 
metrical group of functions of the second kind, an^ this group becomes 
a Jacobian system by an appropriate specialization of one of the para- 
meters fundamental in the theory. So found, the Jacobian functions 
are known in advance to be doubly periodic, no parameters are re- 
stricted to be real, and simple functional proofs of addition theorems 
and of the transformations of Jacobi and Landen replace the algebraical 
proofs demanded by the inverted integral. 

For a moment we are tempted to think that the problem of inverting 
an integral need not be faced. The classical functions have come easily 
into analysis, they display a multitude of fascinating properties, and 
their relations to their derivatives imply that they can be used for the 
evaluation of integrals of the forms with which they are traditionally 
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associated. Let them be studied, and they will be available when 
wanted. But will they ? If 6 and c are certain critical constants in the 
theory of a known system of elliptic functions, the integral 

dw 

c^)} 

w 

is identifiable as an inverse function. But if it is b and c that are given, 
as is almost always the case, in both pure and applied mathematics, 
when the integral turns up first, have we any reason to suppose that 
a system exists in which the given b and c do play the essential parts ? 
We are back at the fundamental question. Every elliptic function is 
the inverse of an elliptic integral; is it true also that the inverse of 
every elliptic integral is an elliptic function ? 

There is no logical objection to postponing the consideration of this 
question. Even if we ignore the problem altogether, our theory is no 
less satisfactory than the elementary theory of pz, where precisely the 
same problem is ignored: we find that iiw — pz, then 

00 

dw 

^J4:{w—ey){w-e^){w-e.i)y 

XO 

but we do not discuss whether for arbitrary values of Cg, 63 subject 
to the condition Ci+^2+^3 “ ^ ^ Weierstrassian function must exist. 
For practical purposes, only the answer* to the question is required, 
and there is no difficulty in explaining the answer. Nevertheless, even 
in an unambitious course something more than a simple question and 

* Together naturally with the solution of the more elementary problem, also described 
sometimes as the problem of inversion: assuming that the system exists, to determine 
from the constants in the integral either the elliptic function itself or the lattice on 
which it hangs. To find the only possible lattice is, as will bo seen in the text, a simple 
matter; the difficulty is to prove that the functions on this lattice do provide the 
assigned constants. Merely to construct an inverse function by direct operations does 
not solve the theoretical problem. For example, Hancock’s exceedingly thorough 
account of inversion on a Kiemann surface {Theory of Elliptic Functions, I) is beyond 
criticism as a solution of the practical problem, but begs the whole theoretical question 
in the one sentence (p. 163): Instead of the variable u we may introduce any variable 
quantity, say 

u{z, .9) = 

No reason is adduced for supposing that ti{z, s), so defined, can take an arbitrary value, 
but u presently becomes the independent variable. If a complete solution of the inver- 
sion problem along Kiemannian lines is wanted, Hancock’s treatise needs a supplement 
equivalent to the excellent ninth chapter of Neurnami’s Riemann's Theorie der AbeVschen 
Integrate (Dio Umkohrung des elliptischen Integrales), where the problem of ubiquity 
is stated very clearly. 
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a straightforward answer seems wanted. We dare not say that we 
understand the relation between the function and the integral unless 
we see how the double periodicity of the function is implicit in the 
integral form of the relationship, and in the discovery of double 
periodicity from this end the origin of the constants is not relevant. 
Since also definition by inversion of an integral is equivalent to defini- 
tion by a simple form of differential equation and is not in itself a 
suspicious process, a mystery remains for the student unless we put 
a finger for him on the ultimate difficulty. In point of fact, the more 
precisely the problem of inversion is analysed, the narrower the crucial 
gap becomes and the less formidable the task of bridging it appears. 

The design of this treatise will now be intelligible. There are three 
divisions of the subject, first the direct theory of functions with simple 
poles derived from a Weierstrassian function whose periods are arbi- 
trary, then the theory of the inverted integral and the solution of the 
problem of inversion, and lastly the fertile theory of the classical 
system. To the writer the order of exposition is almost inevitable, but 
the reader impatient to make the acquaintance of Jacobi’s functions 
can pass to Chapter X from Chapter IV or even from Chapter III, and 
he can return at any time to read Chapter VI, on the connexion 
between integration and periodicity, as an independent chapter and 
not necessarily as a stage in the inversion argument. 

Far from being new to analysis, the three ^primitive’ functions 
defined in Chapter I have often been studied. Jordan in his Cours 
d' Analyse and Tannery and Molk in their Fonctions Elliptiques allow 
a few pages to them and define the classical functions in terms of them ; 
in papers on Poncelet’s poristic polygons, Chaundy and Baker* use the 
same three functions, instead of relying explicitly, as does Halphen in 
the account of this problem in the second volume of his treatise, on the 
Weierstrassian functions pZy az. The point to be emphasized is the 
deliberate construction of the functions as functions with simple poles. 
As algebraic functions of pZy important in the development of the 
theory of pz itself, the functions go back to Weierstrass. 

The primitive functions belong to a group of twelve, and it is this 
group which is the subject of Chapters II- IV. My notation for the 
functions is new, and is designed to reflect both the structure of the 

* Chaundy, Proc. London Math. Soc. (2), 22 (1924) p. 104 and 25 (1926) p. 17 ; Baker, 
Proc. Cambridge Phil. Soc.y 23 (1926) p. 92. Chaundy takes a knowledge of the functions 
for granted, Baker derives an addition theorem for them from a differential equation. 
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functions and their relation to the Jacobian system. If I rewrote 
the book, I should perhaps develop the theory of these functions at 
much greater length, but at least I have avoided the extremes of pre- 
senting the theory merely as an elaboration on that of pz and merely 
as a preparation for that of sn u. 

Chapters V-VIII are devoted to a standard elliptic integral and its 
inversion. In Chapter V we see precisely what relation between an 
elliptic function and an elliptic integral is established in the direct 
theory of the elliptic function. Chapter VI deals, as I have said, with 
the periodicity of the inverted integral. In Chapter VII two proofs are 
given of the existence theorem which has been shown to be crucial for 
the inversion problem. The first of these is an application, new in 
principle as far as I know, of the theory of aggregates; the second is 
essentially Goursat’s, with adapted notation. Whether the first proof 
or the second is the ‘simpler’ depends entirely on the reader’s equip- 
ment. (jiven the requisite knowledge of the theory of aggregates, the 
first proof is brief and straightforward: the line of argument, once 
indicated, is obvious, and the details are easily filled in from an 
examination of the integral to be inverted. (Joursat uses only the 
familiar processes of analysis, but economical presentation of his proof 
calls for considerable algebraical ingenuity; the formulae required 
belong to the theory of the function with which the inverted integral 
is to be identified, and are not suggested by mere inspection of the 
integrand. Incidentally, this proof shows that as a problem in analysis 
the inversion problem is not as deep as the better-known solution by 
means of a modular equation inclines us to believe. Chapter VIII 
brings together the main threads from CUiapters VI-VII and completes 
the solution of the fundamental problem; to read this chapter pro- 
fitably, it is necessary to accept the conclusion of the principal theorem 
in Chapter VII, but it is not necessary to have mastered a demonstra- 
tion of this theorem. 

The essence of Chapter X, which introduces the classical functions, 
is that the functions are regarded as functions constructed on a canoni- 
cal lattice. The condition which a ‘Jacobian’ lattice is to satisfy is laid 
down after a comparison of integrals; this presents the condition as 
a natural condition, while ensuring that the functions will be the 
classical functions. An arbitrary lattice is rendered Jacobian on multi- 
plication by a ‘normalizing factor’, which is found as the value at a 
particular point of the lattice of a definite elliptic function attached 
to the lattice; whatever the lattice, the normalizing factor exists and 
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is unique. That is to say, a Jacobian lattice may have any shape, but, 
for a given shape, is determinate in size and orientation. 

Since it is the lattice rather than the system of functions attached 
to it that is standardized, the theory of the Jacobian functions tends 
in its opening stages to repeat the theory developed in Chapters I-IV. 
The repetition, however, is slight, for the utter lack of symmetry in 
the Jacobian system introduces a new element: formulae may be dis- 
covered in a typical form, but if they are to be readily available they 
must be tabulated in detail. 

In one respect the influence of the earlier theory permeates the later 
chapters. We see* the subject of investigation not as a set of three 
functions but as a group of twelve; in a variety of senses this group is 
complete, it stratifies naturally into four triads of copolar functions, 
and since the four triads are closely interrelated, any attempt to 
express all formulae in terms of the members of one triad is a false 
economy in the language. Jacobi’s original functions sn-z^, cnu, dnt/. 
constitute one of the four triads, but the poles of these functions are 
congruent with iK\ not with the origin, and from the functional point 
of view a treatment in which this triad plays the leading part is strictly 
analogous to a version of the Weierstrassian theory which should be 
written round the function p(z—-a)2) instead of round the function pz. 
It is only in deference to tradition and for the sake of readers who will 
expect this book to prepare them for the general literature of the 
subject that I have frequently given the same prominence to formulae 
relating specifically to the classical triad as to the corresponding 
formulae relating to the triadl csu, nsu, 

Although few details of mathematical notation are accepted with 
the same unanimity as the use of K and iK' for Jacobian quarter- 
periods, I usually write instead and For this iconoclasm I offer 
in advance three reasons. First, using for — with as 

* That this view was not long ago universal is one of the minor mysteries of mathe- 
matics, or perhaps one of the major examples of mistaken subservience. It was in 1882 
that Glaisher recognized that the group should be completed, and devised the perfect 
notation, but outside England, from Bobek in 1884 to Tricomi in 1937, Glaisher’s nine 
fimctions have been comj)letely ignored, in spite of the suggestiv^e table on p. 30 of the 
Weierstrass -Schwarz Forrnehi und Lehrsdtze, The strangest case is that of Tannery and 
Molk, since they have an explicit notation for the twelve functions on an arbitrary 
lattice. But Cayley could speak of ‘the elliptic functions properly so called, the func- 
tions sn, cn, dn’, and dismissed the other nine functions with a curt ‘These are not 
• required’. 

f It is significant that when M. Roberts in his Tract on the Addition of Elliptic and 
Hyper -elliptic Integrals (1871) applies a general theorem of Jacobi’s to the elliptic 
integrals, it is the formulae for this triad that he finds first (p. 10), although his work 
is wholly in the real domain. ' 

4767 b 
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an alternative symbol for the origin, we promote Glaisher’s notation 
from a mere algebraical mnemonic to a structural notation, for pq u is 
a function with a zero at and a pole at Secondly, a typical 
symbol for a cardinal point opens the possibility of typical formulae, 
and this, in a subject threatened with suffocation by the sheer multi- 
tude of individual formulae, is no light relief. Thirdly, when the 
modulus of the system is arbitrarily complex, the two quarterperiods 
are alike complex, and the insertion of a factor i in the second of them 
is for most purposes inconvenient if not misleading. But details of 
notation are to be judged pragmatically, not logically, and I can only 
ask the reader to postpone criticism. There is of course work for which 
the classical notation is wanted, and my intention has been to revert 
without hesitation whenever the occasion invites. 

The fundamental transformations, the subject of Chapter XIII, are 
found by a comparison of patterns of poles and zeros. In every case 
the functional relations are obvious, and the ratio of one variable to 
another is simply a normalizing factor by which a lattice is made 
Jacobian. In this treatment of the transformations, rather than in any 
more abstract considerations, is the most powerful argument for an 
innovation of which a hint has already been let fall. To say that the 
ratio of iK' to K is arbitrary implies that the customary convention 
that lm(iK'IK) is intrinsically positive has been abandoned. To replace 
this convention I introduce into the formulae a constant v which is -f i 
or — ^ according as lm{iK' jK) is positive or negative. The device 
sounds childish, and I did not incorporate it without misgiving, but 
I hope it will commend itself by its effects. 

The heading of the next chapter will mislead; the subject is not the 
reduction of algebraic integrals, but the integration of Jacobi-Glaisher 
functions and their products. Only one new transcendent is necessary, 
but surely it is anomalous to welcome the increase from Jacobi’s three 
functions to Glaisher’s twelve as an advance but to insist that at all 
costs twelve corresponding integrals are to be expressed in terms of one 
of their number. For each of the twelve functions pqi^ I denote the 
integral of pq^i^, with the natural constant of integration, by Pqi^. 
A table, XIV 2, gives the integrating function Tqu in terms of the 
classical function E(u), which is Dnu, and another, XIV 3, gives Pqt^ 
in terms of Dc u, a function which on theoretical grounds has the same 
standing as Dni^. 

Chapter XV deals with dependence on the modulus. Hermite’s for- 
gotten method of writing down the derivatives of the Jacobian functions 
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with respect to the parameter c immediately in terms of integrating func- 
tions is revived. The results lead naturally to a discussion of the quarter- 
periods as functions of c, and the linear differential equations satisfied 
by K and K' and by E~c'K and E'—cK' are solved completely. 

Theta functions are the subject of Chapter XVI. In accordance with 
the general outlook they are introduced as integral functions with 
specified lattices of zeros. Partitions of the four fundamental functions 
lead by logarithmic differentiation to series for the twelve Jacobian 
functions; except for an anomalous first term in six cases, these series 
are Fourier series. The reader must be warned that much of the nota- 
tion in this chapter, though so natural as to seem inevitable in the 
context, is new; in particular, the functions d'g(u), 
are constant multiples of Jordan’s d{u), dy{u), ^ 3 (^)- 

The book is an essay in the theory of functions of a complex variable, 
but the nature of the functions and integrals as real functions of a real 
variable, when the parameters involved are real, is considered in 
Chapter IX for the functions of the opening chapters and in Chapter 
XVII for the Jacobian functions. In this last chapter dissections of 
pq(t4+^^) and Pq(i4-l-iV) are tabulated for application to conformal 
representation. A few pages touch on numerical evaluation, first by 
Legendre’s original process, which uses a succession of Landen trans- 
formations, and lastly by direct use of ^'-series. The type of convergence 
of a Landen chain is superior in the long run to that of a g-series, but 
initially the chain and the series are about equally efficient. It is to 
be remembered that the Landen process comes to an end when the 
square of a modulus is negligible, and that if A: > k' the transformation 
can be operated in the direction* in which k' tends to zero. On the 
other hand, whereas the Landen transformation, valid always in theory, 
is of no practical value unless k and k' are real, g-series can be used 
when k and u are complex. 

For the reader already acquainted with the general theory of doubly 
periodic functions and with the theory of the Weierstrassian functions 
the book begins on p. 60, but I have been persuaded to prefix a sum- 
mary of the elements of these theories and of the theory of lattices 
rather than to take for granted or to prove incidentally the results 
I happened to need. The sole purpose of this introduction is to carry 
the work back logically to Cauchy’s theorem. 

* Cayley, Elliptic Functions, takes as an example k — sin 75° and reduces k to 
0*0*28260 in three steps and to 0*0®20 in four, but in the other direction k^ is reduced 
to 0*0*761 in two steps. 
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A collection of annotated exercises at the end of the volume provides 
an informal outlet of which I have been glad to avail myself. Some 
of the exercises lead to other proofs of theorems in the text: addition 
theorems turn up more than once, and Fourier series are found by 
contour integration. Numerical examples demonstrate that the pro- 
cesses recommended in the text for reducing and inverting an integral 
are eminently practical. Some standard transformations illustrate the 
importance of elliptic functions in the field of conformal representation. 
The theory of the functions defined in the first two chapters is carried 
a little way forward by means of a number of formulae extracted for 
the most part from Tannery and Molk. Also there are short excur- 
sions beyond the range of this treatise; readers to whom the develop- 
ments are not new may still be interested to see the results under 
a changed perspective or with a structure exposed by a systematic 
notation. 

Manifestly this treatise makes no pretence to be in any sense com- 
plete or impartial, but there is one omission which does call for explana- 
tion. As surely as a lattice is the proper background for an elliptic 
function, a Riemann surface is the proper background for an elliptic 
integral, but Riemann surfaces are not even mentioned. Several dis- 
tinctions must however be borne in mind. The lattice is indispensable 
to our conception of the subject, but to introduce the surface would 
be to improve the language rather than to modify the arguments. The 
rudiments of lattice theory are simple and are extensively applied, and 
every mathematician must acquire them sooner or later. Even the 
most slovenly description of Riemann surfaces can not be brief, a 
student who is not particularly interested in algebraic functions and 
their integration need never know what a Riemann surface is, and a 
theory of elliptic functions dependent on an understanding of Riemann 
surfaces is relegated to the category of specialized studies even more 
fatally than a theory dependent on a knowledge of theta functions. 
The incidental uses of the theory of aggregates in Chapter VII and of 
symbolical solutions of differential equations in Chapter XV are not 
dangerous in the same way. In the first case, it is the result that 
matters, not this particular proof; also another proof is given. In the 
second case, a reader to whom the method is strange can verify the 
conclusions for himself. 

Designed to present the subject from one point of view, the book is 
almost without references. It would not be hard to asterisk the formulae 
which occur explicitly in Fundamenta Nova, and to find others in 



PREFACE 


xiii 


Glaisher’s writings and in examination papers of the last half of the 
nineteenth century, but this would not be to trace the evolution of ideas. 

To illness in 1940 I owe six months’ uninterrupted leisure, and a 
long-projected work, without introduction or exercises, was completed 
early in 1941 ; in accepting the book at the most depressing moment of 
the war, the Delegates of the Clarendon Press paid me a compliment 
which I appreciate at its high value. Production has been slow and 
correction difficult. I am not one of those fortunate — or maybe 
unfortunate — writers to whom print never reveals defects unnoticed in 
manuscript, and I am grateful to the compositors for their patience in 
very trying circumstances. 

In preparing the volume I have had the best assistance I could have 
wished. To enlist my old pupil and friend Mr. W. J. Langford gave 
me peculiar satisfaction, since it was for his benefit, so to speak, that 
I devised long ago all that is original in my presentation of the subject; 
I am proud that he was eager to labour for me, and that his enthusiasm 
has not dwindled. He undertook the specific task of verifying formulae 
and cross-references, but he was marvellously alert to every detail of 
phrasing and printing, and I am confident that few minor blemishes 
can have evaded his scrutiny. 

My last word belongs to Professor T. A. A. Broadbent, formerly my 
colleague. From the roughest of manuscript notes to the printed page, 
every sentence and every symbol has come under his eye, and we have 
argued about grammar as well as about mathematics. If I say that he 
has checked the Tables and verified the Exercises, that the treatment 
of the elliptic integral in Chapter VI is the result of his dissatisfaction 
with my first draft, and that it was he who insisted that a chapter on 
theta functions must be inserted, it is not that these items exhaust the 
account but only that they are easy to enumerate. From first to last, 
making use in every possible way of his craftsmanship, his knowledge, 
and his wisdom, I have exploited gladly and shamelessly the friendship 
that has put his help uncalculated and incalculably at my disposal. 

READING, E. H. N. 

August 1943 
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INTRODUCTION: PROLEGOMENA 
(i) Lattices 

O'l. It is a fundamental principle in the theory of functions of a com- 
plex variable that in the absence of a barrier of singularities a function 
is determined intrinsically over the whole plane by the distribution of 
its values near any one point; more precisely, a single Laurent series, 
which may or may not be a Taylor series, determines a function. But this 
is not to say that if we know one series we have immediate knowledge 
of significant properties of the function. The series 
belongs, so to speak, to the function 1 /( 2 :— 1), not the function to the 
series, and there is nothing in the series l—z^/2!-i-z^/4! — ... to indicate 
that the function which it represents is a periodic function whose only 
zeros are real, or in the series 




1.3.5 

2.4.6 


;s3+... 


to suggest a branchpoint at 2 ; = 1. We know a function when we can 
describe its behaviour, not when we can somehow specify it. 

A simple relation between the values of a function in one region and 
the values in another can be regarded in two ways: we may be content 
to say that the relation enables us to evade the direct examination of 
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27, -507 : insert lower limit z, to integral 

38, 0 - 753 . 4 : for (/*, read Jg*, \g^ 

85, 4-73: for reeui 

110, -402: insert upper limit / to fourth integral 
124, 6-82: for (z) dz read /(z) dz 
205, 1. below 12-42,: for read Kj, 

220, 1. below -517: for -614 read -517 

317, 24 (ii): insert upper limit t to integral 
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2 


INTRODUCTION: PROLEGOMENA 


function one region is a copy of the other. If the whole plane is dis- 
sected into congruent regions, and if the functional equality holds 
between every pair of these regions, then one region represents the 
whole plane. 

There are numerous ways of dissecting the plane into congruent 
regions. Examples, which need not be described in words, are indicated 
in Figures 1-2. 




In Figure 1^, suppose that the number of the sectors is n, denote the 
angle 27?//^ of a sector by 2a, and denote the region 

(2r-l)a < 0 < (2r+l)a 

by S,.; the region includes one of the bounding radii of a sector, but 
not the other. Except that the origin occurs in each region, the n con- 
gruent regions Sq, S^,..., together just fill the plane; S,. may be 

derived from Sq by a simple rotation through the angle 2ra, and if z 
occupies any position in Hq, then o/z, where a> = occupies the 

congruent position in 2^. The function f{z) has the same distribution 
of values in every sector if f((x/z) =f(z) identically, for all values of z and 
for r = 1 , 2 ,..., h—l. This condition can be simplified tof(a)z) == f{z), since 
the more general condition follows by iteration from the simpler form. 

In Figure Ig the number of regions is infinite, but this circumstance 
does not complicate either the geometry or the analysis. If z^y z^ are 


INTRODUCTION: PROLEGOMENA 


3 


corresponding points in adjacent strips /q, the difference z^—Zq is 
a number w independent not only of the position of Zq in Jq but also 
of the choice of Iq, though the difference is replaced by its negative 
if Ii is replaced by the strip on the other side of Iq. Assigning the 
symbol Iq arbitrarily to one of the strips and to one of the two neigh- 
bours of Iq, we can correlate the strips with the series of symbols 
/_2, /_i, Iq, Ii, /2v > endless in each direction, and w, regarded as 
a vector, defines a displacement which converts into simul- 
taneously for all values of r. The points congruent with a point z con- 
stitute geometrically a paling, which will be said to have w for a basis; 
analytically the numbers z-\-ro), for all integral values! of r, compose 
a congruence of which oj is a modulus. If x ^ ^re bases of the 

same paling, the aggregates roj, sx coincide; since ^ is a member of the 

second aggregate there is an integer such that = r^cu, and since 
oi is a member of the first aggregate there is an integer *9^ such that 

oj = since = 1, either ~ 1 or ^ = — 1 : the only 

alternative basis to oj is — co. 

The functional relation appropriate to Figure Ig is f(z-\-Q.) = f{z), to 
be satisfied if Q, is any step in the characteristic paling, that is, if ti is 
any multiple of a basis co. This relation is secured by the relation 

•101 f(z+co) == f(z): 

the function f(z) has co for a period. 

The two examples which have been considered illustrate the control 
which the geometrical form of the congruence exercises over the func- 
tional relation. The existence of a functional relation exercises an 
equally strict control over the geometry, for if f{z) is an analytic func- 
tion of z, a function like f{ct}z)—f{z) or f(z-\-(o)—f{z) can not be zero 
throughout a restricted region of the plane and different from zero else- 
where; in other words, a relation such a,Hf(coz) ~ f{z) or/(2-fco) = f(z) 
can not hold throughout one division of the plane and not be universal. 
Hence, for example, there can be no functional relation corresponding 
to the dissection in Figure I3, for although a rotation round the origin 
which carries one of the halfstrips into another carries every component 
of the pattern into another component, an oblique translation which 
carries one of the halfstrips into another changes the pattern completely 
except in one or two sectors. 

The sectors of Figure 1^ and the strips of Figure Ig extend to infinity. 

t Negative, zero, and positive; integral, unqualified, is usually to be taken in this 
general sense. 
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The elements of the patterns in Figure 2 are bounded, and functions 
whose distributions of values are repeated from cell to cell of such 
patterns as these run their whole gamut right under our eyes. These 
functions are peculiarly accessible and possess a multitude of fascinating 
properties. 

From the point of view of a functional relation there is far less 
difference between Figure 2 ^ and Figure than a casual glance sug- 
gests. We are concerned ultimately not with the shapes of the regions 
into which the plane is dissected but with the pattern formed by a set 
of congruent points, and if the geometrical congruence is taken in its 
simplest form, that is, without reflection or rotation although the cell 
in Figure 2 j has the symmetry which admits both these operations, the 
configuration of corresponding points is of the same kind in the two 
diagrams. This configuration is known as a lattice. Figure 23 , as the 
foundation of a functional relation, presents difficulties, but we can see 
at once that in this dissection corresponding points compose a pair of 
congruent lattices. 

A lattice is perhaps described most easily as the set of points of 
intersection of two families of equidistant parallel lines. But we must 
recognize that the lines, however convenient, are not fundamental. It 
is not merely that our concern is with the points themselves; we can, 
as indicated in Figure 3, change the lines completely without changing 
the aggregate of points. 




For analytical purposes a lattice is best specified by an origin and 
two vectors, for in the plane of the complex variable points and vectors 
alike are identified f by complex numbers. The origin is any point O 
of the lattice. If the lattice is determined by two families of parallel 
lines, one member a of one family and one member b of the other family 
pass through O; let A be one of the two points adjacent to 0 on a, 
and let B be one of the two points adjacent to 0 on b. Then if a, jS are 

t No attempt is made to maintain a consistent distinction between the language of 
geometry and the language of analysis; ‘number’, ‘vector’, and ‘point in the complex 
plane’ are interchangeable terms. 
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the vectors of the steps OA, OB^ the steps from 0 to the lattice points 
are those whose vectors have the form ma-\-npy where m, n are independent 
integers. 

We call the pair of vectors a, p, or the pair of complex numbers 
which the same symbols may be used, a basis of the 
lattice. A basis at one origin is a basis at any other origin. The basis 
is of less significance in the theory of functions than the lattice itself, 
for a change of basis does not necessarily affect the lattice and may 
therefore have no effect on functions which are being studied. A basis 
is none the less essential to the development of analysis. 

The pairs of vectors a, jS and y, 8 are bases of the same lattice if the 
aggregates of vectors moc+n^ and py+q8 coincide, the coeflBcients in 
each case being integers. Since y and 8 are members of the second 
aggregate, there are integral coefficients such that 

•102 y = my(x+ny^, 8 = m^(x+n^p; 

since a and jS are members of the first aggregate, there are integral 
coefficients such that 

•103 a = p^y+q^8, P = P^Y+qp^^ 

Substituting from one pair of formulae in the other, we have the matrix 
relation 

.104 hr M = 

Us. hI\pp, qp) [o, ij’ 

whence 

^y Poe’ 9.0L 1> 

and since the elements of the two determinants are integers, 

•106 rnyUs-n^ms = Pa^q^—q^p^ == ±1- 

The condition 

•107 rnyU^—n^m^ ^ ±1 

is sufficient as well as necessary to secure that y and 8, defined by *102, 
together form a basis of the lattice built on a, jS, for with this condition 
we have from -102, 

•108 = Tigy— 7^y8, ±i8 = — mgy-f my8. 

From -108, every vector of the form is of the form ^>y+5^8; 

from ^102, every vector of the form py-{-q8 is of the form ma+nj3: the 
aggregates ma+n^, py-\-q8 are identical. 

Interchange of a and )S or of y and 8 reverses the sign of myU^—nym^. 
It follows that if we are to attach significance to this sign we must 
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regard the basis as an ordered pair of vectors. If ajS and yS are ordered 
pairs, the function is known as the discriminant of the 

transformation of a/S into yS. Obviously the alternative of sign pre- 
sented in ‘107 divides the possible bases into two classes, but this 
division is in the first place a division in relation to aj8. Let a basis 
I be derived from yS by the pair of formulae 


nd also from aj8 by the pair of formulae 





tl 

a+Wj 

Then 



rriy, 



m^, n^ p^, 


^8, 

ws 


It follows that if two bases have the same discriminant in 

relation to aj8, then they have the same discriminant in relation to yS. 
The division of the bases into two classes by the sign of the discriminant 
is therefore absolute, not relative to ocp. Thus 

0*11. The bases of a lattice fall into two classes such that the discriminant 
of yS with respect to oc^ is +1 if ap and yS are in the same class and is 
— 1 if OL^ is in one class and yS is in the other. 

To find the geometrical meaning of the basal condition, let OA, OB 
as before be steps with the vectors a, j8, and let OC, OD be steps with 
vectors y, S given by 

•109i_ 2 y = mya+WyjS, 8 == msa+ngjS. 

For the moment we make no assumption about the coefficients except 
that they are real numbers, and we write — J. Then the 

areal product of the vectors y, 8 is J times the areal product of the 
vectors a, p. Hence the area of the parallelogram determined by OC, OD 
is J times the area of the parallelogram determined by OA, OB. This 
relation is algebraical, and can be broken into two parts: The numerical 
value of the ratio of the area of the parallelogram of which OC, OD 
are sides to the area of the parallelogram of which OA, OB are sides 
is \J\, and minimum rotation*!* from OC to OD is in the same direction 
as minimum rotation from OA to OB or in the reverse direction 
according as J is positive or negative. 

A more elementary investigation shows well how the sign of the area 
and the sign of J are connected with the direction of rotation. Assuming 
that wg 7 ^ 0, the line through C parallel to OD cuts OA in a definite 


I That is, rotation through an angle numerically as small as possible. 
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point C', and the line through D parallel to OA cuts OB in a definite 
point /)'; the parallelograms {0\CD), 

(0; C'D), (0; C'D') have the same area. 

Also the relation Jol~ n§y— writ- 
ten in the form 

Y = ('^/«8)“+(Wy/»8)S, 
shows that the vector of OC' is (Jjn^)(x, 
and *1092 implies that the vector of 
OD' is Fig. 4. 

Returning to the lattice, and remark- 
ing that if the coefficients in *109i-2 are integers then J is necessarily 
aninteger, we see that if the vectors of OA, OR constitute a basis, and 
if C, I) are any two points of the lattice, the area of the triangle OCD 
is an integral multiple of the area of the triangle OAB, 

0*12. The vectors of OC, OD constitute a basis if and only if the area 
of OCD is numerically equal to the area of OAB, 

and further, 

0*13. An undegenerate triangle whose vertices belong to a lattice can not 
be smaller than a basal trianqle. 

When vectors are replaced by complex numbers, the concept of a 
direction of minimum rotation must be replaced by a definite analytical 
concept. In a sense we know what this concept must be. An angle of 
rotation from a to is an angle of jS/a, the complex number which 
multiplies a to produce /3, and minimum rotation from a to j3 is there- 
fore positive or negative according as j8/a is on the positive or the 
negative side of the real axis, that is, according as Im(j8/a) is positive 
or negative. Since however this account of the concept belongs to the 
intuitional formulation of the theory of the complex number, it may 
be supplemented. Let a, jS be two complex numbers such that j8/a is 
not real, and let y, 8 be derived from a, by the pair of formulae 

•110 y == myCx+TiyjS, 8 = m§a+n§j3, 

in which the coefficients are real; assuming y not to be zero there is 
no loss of generality in assuming Uy ^ 0. We have now 

y my+riyipjay 



that is. 
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and this relation may be written in the form 

{»y(^/a)+mj,}{»y(a/y)-W8} == —J, 

where J — myn^—riym^. But J is real, and the product of two complex 
numbers is not real unless one of them is a real multiple of the con- 
jugate of the other; also the product of two conjugate numbers is 
essentially positive. Hence ny(Sly)—n^ is the product of the conjugate 
of ny(j8/a)+^y by a real number k, and the sign of k is oj)posite to 
the sign of J. But since the coefficients are real, 

Im{»y(8/y)— wg} = nj,Im(8/y), Im{ny(^/a)+my} = nj,Im(j3/a), 
and since Uy ^ 0, the condition 

lm{ny(Sly)~n^} = ~klm{ny{p/oc)+my} 
is equivalent to Im(8/y) = —klm(p/oc): 

0* 14. The imaginary parts of pja and 8/y have the same sign or opposite 
signs according as the discriminant of the transformation from ap to yS 
with real coefficients is positive or negative. 

Thus when the basis a)3 of a lattice is regarded as a pair of complex 
numbers, the two classes described in *11 are composed simply of those 
bases for which Im(^/a) is positive and those bases for which lm{p/a) 
is negative. 

It follows from *13 that if OCD is a basal triangle, there can not be 
a lattice point between 0 and C. To investigate the converse of this 
result, let C be any lattice point such that there is no lattice point 
between 0 and C, Then the integers my, 7^y are prime to each other, 
for if these integers had a common factor d, the vector yl\d\ would 
lead to a lattice point. But if my, ny are integers prime to each other, 
there exist integers x, y satisfying the equation 

myy—nyX = 1 , 

and if a; == mg, y ~ n^i^ any solution of this equation, and OD is the 
step from O with vector mg then OCD is a basal triangle. Hence 

0‘15. Two lattice points can serve as vertices of a basal triangle if and 
only if there is no lattice point between them on the line joining them. 

If the ratio of 8 to y is not real, the ratio of py-\~qh to y is not real 
unless = 0, and therefore the only members of the aggregate py-\-qh 
which are real multiples of y compose the aggregate py. But if O, P 
are any two points of a lattice, there can be only a finite number of lat- 
tice points between 0 and P, and therefore there is a point C in OP, 
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which may coincide with P, such that there is no lattice point between 
0 and C, It follows that the steps from 0 to lattice points in the line 
OP are the integral multiples of the one step OC, In other words, 

0-16. If a line contains more than one 'point of a lattice, the lattice 
points which it contains constitute a single paling. 

If OCD is one basal triangle, *12 implies that the other basal triangles 
with 0 and C for two of their vertices have their third vertices either 
on the line through D parallel to OG or on the parallel line at the same 
distance on the other side of OC; any lattice point on either of these 
lines will serve, and the possible positions of the third vertex therefore 
constitute two palings. This is in agreement with the algebraic solution 
of the equations 

m^y—nyX = 1 , ynyy—n^x — 1 ; 

if x ^ mg, y n^ is one solution of the first of these equations, the 
general solution of the first equation is x = y = n^-\-rny, 

and the general solution of the second equation is a: — —m^-\~rmy, 
y — where r in each case is an arbitrary integer. 

0*2. If, as in Figures 2^ and 2^, the points geometrically congruent 
in a dissection of the plane com})ose a lattice, the distribution of values 
of the function f{z) is the same in every cell of the pattern if 

•201 f{z+Q)=f(z), 

for every value of z and for every value of 12 which is a step in the 
lattice. The functions to be studied in this book are functions subject 
to a condition of this form. 

We say that a function /(a;) which satisfies *201 belongs to the lattice 
12. The fundamental condition is sometimes expressed differently. If 
Z 1 —Z 2 is a lattice step, the two values z^, z^ are said to be congruent, 
to modulus 12, and we write z^ = z^, or, if necessary, z^ ~ z^, mod 12; 
the condition *201 is then: The congruence z^ ~ z^ implies the equality 
/(Zi) = /(Za)- 

If aj8 is a basis of the lattice, the congruence z^ ^ z^, mod ajS, asserts 
the existence of integers m, n such that z^ — Zi-\-m(x+np, and the 
functional relation *201 becomes 
•202 ‘ f(z+moc+np)=:f(z), 

to be satisfied for all integral values of m and n. In the form *202 the 
relation is an immediate consequence of the two simpler relations 

•203 /(z+a) =/(z), /(z+^)=/( 2 ), 


4767 
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of which the first expresses that f(z) has the period a, the second that 
f(z) has the period That is, 

0*21. A function which satisfies a relation f{z-\-Q) = f(z) in which Q. is 
the typical step in a lattice is a function which has two periods whose ratio 
is not real. 

Since the number of independent periods is two, such a function is 
known as a doubly periodic function. It need hardly be said that a 
doubly periodic function possesses an infinity of distinct periods; every 
number of the form including zero, is a step in the lattice and 

is a period of the function. No two periods are the periods in any more 
important sense than that they are the periods we happen to be using; 
this being understood, we may speak of the periods as freely as we 
speak of the coordinates of a point. 

Two questions now present themselves. (1) Can a function possess 
two periods whose ratio is real? (2) Can a function possess more than 
two periods? These questions are bound up with two of a more ele- 
mentary kind. (1) What is the nature of the aggregate moL-[-n^ if a, jS 
are fixed complex numbers whose ratio is real? (2) What is the nature 
of the aggregate if j8, y are fixed complex numbers? 

Let ^ = uoL, where u is real. We can suppose u positive, for the 
aggregate is identical with the aggregate — a)-f With 

each value of the integer I associate the integer pi such that 

*204 Pi ^ In < P/+lj 

and the point Ei for which the step OEi is l^—pioc; the point Ei either 
coincides with O or lies between O and A on the line OA. If two 
points Ej.y Eg coincide, then r^—j^oL = s^—pga, and therefore u has 
the rational value (Ps—Pr)li^~'^)- Conversely, if u — hjk, where h, k 
are positive integers, the inequalities *204 are equivalent to 

*205 ^ {l-\-kyii <C pi^-\~h-\-\j 

and therefore 

*206 pi^j^ ~ Pi~\-hy “ l^—piOL. 

Thus the sets of values and of positions E^, Ef^_^ recur. 

0*22. If p/ot is real, the number of distinct points in the set ..., E_ 2 , E__^, 
Eq, E^, ^ 2 »*-* finite or infinite according as jS/a is rational m irrational. 

If P, Q are any two aggregate-points on the line, the step PQ is of 
the form ma-^np, and an equal step from any aggregate-point leads 
again to an aggregate-point. It follows that if the number of aggregate- 
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points between 0 and A is finite, the distance between adjacent points 
is everywhere the same. If is the nearest to 0 of those of the points 
j&i, JS/ 2 v> ^k-i which are distinct from 0, the step OEi is a number 0, 
given as t^—pt oc, which is such that a is an integral multiple ad of 0 and 
every number of the form l^—pioc is an integral multiple gi0 of 0. 
Since in particular the number ^—Picc is expressible as we have 

= bd, where b Since d = t^—pfoc — {tb—pia)d, we have 

ib—p^a = 1, and a and b have no common factor: the ratio bja is the 
ratio pjoc, known to be rational, expressed in its lowest terms. Since 
oc and jS are multiples of d, every number of the form moc-^-n^ is a 
multiple of d] since d is given as every multiple of d is of the 

form the aggregate ma-\-n^ is identical with the aggregate of 

multiples of 0. 

0*23. To say that a function has two periods whose ratio is rational 
implies no more than that the function has one period of which these two 
are integral multiples. 

Consider now the case in which j3/a is irrational. If N is any whole 
number, the N-\~l points Eq^ E^, distinct, and if we 

divide the interval OA into N equal parts, at least one of these parts 
includes as many as two of the points; also if A is the length of OA^ 
the distance between two points in the same division is not greater than 
\\'N . Since the step from one aggregate-point to another is a number 
of the form moc-{-np, it follows that whatever the value of N, there is 
a number of the aggregate ma-^-n^ such that 0 < l/ityl < X/N. Now 
let Zq be any point in the plane, and let p be the radius of any circle 
with centre Zq. Take a value of N greater than A/p, and with this value 
of N choose Then the point lies inside the circle. Hence 

if f(z) is a function satisfying the condition m a -f-njS) = f(z), an 
arbitrary circle with Zq for centre contains a point z^ distinct from Zq 
such that/( 2 :i) — /(sJq). It follows that if f'{zQ) exists, the value off(zQ) 
is zero. Thus if/( 2 ;) is an analytic function, the derivative/' ( 2 ;) is zero 
at every point at which it exists: 

0*24. An analytic function with two periods whose ratio is an irrational 
number is an absolute constant. 

With *23 and *24. the question of functions with two periods whose 
ratio is real is answered completely, and we proceed to the question of 
functions with three periods, a, j3, y. We can assume at once that no 
two of the periods have a real ratio, for a rational ratio would reduce 
the number of periods to two at most, and an irrational ratio would 
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reduce the function to a constant. If the ratio of a to jS is not real, 
any third number y can be expressed as uoc+v^, where u, v are real; 
this is only to say that any point in the plane can be identified by 
coordinates referred to any two axes. If the ratio of ^ to is rational, 
we have u = wh, v = wk where h, k are integers; then y — w{ha-]~kp), 
and since hoc+k^ is a period, this relation reduces the periods to two 
or the function to a constant according as w is rational or irrational. 
Similarly if u has a rational value hjk, the relation kv^ — ky—hoc 
reduces the periods or trivializes the function according to the character 
of V, and if v has a rational value, the same result follows according 
to the character of u. Thus the only case that remains for examination 
is that in which u, v, and the ratio of u to v, are all irrational. 

We can suppose u and v positive, for we can replace a by —a or 
j3 by — if necessary, and we repeat, with little modification, the con- 
struction and the argument leading to *24. With each value of the 
integer I we associate the integers p/, qi which are such that 

•207 pi^lu < Pi+l, qi^lv < qi+ 1 ; 

if I ^ 0, equality is impossible in either case. The integer I now deter- 
mines a number ly—PiOL—qi^, and a point Ei such that this number 
represents the step OEi. The point is the origin 0, and for all other 
values of Z, positive and negative, Ei is inside the parallelogram {0\AB), 
No two of the points ..., E_ 2 , E_i, Eq, E^, E<^,.,. coincide, and any step 
from one to another of these points is represented by a number in the 
aggregate ma+njS+py- If ^ any whole number, the parallelogram 
(0\AB) can be divided into equal compartments by means ofN~-\ 
lines parallel to OA and W— 1 lines parallel to OB, and if A is the 
greatest distance from one point to another of the parallelogram 
(0; AB), that is, the length of the longer diagonal of this parallelogram, 
the distance between two points in the same compartment is not greater 
than XjN, The iV^+l points Eq, E^, E^^^ can not all be accom- 

modated in different compartments, and therefore at least one com- 
partment contains as many as two points. Hence the aggregate 
m(x-\-np-\-py includes a member such that 0 < |/a^| < X/N, and it 
follows as before that if f{z) satisfies the condition 

fiz+ma+n^+py) = f(z), 
he derivative /'(z) is zero wherever it exists. Thus 

0*25. To say that a singlevalued analytic function has three periods 
implies no more than that the function is doubly periodic. 
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To sum up, the restriction to two periods and the condition that the 
ratio of one of these periods to the other is not real are not arbitrary 
limitations but limitations inherent in the subject. 

The investigation just completed is not superfluous to our main sub- 
ject, for it enables us to deal with such dissections as the one in 
Figure 23 . If the parallelograms in this diagram have sides a and j3, 
as now indicated, there are displacements 
with vectors a and 2j9, and there is also a ^ 
displacement with a vector y which is of 
the form ua-\-p. A function f{z) can not 
satisfy the condition f{z-{-y) = f(z) for all 
positions of z in one parallelogram without ^ 
satisfying this condition everywhere, that 
is, without having y for a period, and then the function is trivial and 
the pattern ineffective unless u is rational. If 2^ and Ua-\-P are periods, 
so also is 2uol, and if 2u, in its lowest terms, is hjky the periods a, 2u(x 
are multiples kd, hd of a single period 6, We have now the three 
periods 6, 2^, and we distinguish two cases. If h is even, d 

and jS are periods. If h is odd, is a period and we have the 

three periods 6, 2^—d, (f>, of which the second is a direct combination 
of the other two. The two cases are illustrated in Figures and we 
see that the pattern in terms of the smaller parallelograms is of the 
same simple form as the patterns in Figures 2i_2. 
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To put differently the point just illustrated, the periodicity of any 
particular function we construct may turn out to be better than we 
anticipated. The functions sins: and coss: have the common period 27 t, 
and any rational function of these two has this period, but tans;, defined 
as sins:/coss:, is found to have the smaller period tt. To say that /(s:) 
belongs to the lattice f2 means only that the identity /(s:-ff2) = f(z) is 
satisfied; f(z) may in fact possess a period co which does not belong to 
the aggregate f2. What we have shown is that in this case /(s;), unless 
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trivial, belongs to a lattice T of finer mesh than O, and thatf the points 
of are among the points of T. But the determination of the minimum 
lattice is not necessarily the first problem to be attacked when a func- 
tion is introduced, and if several functions occur in the same investiga- 
tion, it is a lattice large enough for them all to belong to it that we need, 
whether or not finer lattices for the individual functions are known. 

By a primitive region for a lattice or for a function which belongs 
to the lattice we mean a region which just represents the whole plane; 
no two points of the region are congruent, but every point of the plane 
is congruent with one point of the region. In other words, if A is a 
primitive region, and if Aq is the region to which A is moved by a dis- 
placement which is a step in the lattice, every point in the plane 
belongs to one and only one of the regions Aq. In terms of the dis- 
section of the plane, with which our discussion began, a primitive region 
is one of the congruent regions into which the plane is dissected, but 
unless our definition is formal we have difficulty in dealing with the 
boundary of a region; a point on the common boundary between two 
regions, or a point where more than two regions meet, must not be 
assigned to more than one of the regions, and in consequence only part 
of the boundary of a region belongs to that region. 

In no sense is there a unique or fundamental primitive region. We 
have only to substitute for any part A of a primitive region A a region 
Afl congruent with A, and the combination of A— A and Aq is another 
primitive region. In practice this change usually takes the form of 
a change of contour of A, part of A being transferred to adjacent regions 
and the loss being made good by a corresponding transfer on the other 
side. For example, in Figure 7^ the lower halves of the hexagons are 
all congruent, and by uniting to the upper half of one hexagon the 
lower half of one of its neighbours we can form a primitive region 
which is a parallelogram. In Figure Vg, joining the two ends of each 

circular arc and replacing the seg- 
ment in each region by the opposite 
segment which originally belongs 
to an adjacent region, we have a 
primitive region bounded by six 
straight lines, and this can be fur- 
ther transformed into a parallelogram. In these examples the purpose 
of the change is to simplify the shape of the region. We can use the 

t The lattice with the finer mesh is a multiple of the lattice with the coarser mesh. 
This is the fundamental notion in the theory of ideals. 
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change also to avoid particular points on the contour. If a function 
to be integrated has a pole at a point Q on the contour of A, we can 
replace the contour near Q by part of a small circumference which 
brings Q inside the region; the congruent 
changes necessarily remove from the 
actual boundaries all points congruent 
with Q, and we have one pole definitely 
inside the new primitive region and the 
congruent poles definitely outside. As 
Figure Sg illustrates, the inclusion of 
one pole may involve the exclusion of more poles than one; that is why 
we operate by inclusion, not by exclusion. 

If (xp is a basis of the lattice characteristic of the pattern, any 
parallelogram TUWV in which the adjacent sides TU, TV have vectors 
a, j3 is a primitive region. Only one of the four corners is to be included. 
Opposite sides are congruent, and if we include a point P on one side 
we must exclude the corresponding point on the other side. As a rule 
we include the whole of the sides TU, TF, except 
the points U, F, and exclude therefore the sides VW, 

U IF. The namef of cell is sometimes reserved for a 
primitive region so constructed. If the vertices of the 
parallelogram belong to the actual aggregate 
the parallelogram is called a period parallelogram or 
a mesh. If T is the origin 0, the mesh is said to be 
fundamental. The fundamental mesh ap consists therefore of the 
interior of the parallelogram whose vertices are the four points 0, a, 
OL-VP, p, together with the point 0, the points between 0 and a, and the 
points between 0 and p. 

There is a distinction to be borne in mind between a parallelogram 
which is a primitive region and a period parallelogram. If in Figure 9, 
for example, P is any point on the line VW and Q is the point such 
that IFQ is congruent with FP, the triangles TVP and UWQ are con- 
gruent, and the parallelogram TUQP is a primitive region, but this 
parallelogram is not a period parallelogram unless P is a lattice point. 

It is to be noticed also that a region is primitive with regard to a 
lattice, not with regard to any particular function f{z), which belongs 
to the lattice. There may be a repetition of values of f(z) inside a region 

f Although precise definitions have been laid down, language is free and seldom 
misleading. Often any primitive region is called a cell, and any parallelogram 2o» 
Zi-\-Z 2 —ZQy Za which Zq, z^—z^ is a primitive pair of periods is called a period 
parallelogram. 
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which is primitive for the lattice. A cell of the lattice may be divisible, 
with reference to f(z), into a number of compartments in each of which 
f(z) takes an assigned value not more than once, but there is no reason 
to suppose that even when this is possible different compartments in 
one cell are congruent geometrically. 

(ii) Elliptic Functions in General 

0*3. By a theorem known as Liouville’s, a singlevalued function of 
the complex variable, unless a sheer constant, must tend somewhere to 
infinity. The function may be, like a polynomial or the exponential 
function, bounded in any finite region of the plane, but in that case 
the limits as 2 -> oo are not all finite. Since a doubly periodic function, 
if bounded throughout a primitive region, is bounded throughout the 
whole plane, and can not tend to infinity with 2 :, 

0-31. A singlevalued doubly periodic function which is not a constant 
has at least one singularity in each cell, 

or in other words, 

•301. If f(z) is a singlevalued doubly periodic function which is not a 
constant, there is at least one lattice whose points are singularities of f(z). 

Every lattice extends to infinity, and a limiting point of singularities 
is an essential singularity, even if the individual singularities are poles 
or branchpoints; hence 

0*32. A doubly periodic function which is not a constant has the point 
at infinity for an essential singularity. 

From -31 we learn that the most elementary doubly periodic func- 
tions which we can hope to construct are singlevalued doubly periodic 
functions whose only accessible singularities are poles. These are the 
functions which, for historical reasons with which we need not concern 
ourselves, are called elliptic functions. We demonstrate the existence 
of elliptic functions by particular constructions, but first we prove a 
few general theorems. 

The number of poles of an elliptic function in any bounded region 
is finite, since otherwise the region would include a limiting point of 
poles, and this would be an essential singularity of the function. 
Furthermore, if f(z) is a function not identically zero whose only acces- 
sible singularities are poles, then with any finite value of a is associated 
an expansion 

•302 f(z) = (3—a)»{co+Ci(2—a)+C2(z— «)*+...}, 
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with n an integer and not zero, valid throughout some neighbour- 
hood of a. The point a is a zero of order n, a neutral point, or a pole 
of order — n, according as n is positive, zero, or negative; is the 
leading coefficient of f(z) at a. For sufficiently small values of z—a, 

|(3-a){ci+C2(z-a)+...}| < |Col, 

and therefore within this range /( 2 :) 0, except at a itself if a is a zero; 

that is to say, whether or not a is a zero, a is not a limiting point of 
zeros, and therefore in any bounded region the number of zeros is 
finite. Hence 

0*33. The number of poles, and the number of zeros of an elliptic function 
in any cell are finite. 

In other words, 

•303. The poles of an elliptic function constitute a finite number of lattices, 
and so do the zeros of the function unless the function is identically zero, 

A set of poles or zeros which includes one and only one member of each 
pole-lattice or zero-lattice is called an irreducible set; the pole or zero 
is of course given the appropriate multiplicity. 

If the only accessible singularities oif{z) are poles, the only accessible 
singularities of Ijfiz) arise from the zeros of f{z)] a zero of f{z) of order 
n implies a pole of l/f(z) of the same order, and if f{z) is not identically 
zero the zeros of f{z) have no accessible limiting points and can not 
introduce accessible essential singularities into llf(z). Alternatively we 
may say that if Cq ^ 0, then 

1/K+Ci(z— a)+C2(z— = do+di{z—a)+d^{z—a)^+..., 
where dQ 0 and the radius of convergence of the series on the right 
is not zero; hence the existence of the expansion -302 for f(z) implies 
the existence of the expansion 

•304 l//(z) = (z— a)-»{rfo+di(z— a)+rf 2 (z— a)2H-...}, 

and since a is arbitrary in -302, a is arbitrary in -304 also. Thus 

•305. If f(z) is a function not identically zero whose only accessible 
singularities are poles, then llf(z) is a function whose only accessible singu- 
larities are poles. 

If f{z), not identically zero,- is periodic, llf(z) has the periods of f{z). 
Hence 

0-34. If f(z) is an elliptic function not identically zero, then Ijfiz) is 
an elliptic function belonging to the same lattice as f{z), 

which, taken with *31, imphes that 



18 


INTRODUCTION; PROLEGOMENA 


0*35. An elliptic function which is not a constant has at least one zero 
in each cell. 

If/( 2 ;), g{z),... are elliptic functions, finite in number, with a common 
lattice, any polynomials P{f{z), g{z),..], Q{f{z), g{z),...} in these func- 
tions are elliptic functions with this lattice, and it follows from -34 that 
llQ{f(z), g(z),...} also is an elliptic function unless Q{f(z), g(z),...} is 
identically zero; hence P{f{z), g(z),...}IQ{f(z), g(z),...} is an elliptic func- 
tion: 

0-36. If a finite number of elliptic functions have a common lattice, any 
rational function of these functions that is not infinite everywhere is an 
elliptic function with that lattice. 

The common lattice is not necessarily the fundamental lattice for any 
of the individual functions. For example, if Q is a typical period of 
f(z), then JO is a typical period of f{2z) and is a typical period of 
f{Sz), but the typical period of f{2z)-\-f{3z) is ii* 

If f{z) is an analytic function, the singularities of the derivative f'(z) 
are located at the singularities of f(z), and a pole of order n of f{z) gives 
rise to a pole of order n-\-l of f\z). Also the relation f{z-\-Q.) = f(z) 
implies the relation = f(^)- Hence 

0*37. The successive derivatives of an elliptic function f{z) are elliptic 
functions with the same lattice as f(z). 

Integration introduces questions of detail. The relation — f(^) 
implies of course ^ ^ 

J /(2+ti) dz = j f{z) dz, 

Zo Zo 

provided that the path of integration is the same in the two integrals . 
But it is only if the residues of f(z) are all zero that the integrals are 
independent of the path and that we can define a singlevalued function 
F(z) by the formula 

z 

•306 F{z) = J f{z) dz. 

Moreover, when this definition is possible, F(2;-[-f2) is not 

z 

J /(z+Q) dz, 

eo 

which can be identified with F{z), but 

Z + Q 

J f{z)dz. 
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We have, still on the assumption that the paths are irrelevant, 
F(z+n) = ^Tf(z) dz + Tf(z) dz, 

So So+n 

that is, 

•307 F(z+a) = F(z)+F(z,+n), 

and it is only if i^(2:o+f2) = 0 for every period Q that F{z) is an elliptic 
function. If and Q" are any two periods, we have, on substituting 
Zq-\~Q.' for z and LY for Q. in *307, 

•308 F(zQ+Q.')+F(z^+a"). 

Hence if ocp is a basis of the lattice, and if II = ma+TijS, then 

•309 F{zq-\-Q,) ~ mA-{-nBy 

where 

•310 A = F(zQ-\-a), B — F{zq-\-P), 

Substituting from -309 in *307, we have the most general theorem to 
be expected: 

0-38. If f{z) is an elliptic function whose residues are all zero, belonging 
to a lattice of which aj3 is a basis, the singlevalued function F{z) defined 
by the formula ^ 

F(z) = f f(z) dz 

satisfies the relation 

F{z-\-moL-\-nfi) — F(z)-\-7nA-\-n^, 

So I a So + j3 

where A = | f{z) dz, B — J f{z) dz. 

So So 

A change in Zq adds a constant to F{z) and is without effect on the 
functional relation or on the values of A and B, but we must leave z^ 
arbitrary, since any particular point we might choose for z^, such as 
the origin, might sometimes be a pole of f{z) and would then be 
unsuitable. 

If the basis is changed from ajS to yS by the pair of formulae 
•311 y = mya+7lyj3, 8=:mga+ngj3, 

the corresponding constants F, A are derived from A, B by the same 
transformation: 

•312 r = myA+^yB, A = mgA+^sB. 

In general we can say that the constant F{z-\-Q)—F{z) is the typical 
member of a lattice which is correlated with the period lattice, but we 
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have to remember that the one lattice may degenerate when the other 
does not. 

A function G{z) which satisfies a relation 
•313 G{z-\-ol) — G(z)-{-A 

is said to possess pseudoperiodicity of the first or additive kind, with 
A for modulus. The integral in *38 is a doubly pseudoperiodic function 
of the first kind, with a, for periods and A, B for corresponding 
moduli. Since the derivative of a pseudoperiodic function of the 
additive kind is a periodic function, the converse of -38 is true: 

0*39. A doubly pseudoperiodic function of additive type which has no 
accessible singularities except poles is the integral of an elliptic function 
whose residues are all zero. 

It is to be noticed that the function itself is additively pseudo- 
periodic; any period may be assigned to this function, and the corre- 
sponding modulus is equal to the period. 

0-4. Let ajS be a basis of the lattice to which the elliptic function 
f{z) belongs, and let O'A'C'B' be a parallelogram in which O'A', O'B' 
have the vectors a, Since the number of poles of f{z) in the parallelo- 
gram or on its boundary is finite, it is possible to draw a line a parallel 
to 0'A\ between O' A' and B'C', which does not pass through any of 
these poles, and from the periodicity of f{z) in a it follows that a does 
not pass through any poles of f(z); similarly it is possible to draw a line b 
parallel to O'B', between O'B' and A'C', which does not pass through 
any poles of f(z). The lines a, b intersect in a point 0, and the parallelo- 
gram OACB for which OA, OB have the vectors a, j8 has no poles of 
f{z) on OA or OB, and therefore has no poles of f(z) on BC ot AC: this 
parallelogram is a period parallelogram with a pole-free contour. 

If OACB is a period parallelogram with a pole-free contour, the 
function f(z) can be integrated round the contour. If Zq is the value 
of z at 0, we have 

Zo \ P Zq + OC 

(f(z)dz= f f(z)dz= r f{z+p)dz = ( f(z)dz, 

BC Zo \ P zo OA 

and similarly J f(z) dz — j f{z) dz: 

AC OB 

•401. If a period parallelogram of an elliptic function has a pole-free 
contour, the integral of the function round the contour is zero. 

Applying Cauchy’s theorem, we see that 
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0*41. The sum of the residues of an elliptic function at the poles in 
a primitive region is zero. 

From -37 and *36, the logarithmic derivative f(z)/f{z) is an elliptic 
function belonging to the same lattice as f{z). In the neighbourhood 
of a point a, from the expansion *302, 

I — ^)~l~3c3(g — a Y-\-... 

f{z)~‘z—a~^ Co+Ci( 2 — a)+C 2 ( 2 ;— a)2+... 
and since 0, the point a is a neutral point of f{z) If (z) if n = 0, 
a simple pole with residue n if n ^ 0; that is, the poles of f(z)/f(z), all 
simple, are the poles and the zeros of f(z)y and the residue off{z)/f{z) is m 
where f{z) has a zero of order m and is —n where f(z) has a pole of order 
n. Applying *41 to f'(z)lf(z) and interpreting the result in terms of f(z), 

0*42. The sum of the orders of the zeros of an elliptic function in a 
primitive region is equal to the sum of the orders of the poles. 

Replacing /( 2 ) hy f{z)~-Cy an elliptic function with the same poles as 
f{z), we have 

0*43i. If f(z) is any elliptic function, the sum of the orders of an irre- 
ducible set of roots of the equation f(z) — c is independent of the value of 
c and is equal to the sum of the orders of an irreducible set of poles off(z). 

The number whose importance is shown by this theorem is called 
the order of the elliptic function; the order of the function is the sum 
of the orders of incongruent poles. A multiple root of the equation 
f(z) == c is a root of the equation /' ( 2 ) = 0; this equation has a finite 
number of incongruent roots, z^, z.^,..., Zj^, and unless c has one of the 
h values f{zf^, f(^k)^ ^he roots of the equation f{z) — c are all 

simple. Hence 

0*432. The order of the ellijjtic function f(z) is the number of incongruent 
roots of the equation f{z) — c for an arbitrary value of c. 

A function of order 1 would be a function with one simple pole and 
no othe?i*sdn a cell, and by *41 the residue at that pole would be zero: 

0*44. There are no elliptic functions of the first order. 

But for every value of n from 2 onward there are elliptic functions 
corresponding to every partition of n, from the one extreme of func- 
tions with a single pole of order n to the other extreme of functions 
with n distinct simple poles; this is established in due course by the 
construction of the functions. Since a pole of order p in f(z) implies a 
pole of order ^^+1 in f{z), the derivative of a function of order n may 
have any order from n-\- l to 2n. 
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Let 0{z) be any analytic function which has no singularities on the 
pole-free contour OACB and no singularities except poles inside this 
contour. Using the same transformation as in the proof of *401 we have 
the integral of the product f(z)0(z) round the contour expressed as 

J f(z){G(z+a)-G(z)} dz- j f{z){G(z+P)-G(z)} dz. 

OB OA 

If then G(z) is doubly pseudoperiodic, with A, B for moduli corre- 
sponding to the periods a, j3, this integral reduces to 

A I f{z) dz —B j f(z) dz. 

OB OA 

On the other hand, integration round the contour OACBO is in the 
positive direction or the negative direction, in the sense required for 
the application of Cauchy’s theorem, according as the direction of 
minimum rotation from OA to OB is positive or negative; that is to 
say, the sum of the residues of f(z)G{z) must be multiplied by ‘Ini or 
— -27ri according as the basis ajS is positive or negative. We introduce 
V to denote i or — i as the case may be, and we call v the signature of 
the basis. 

0*45. Let oLp be a basis of the elliptic function f(z), and let G{z) be a 
doubly pseudoperiodic function belonging to the same lattice as f{z), with 
A, B for moduli corresponding to the periods a, j8. Then if OA, OB are 
steps, with vectors a, p, on which neither f(z) nor G(z) has any singularities, 
and if G{z) has no singularities except poles inside the parallelogram 
(0\AB), the value of 

A J f(z) dz — B J /(z) dz 

OB OA 

is 2ttv times the sum of the residues of the product f{z)G(z) at poles inside 
the parallelogram, v being the signature of the basis ctjS. 

In general the residue of a product is the sum of a number of terms, 
but if the pole under consideration is a simple pole of one factor and 
a neutral point or a zero of the other, the residue of the product is the 
product of the residue of the one function and the value of the other. 

The cases of *45 which are of immediate importance are two in which 
one or other of the functions f{z), G(z) is in a sense trivial. 

Taking /( 2 ;) as constant, we have: 

0*46. If G(z) is a doubly pseudoperiodic function of additive type with 
moduli A, B corresponding to the periods a, p, whose accessible singularities 
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are all poles, then Aj8— Ba is 27 tv times the sum of the residues of 0(z) in 
any cell of the ajS lattice, v being the signature of the basis. 

The distribution of finite values of G{z) differs from cell to cell, but 
the poles occupy congruent positions in the different cells and the 
residues of congruent poles are everywhere the same. To this theorem 
we shall presently return. 

Next we take 0(z) in *45 as z, and we replace f{z) by a logarithmic 
derivative /'( 2 ;)//(z). The factor ^ has no poles, and the poles of f(z)lf(z) 
are simple; if a^ is a pole of f{z), of order p,., the residue of zf{z)lf(z) is 
—Pr^T^ if ^8 is ^ zero of f{z), of order q^, the residue of zf(z)lf(z) is q^b^. 
The sum of the residues is therefore 

23 *^- lPr<^r, 

8 r 

extending to all the zeros and poles in the parallelogram. On the other 
hand, since f{z) has the same value at B as at 0, and the same value 
at ^ as at 0, each of the integrals 

f f'{z) dz r f'{z) dz 

J J S(z) 

OB OA 

is the difference between two values of the logarithm of the same 
number fizo), and is therefore an integral multiple of 2ni. Giving A, B 
their values a, j3, we can say that the integral round the contour is 
of the form 27ri(ma+n/3), where m, n are integers, and since we are not 
attempting to identify these integers, the sign of v is irrelevant and the 
factors 277i, 2ttv can be removed: 

0*47i. If the poles of an elliptic function in any cell are a^, a^,... with 
multiplicities p^, Ihe zeros of the function are b^, feg,--. with multi- 
plicities q^, ihe sum differs from the sum 

Pi^i+P 2 ® 2 + *- ® number which is a step in the lattice to which the 

function belongs. 

We may allow repetition in the enumeration of poles and zeros to 
replace the explicit use of multiplicities : 

0*472. If a^, a^,..., a^^ is an irreducible set of poles and b^, b^,..., b^ is 
an irreducible set of zeros of an elliptic function, each pole and each zero 
being repeated according to its multiplicity, then 2 ^ 2 ^«* 

If we say that ^b^m period, we must remember that zero is 

being admitted as a possibility. 

When repetition is allowed in enumeration, a slight extension of 
vocabulary is convenient. If the point a is in fact j9-fold, an irreducible 
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set must include p points ' congruent with a, but there is no reason to 
suppose that these points are identical. With this extension we may,, 
fox ex,ample, secure an equality to replace the congruence 

2 ^ 2 bsy for if with the sets as originally assigned 2 

we have only to replace by If the pole at is simple, the 

change is possible on any convention, but if the pole at is of multi- 
plicity p, this pole is now being enumerated p—l times at and once 
at a,, ^ 4 . 

Replacing the function /(a:) by f(z)—Cy where c is arbitrary, we have 
a corollary to *472: 

0 * 473 . If f(z) is an elliptic function and z^, z^ is an irreducible 
set of roots of the equation f(z) ~ c, the congruence to which the sum 
^ 1 +^ 2 + belongs is independent of c, being the congruence of which 
the sum of any irreducible set of poles of f(z) is a member. 

From the simplest cases of *36 we derive, following Liouville, two 
theorems which give analytical effect to the consideration that an 
elliptic function can be identified by its behaviour in one cell. 

Let f(z), g{z) be two functions with a common pole a, and let the 
functions have the same principal part at a: the finite series of negative 
powers of z— a in the Laurent series representing the functions in the 
neighbourhood of a are identical for the two functions. Then the dif- 
ference /(; 2 )— ^( 2 :) is represented in the neighbourhood of a by a con- 
vergent series of positive powers of z—a, beginning as a rule with a 
constant term, ’and a is not a pole of f(z)—g(z). If then f(z), g(z) are 
elliptic functions with a common lattice and with the same poles, and 
if at every pole in one cell the principal parts of the two functions are 
identical the difference /(s;)— ( 7 ( 2 :) is an elliptic function with no singu- 
larity in the cell, and is therefore, by *31, a constant. We may replace 
any pole by a congruent pole for examination, and the result can be 
enunciated as follows: 

0*48. If two elliptic functions have a common lattice and the same poles, 
and if at every point of an irreducible set of poles the principal parts of 
the two functions are identical, then the difference between the two functions 
is d constant. 

The poles of the quotient f{z)jg{z) are among the poles of f(z) and 
the zeros of g(z). If Cq Q, d^ ^ 0, and if each of the series 

Co+Ci(z-a)+C2(z— a)2+..., dQ-\-d.i{z—a)-\-d^{z—aY-\-... 

has a radius of convergence that is not zero, the quotient 

' ' {Co+c,(z— a)+C2(z-a)2+„.}/{(io+rfi(z-a)+d2(z-a)H-} 
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is expressible as a power series in which neither the constant term nor 
the radius of convergence is zero. It follows that a pole of f(z) of order 
p is not a pole of f(z) I g(z) if it is also a pole of g{z) of order not less 
than p, and that a zero of g{z) of order q is not a pole of f(z)lg(z) if it 
is also a zero of f(z) of order not less than q. If f{z), g(z) are elliptic 
functions with a common lattice, then/(2:)/^(2;) is an elliptic function; 

0 * 49 i. Let f{z), g{z) be elliptic functions with a common lattice; let 

Ugvj irreducible set of poles of f(z), of orders p^, Pm^ 

and let 6^, 62,..., b^ be an irreducible set of zeros of g{z), of orders q^, S'n- 
Then if each pole a^ is also a pole of g(z), of order not less than p^^ and 
if each zero b^ is also a zero of f(z), of order not less than q^, the function 
f(z) is a constant multiple of the function g{z). 

It follows from the conclusion of this theorem that the two functions 
have all their poles and all their zeros the same, in order as well as in 
position; that is, the order of a^ as a pole of g{z) is exactly p^. and g{z) 
has no poles incongruent with the set and the order of b^ 

as a zero of f(z) is exactly q^ and f(z) has no zeros incongruent with the 
set 61, 62V j These results follow at once from * 42 ; the order of g{z} 
is not less than the sum of the orders of Ug,..., as poles of g{z), and 
is therefore by hypothesis not less than the sum of the orders of these 
points as poles of f{z), that is, not less than the order of f(z)] on the 
other hand, the order of f{z) is not less than the sum of the orders of 
b^, 62,..., b,^ as zeros of f(z), and therefore not less than the sum of the 
orders of these points as zeros of g{z)y which is the order of g{z). Hence 
the two functions have the same order, and there is no margin for 
inequality in the orders at any pole or at any zero, or for additional 
poles of g(z) or zeros of f(z). We may therefore logically break the 
theorem -491 into two: 

0*492. If two elliptic functions f{z), g{z) have a common lattice, and if 
every pole of f{z) is a pole of at least as high an order of g{z) and every 
zero of g{z) is a zero of at least as high an order of f(z), then the two func- 
tions have the same poles and the same zeros, to the same multiplicity in 
every case; 

0*493. If two elliptic functions with a common lattice have the same 
poles and the same zeros, to the same multiplicity in every case, one 
function is a constant multiple of the other. 

The latter of these theorems is the vivid form of the result. We speak 
of the distribution of poles and zeros as the structure of the function, 
and we say that an elliptic function is determined, except for a con- 

4767 B 
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stant multiplier, by its structure. But -4:9^ remains the form in which 
the theorem is used: we seldom investigate a pole or a zero, as -493 
would require, to verify that its order is not higher for one function 
than for the other. 

(iii) The Weierstrassian Functions 
0*5. The construction of specific elliptic functions, to which we pro- 
ceed, is rendered easy by the observation that if 11 is the typical step 
in a lattice, any function that is symmetrical in the whole aggregate 
of arguments z—Q, satisfies the fundamental condition 

•501 f{z+il)^f(z). 

For example, the distance of 2 : from the nearest lattice point is such 
a function. To be analytic in 2 , and actually to involve the infinity of 
arguments li, the function must be a limit, and we have to find a con- 
vergent sequence. 



Fig. 10. 


Let a lattice be determined by two families of parallel lines, and let 
P be any point other than a lattice point in or on the boundary Cq of 
a cell Bq, The cells which immediately surround Bq form with Bq a block 
Bi of 9 cells, the next ring of cells forms with B^ a block B 2 of 25 cells, 
and so on. The boundary Cj. of B,. contains 4(2r-f- 1) lattice points, and 
if p is the shorter of the perpendicular distances between opposite sides 
of a cell, the distance of P from any point on the boundary Cj. is 
greater than or equal to rp. The series ^ (2r-l-l)r~^ is convergent if k 
has any real value greater than 2. It follows that, if K is the sum of 
this series, if a is any number smaller than the distance of P from the 
nearest corner of Cq, and if A is the distance of P from a typical lattice 
point, then for A: > 2, 

•502 


2 A“* < 4(o~^-\-Kp~^), 
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the summation being extended to any selection whatever of lattice 
points. Now A = and is singlevalued if A; is a whole 

number. Hence 

•503. If k is any whole number not smaller than 3, the series 2 ( 2 — 
extended to all the points of a lattice is absolutely convergent at every point 
z which is not a lattice point and is uniformly convergent throughout any 
closed region which does not include any lattice points. 

Thus 

0-51. For any jmsitive integral value of k not smaller than 3, the series 
2 ( 2 :— defines a function ^j.zof z which is analytic for all finite values 
of z exceed the lattice values 

From its construction, 

0*52. The function ^/^z defined for k ^ 3 by the summation 

CfcS = 2 (2-Q)-'' 

extended to all the points of a lattice is an elliptic function whose only 
poles are the lattice points themselves; these are poles of order k. 

. Although there is an arbitrary whole number in this theorem, only 
a single function is really being introduced into analysis, for 

•504 dl^j^zjdz = —kCk,.iZ, 

and the convergence becomes stronger on each differentiation. Once 
^qZ has been defined as 2 fhe other functions would follow 

without independent definition: 

•505 d-%,zldz^^^ = + 

The condition k > 2, which is essential for the convergence of the 
series 2 raises an urgent question. The function ^^z is of the 

third order, and we know that there are no elliptic functions of the first 
order. Are there functions of the second order? 

Consider the passage not from l^j.z to by differentiation but 

from Ij^z to integration. We have 

•506 I CfcZ 

Zi 

and if A:— I ^ 3 the two series 2 2 

separately absolutely convergent, and we can write 


•607 
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that is, 

•508 J dz = 

The formula *506 remains true if = 3: 

•509 ]^zZdz=-\^ {(3^_a)-2_(2^_a)-2}. 

But now, although the series on the right is convergent for any two 
values of and the separate series 2 2 (^ 2 “^)“^ 

not convergent. With an arbitrary value of z^ we may introduce the 
function 2 , 

— 2 J 

Zi 

and identify this function with 

•510 2 {(2:-ii)-2-(2i-a)-2}, 

but whatever value of z-^ we choose we can not avoid the composite 
form of the typical term in the sum. 

To define a standard function from the series ‘510, we take z^ = 0. 
This choice, although almost inevitable, involves us in a difficulty on 
each side of the equation *509, because the origin is a lattice point: 
near the origin, ^ 32 ;^ z-^, and therefore 0 can not be used as a limit 
of the integral; the series includes a term in which a — 0 , and in this 
term we can not put z^ = 0, To meet the difficulty, we segregate the 
term in which a = 0 , We have 

uz = 2-=^+ r 

where the prime attached to the symbol of summation indicates that 
the term in which a = 0 is omitted, a convention that is maintained, 
with products as well as with sums, throughout this subject. Since 


C dz 1 


where the integral is indefinite, or more strictly has 00 for lower limit, 
and « 




0 


the function ^3 z can be integrated by means of the singlevalued analytic 
function pz defined by the formula 


pz 


Z2+ 2 {(2-f2)2 ii^)- 


0-53 
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We have 

0-54 p'z = - 2 ^ 32 :, 

•511 J ^ 32 ^ 2 ; = —Upz^—pzj), 

Zi 

•512 I a,z-z-^) dz = -l{pz-z-^y, 

0 

we can define pz from its derivative — 2^32 if we add the condition 
•513 p 2 ;— 2;“2->o, 

which is implied by *512; the weaker condition pz ~ 25“^ is often useful, 
but it is already implied in *54 and does not distinguish ^z from any 
other integral of ^'z. 

Being the integral of an elliptic function without simple poles, pz 
is known in advance to have pseudoperiodicity: if aj 8 is a basis, the 
equations 

p\z-\-a)-p'z = 0 , p'{z+^)~p'z = 0 

imply p( 2 ;+a)-p 2 ; = A, p(z+p)-pz = B, 

where A, B are constants. But if is a lattice step, so also is — Q, 
and therefore 

0*55. The function pz is an even function. 

Also I a, IP are not lattice points and are therefore not poles of pz. 
Substituting 2 : = — in the formula for A and 2 ; — — |j 8 in the formula 
for B we have 

A = p{^oc)—p{—^a) == 0 , B = p{^P)—p{—iP) = 0, 
whence p( 2 ;+a) = pz, p{z-\-P) ~ pz: 

0^56. The function pz is an elliptic function with the lattice points for 
double poles. 

Thus pz is an elliptic function of the second order with coincident 
poles; it is the W eierstrassian elliptic function. The residue of the func- 
tion at its pole is zero, as required by *41. We can in fact convert the 
expansion *53 into the Laurent expansion for pz in the neighbourhood 
of the origin. If \z\ < |Q|, then 

1 _ 1 22: 3z2 

For any odd value of r, 2" if we write, for r > 1 , 

•514 = 
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we have 

0*57 pz 2;-2+3522;2+55324+76'4s6+..., 

valid inside the circle whose centre is the origin and whose circum- 
ference passes through the nearest of the other lattice points. The 
descriptive formula 
0*58 pz = 

adds to ‘513 only as much as can be inferred from -55, but presents 
the result in the form which is usually the most convenient to use. 

If the lattice is referred to a basis ajS, every step Q is of the form 
ma+ 7 ij 8 , and the powers ( 2 :— arc homogeneous functions of 
degree -~k, the former in the ])air of variables a, j3, the latter in the 
set of three variables z, a, j3. This homogeneity, and its degree, are 
independent of the choice of basis, and we may say simply that the 
functions are of degree —k in Q, or in and : 

0 - 594 . The elliptic functions ^j^Zy pz are homogeneous functions y of 
degrees —ky — 2 , in z and Q. 

The homogeneity of pZy in the neighbourhood of the origin, is apparent 
also in the expansion -57; the sum s^ is homogeneous of degree — 2r 
in ii, and therefore the sum of terms of the form s^z^^-"^ is homogeneous 
of degree —2 in 2 ; and f 2 . 

If we indicate the dependence of the functions ^ 4 . 2 ;, pz on the lattice 
by writing them in the form {^( 2 :|t 2 ), p(z\Q.)y we can express -SOj sym- 
bolically: 

o - 592_3 uxzm ^ x-Hjemh p{Xzm ^ x-^p(z\q). 

If the homogeneity is known, its degree is given immediately by the 
forms of the functions near the origin. 

We can arrive at the homogeneity of the elliptic functions somewhat 
differently. Whatever the complex number A, the lattice XD. which has 
Xoiy Aj 8 for a basis is geometrically similar to the lattice Q. which has the 
basis ajS; the former lattic.^ Js derived from the latter by rotation 
through the angle of A and nlagnification by the factor |A|. Let w — Xzy 
and regard the function pz Si function f{w) of w. Addition of 12 to 
z is equivalent to addition of AQ to w\ hence /(t<;+AQ) = f{w)y and f(w) 
is a doubly periodic function belpnging to the lattice At2. A singularity 
of f{w) arises only from a singularity of pz; near 2 ; = 0 , 
f(w) — z-^-\-0{z^) = X^w-^-\-0{w^). 

Hence X~^f{w) is a function doubly periodic on the lattice Af2, with the 
lattice points for double poles and with no other accessible singularities, 
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and such that near w = 0, X~^f(w) = w-^-\-0{w^). These properties are 
sufficient, by *48, to identify X~^f(w) with p{w\XQ.), and replacing w by 
Xz we have p(A 2 ;|Ai^) = X-^p(z\Q.), as in -SOg. To adapt this argument 
to l^j^z we must take into account the value of the limit of i^j^z—z~^ as 
z-> 0] alternatively, *502 follows from -503 by differentiation. 

The homogeneity of these elliptic functions can be expressed geo- 
metrically. The two lattices Afl, Q. are similar, in the elementary 
geometrical sense, and the point Xz occupies in the one lattice the 
position similar to that occupied by the point z in the other lattice. 
Apart from constant factors, homogeneous functions are functions of 
position relative to the lattice, rather than of absolute position in the 
plane. If z^, z^ are associated with the lattice tl, then Xz^, Xz 2 are 
associated similarly with the lattice AD, and the ratios 

mmxz, m, \cimz, iti) 

are identical. This is only to say that §)(Xz\XD.) — Kp(z\D.), where k is 
expressible as p{Xz 2 \XQ)/ip(z 2 \ 0 >) and is independent of z. 

0*6. Since the residues of pz are zero, to repeat the process of integra- 
tion does not introduce a manyvalued function. We have 

0 

and we therefore define a function ^z by the formula 


0-61 


With this definition 
0-62 


^2 .. 1+2 

C'z = — 


•601 J {pz—z^^)dz= —(^z—z~^), 

0 

•602 ^z-z-'^ -> 0, 

and from *57 or *61 the Laurent expansion is 

(z = z-^—s.^z^—s^z^-s^z’’—.... 

Although the condition k ^ 3 is indispensable to *51, and pz and 
can not fit into the sequence Cf^z, the formulae *54, *62 extend the 
sequence -504, and we can replace *505 by 

•603 d^l^zldz^ == m > 2. 

Since every residue of is 1, the sum of a number of residues can 
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not be zero and the function is not an elliptic function. Hence, being 
the integral of an elliptic function, 

0*63i. The function is pseudoperiodic on the lattice fi. 

In repeating the argument by which the periodicity of §)z was demon- 
strated, we ta|ie the basis as (2a>i, 2co^, This form of basis, in which 
the explicit symbols are for halfperiods of the Weierstrassian function 
attached to the lattice, not for periods of these functions, proves to be 
incomparably the most economical throughout the theory, and is now 
to be adopted as the standard form. We have, since l^z is an odd 
function, 

• 604 i _2 li(z+2i^^)-^z - 27 ?,, - 27 ?^, 

where 

•605, _2 7?, = 7?2 == Cojg, 

and for the effect of addition of a general period, 

0-632 — ^2:-f2m7?,-f 2n7?2. 

To the function l^z we can apply the result of -46, or we may repeat 
the argument of that theorem, taking for the cell the parallelogram 
whose corners are the four points The function has only one 

pole in the cell, and the residue there is 1. Hence 47?,a)2— 47?2a7i ” ^ttu, 
that is, 

0-64 

where v is the signature of the basis 2co,, 26D2- The presence of the 
signature in this formula is easily understood: if the basis is changed 
from 207,, 20^2 to 2o>', 2a7" by the pair of formulae 

co' = m'o7,-f-^^ct»2, co" = m"o7,-|-?^"o72, 

the moduli t?', t?" are given by the pair of formulae 

7?' m'7?,+7i'7?2, y)" = m"rj^-\-n"r]2 

with the same coefficients, and therefore 

I ff 

= m, m r)i, 

07 , 07 n , n 07,, 072 

Since the function l^z has residues which are not zero, integration of 
^2 produces a many valued function, but since the principal part of ^2 
near 2 = Q is 1 j{z—0), the multiplicity of the integral is the multiplicity 
of the logarithm of a singlevalued function. In other words, we can 
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regard not as a derivative but as a logarithmic derivative, and the 
function az defined by the formula 


iog(<,.) - iog»+ J 2' {,4s+si+ij * 

0 

is single valued. Performing the integration, we have 

iog(<«) -= iog^+ 2'|i<>8(i-n)+£i+|5ij. 

whence 

0*65 az = z 

The definition of az is equivalent to definition by the relation 


0-66 

coupled with the condition 
•606 

Otherwise expressed. 


a z 
az 


az 

z 


Cz 


1 . 


•607 


az 


— 2 ;exp| r (^z—z-^)dz . 


It follows from the uniform convergence of the series for C 3 Z that 
the series for pz and ^z also are uniformly convergent, and therefore 
that az has no accessible poles and no zeros except those which are 
immediately in evidence: 

0-67. The function az is an integral function which has the lattice points 
for simple zeros. 

The effect on az of addition of a period to z is to be found from *66 
and •604. We have 

a'{z-{- 2 a}i) a'z 


2>?i, 


and therefore 
•608 


a{z-\-2io^ az 


az 


where is a constant to be determined. But since l^z—z-^ is an odd 
function, e 

exp I J {Cz—z~^) dzj 


4767 


F 
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is an even function, and oz is an odd function, and putting 2 = — 
in -608 we have 

•609 Gi = — 

Thus 

0*68i a{z-[-2o}^ = — 

and similarly 

0-682 G{z+2a)2) == 

These formulae are often conveniently taken in the form 
0*683_4 cr(2:+^^i) = — e^'^^^a{z — a>i), o{z-\-(x}^ — — e^^‘^^a{z—a)2)- 

If we substitute z-{-2aj2 for z in -681 and z-{-2a)^ for z in *682 and 
compare the results, we find that is, 

(34(771 0)2 

whence 'qiC02~~V2^i ^ multiple of ^iri, in agreement with -64, but 

this argument does not lead to the former precise result. 

The functions ^z, az, like the elliptic functions pz, are homo- 
geneous in z and fi. As in some other respects, i^z is in sequence with 
the elliptic functions, and Iz is of degree — 1 ; the homogeneity of az, 
and the degree of this function, are most evident in the explicit formula 
•65, which shows az as the product by 2 ; of a function of degree 0: 

0-69i_2 ^(A^lAfi) = X-^i(z\Q.), a(Xz\X£l) - A a(z\n). 

Elliptic functions in general, and the Weierstrassian functions in 
particular, depend fundamentally on the shape of the lattice to which 
they belong, and only to a trivial extent on its size and orientation, 
for the distribution of values of a function attached to a lattice D. can 
be deduced immediately from the distribution of values of the function 
attached in the same way to any lattice geometrically similar to 

0*7. A zero of the derivative p'z is a value of b for which the equation 
pz—pb — 0 has a multiple root. Since pz is of the second order, no 
root of this equation can be of higher multiplicity than two, and there- 
fore the zeros of p'z are necessarily simple. Since the only poles of p'z 
are the triple poles at the lattice points, p^z is of the third order. Hence 
p'z has three simple zeros. To locate these zeros, return to the equation 
pz—pb = 0 , taking the equation in the form pz = pb. One root of 
this equation is 2 = 6 , and since the function is even, another root is 
z — —b; in general these two roots are incongruent, and every root 
is congruent with one or other of them. Congruent roots can not 
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coalesce, and therefore if 6 is a double root, b = ~b, that is, 26 = 0; 
conversely, this condition is suificient, provided that 6 is not a pole: 

•701. The zeros of p'z are the 'points other than the lattice points which 
satisfy the congruence 2z = 0. 

The points given by 2^; = 0 are the midpoints of steps from the origin 
to the lattice points. Since the congruence 
can be expressed also as 2{z—^l^) = 0, the 
same points are also the midpoints of steps 
to the lattice points from any other lattice 
point. T'Ue points given by 2z = ^ are the 
'midpoints of steps from one lattice point to 
another. If the lattice is referred to a basis 
(2cai, the condition 2^; = 0 becomes 
2z = 2 mcoi+ 2 ^^^ 2 > 

that is, z = 71602, decom- 

posed according to the parity of m and n. 

If m and n are both even, the aggregate is the original 

lattice; if m is odd and n even, the aggregate is the congruent lattice 
which includes the point if m is even and n odd, the aggregate is the 
congruent lattice which includes the point cog; if m and n are both odd, 
the aggregate is the congruent lattice which includes the point ^*^ 2 * 

•702. The midpoints of steps in a lattice compose the lattice itself and 
three lattices congruent with it. 

We usually apply the name of midpoint lattice only to the three lattices 
which are distinct from the original lattice. 

If OACB is a cell in the lattice, the midpoints of OA, OB, and OC 
are three points of which no two are congruent, and the three midpoint 
lattices can be identified as the three which include these points. But 
it is to be emphasized that the midpoint lattices depend only on the 
original lattice, not on a particular cell or basis. 

If we express ^701 in the form that 

0-71. The zeros of p'z constitute the three midpoint lattices of the lattice 
to which pz belongs 

we foresee that the set of three lattices plays a leading part in the 
theory of the functions. Two of the midpoint lattices are associated 
with the halfperiods cog, and since there is no intrinsic difference 
between the three lattices we associate with these halfperiods a half- 
period belonging to the third lattice, that is, a halfperiod oog congruent 
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with coi+cog. To take C 03 as a>i+a >2 involves a lack of symmetry which 
ultimately becomes extremely tiresome; we define instead by the 
symmetrical relation 


•703 — 0. 

We can use ( 2 a> 2 , 26 O 3 ) or ( 20 ) 3 , 2a)i) as a basis for the lattice instead of 

(2coi, 2 a> 2 ), and it is sometimes useful 
to exhibit the lattice as the set of 
points of intersection of three families 
of parallel lines. 

The signature v is the same for the 
bases ( 2 oj 2 , 2ojq) and ( 20 ^ 3 , 2(x)^) as for 
the basis ( 2 a>i, 2 CO 2 ), and may be re- 
garded as the signature of the triplet 
of halfperiods. We may admit the 
result intuitively, but it is evident 
analytically from -703, which, written in the form 



1 + (^2/^1) +{^3/^1) ~ 

implies that Im{ajJoji) has the opposite sign to Im(a> 2 /tt>i), that is, that 
Im(coi/aj 3 ) has the same sign as Im(a> 2 /ot>i). The result follows also from 
•64: writing ~ ^ 003 , we have from -703 and *632 


•704 ^i+^ 2+’?3 = 

which with *703 implies 


•705 ^1^2~'72^1 = '72^3“ *73^2 = V3^i—Vi^3- 

It is sometimes worth while to replace *632 by 

0-72 ^(z-\-2ma)i-\-2no)2+2p(x)^) — lz-\-2m7]^-\-2n7)2-{-2pr)2. 

To -68 we may add 

• 706 i _2 o ( z -{- 2 w 2 ) — — e 2 T/ 3 ( 2 :+aj 3 )o. 2 , a (2 + ^^3) — — — CO3). 
These formulae can be generalized immediately; we have, by *72, 


a'(z-\-majj^+nco 2 -{-pco 2 ) ^{z—mcoy^— 710)2— po^^i) 

<j(z-j- mo)i + noj 2 -\-p^ 3 ) ( 7 (z — — 710)2 — 


27nri^-\-27ir]2+2pri2, 


and from this, since 

o(7nO)y^-\-7lO)2-\-pOi)^ — — o( — TYlOJy — 710)2 — P^3)> 

integration implies 

0-73 G{z-\-7nO)i-\-7lO)2+pC02) = — — 710)2— po)s)i 

for all integral values of m, ti, p. Hence also 

•707 a(z-\-27no)y^ + 27lO)2+2po)2) = --e(2m7/,+2ni/a-f2j3i7aX«+mai,+ncoa+3?coa)^. 
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We have seen that pz—B has a double zero if and only if B has one 
of the three values pcji, pcug, these three values, the values of 
pz on the three midpoint lattices, are denoted by Cg, e^. Since pz—Bj, 
has a double pole at the origin and a double zero at the product 
(pz—ei){pz—e 2 )(pz—e^) has a sextuple pole at the origin and double 
zeros at co^, cog, On the other hand, p'z has a triple pole at the 
origin and simple zeros at 0 ) 2 , 0 ^ 3 . That is to say, p'h has the same 
structure as {pz—ey){pz~e 2 )(pz~e^), and by Liouville’s theorem, * 493 , 
one function is a constant multiple of the other. Near the origin, 
pz ~ l/z^, p'z ~ —2jz^. Hence 

0-74i p'2z = 4(p2-ei)(pz-e2)(pz-e3). 

This fundamental relation between pz and p'z can be expressed in 
another form by means of Liouville’s other identification theorem, *48. 
From the Laurent expansion *57, 


we have 

pz = Z-24-3s222+553 2^+0(2«), 


pH — 2"* + 32~2(3s2+ 5^3 22)4- 0 (22) 

and also 

= 2-«4- 9532-24- I5S34- 0(22), 


p'z = —22-24-65224-2053224-0(25), 

Hence 

P'H = 42-2— 2452 2-2— 8053-1-0(22). 

•708 

p'H ~ 4p22_ 6052 2-2—14053-1-0(22) 


= ^pH-g^pz—g^-\-0{z^), 

where 

gz = 6052, 93 = 14053, 

that is. 


•709i_2 

<72 = 60 2' 0-2, 9-3 = 140 2' 0-2. 


But p'^z—(4:ph—g2pz—g;i) is an elliptic function with no possible 
poles except the lattice points; the formula *708 proves that the origin 
is not a pole but a zero of this function, and it follows that the function 
has the constant value 0 : 

0-742 p'2z = 

Comparing the two formulae for p'H we deduce that 

0*75i. The three midpoint constants Cg, e^ are the roots of the equation 

^t^—g^t—g^ = 0. 

In other words, the midpoint values e^, eg, e^ satisfy the relation 
0*752 ~ 0 , 
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and the constants which are called the invariants of the lattice, 

are given in terms of Cg, by 

0 * 753_4 g2 = ^ 2^3 ^ 3^1 9^3 ~ ^2 ^ 3 * 

Differentiating *742 we have 
•710 -= 6 p 22 ;_ |g 2 , 

whence, substituting the complete Laurent expansions, 

32 - 4 + 1 . 1 . 352 + 2 . 3.553 224-3.5.754 2 ^+ 4 . 7.955 

32-4+6(352+55322+75424+95526+...) 

+ 324(352+55322+. ..)2-I^, 

implying g^ = 6O52 as before, and 

•711 1.7.9544-2.9.115522+3.11.135524+... 

- 3 ( 352 + 55322 + 75424 +...) 2 , 

identically, whence 

• 712 . The sums 54, 55,... are polynomials in s^ and 53, with rational 
coefficients independent of the lattice. 

It follows that while a basis is needed for the evaluation of the in- 
variants of the lattice, the later sums can be deduced from the invariants 
without further reference to the basis. 

When the invariants are known, *742 becomes a differential equation, 

•713 (dwjdzY = 

from which p2 can be determined as the one solution which satisfies 
the condition w ^\jz^ near 2 — 0. 

An alternative argument, leading to simple general theorems which 
we shall find useful, shows very clearly why the zeros of p'2, but not 
those of p2, can be identified in the lattice. For any lattice step tl, 
an elliptic function f(z) of which is not a pole satisfies the condition 

•714 /(-|Q)=/(in). 

If/(2) is odd, it satisfies also the condition 
•715 f{-\a) = -/(ifi), 

and we have therefore /(J^^) = 

implying that not being a pole, is a zero. Further, if the order of 
this zero is n, the derivative P'^\z), which is an even function or an 
odd function according as n is odd or even, is an elliptic function of 
which is neither pole nor zero, and therefore is not an odd function: 
that is, n is odd. Lastly, if/(2) is an odd function which has for 
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a pole of order m, then 1 lf(z) is an odd function which has for a zero 
of order m, and therefore m is odd : 

0*76. Every odd elliptic function has every lattice point and every mid- 
point for either a pole of odd order or a zero of odd order. 

One corollary, since the derivative of an even function is an odd 
function, is 

•716. If an even elliptic function has a lattice point or a midpoint for 
a pole or a zero, the order of this pole or zero is even, 

and another, which leads immediately to *71, is 

•717. If an odd elliptic function of the third order has one of the four 
points 0 , cx)^, cog, CO 3 for a triple pole, it has the other three points for 
simple zeros. 

Also 

•718. Every odd elliptic function of the second order has two of the four 
points 0 , (x)^, ax^, cx).^for simple poles ami the other two for simple zeros. 

If /( 2 ;) is any function of which is not a singularity, f(z)—f(lQ,) 
has for a zero. It follows from -716 that 

0-77. If f(z) is an even elliptic function, f{z)—f{\Q.) has either for 
a pole of even order or for a zero of even order. 

The theorem with which this section began, which can be enunciated 
in the form 

0-78. The function pz—e^ has the midpoint ox ^ for a double*zero, 

is a particular case of this general result, but it is a case of fundamental 
importance in the sequel. 

Since pz—e^ has the origin for a double pole and has the point ox^ 
for a double zero, p{z-\-oxi)~e^ has the origin for a double zero and 
has —ox^, and therefore ox^, for a double pole. Neither function has any 
other poles or zeros!, therefore their product, which has the periods 
of pz, has no poles, and by -31 is a constant; but, when z = cug, 

p(z+oxi) = p(—ox^) = pox^\ 

hence 

0-79 (pz— ei}{^(z+wi)— ej = {e^—ei)(e^—ei), 

a formula which shows more clearly than an explicit formula for 
p{z-\-ox-f) the effect of the addition of a halfperiod to the argument of 
the function. 

t That is, any incongruent with these. This is a laxity of expression which can do 
no harm. 
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0*8. Unless (7=0, the function in which A, B, C 

are constants, has a triple pole at the origin and no other poles; this 
function has therefore three zeros, and their sum is congruent with 0. 
To determine A : B :C hy the equations 

A + B^x+ Cp'x = 0, A + Bpy+ Gp'y = 0, 


where x, y are given complex numbers, is to take the function in the 

form , . ^ ^ , 

1 , 

1 , pz, p'z 1 

in which the two zeros z x, z y are already obvious. Hence 
0-81. Ij x-\-y-\-z = 0, ilfim 

1, px, p'x I = 0. 

1, &y^ P'y I 

1, pz, p'z 

A more complete enunciation is 
0*82. If X, y are given, the equation 

1, px, p'x = 0 

i> py^ p'y 

1, pz, p'z 

is satisfied if z is congruent with x, with y, or with —(x-{-y), but not 
otherwise. 

It follows from -82 that the equation 


(px-py)^p'H = 

1. 

px, 

p'x 

2 

9 


1, 


p'y 



1, 

^2. 

0 


that is, the equation 






(px—pyY{4:pH—g^pz— 



1, 

px. 

p’x 




1, 

&y> 

P'y 




1, 

pz, 

0 


is satisfied if z is congruent with ±:X, with ±2/, or with T(^+2/)> ^^at 
is, if pz is equal to px, to py, or to p{x-\-y), but not otherwise: px, py, 
p{x-\-y) are the roots of the cubic equation 

{px—pyY{4i^—g^t—g^) = | 1, px, p'x 

1. ^y> P'y 

1, t, 0 

Any relation between the roots and the coefficients of this equation is 
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a relation between p{x-\-y) and functions of the separate variables x, y. 
In particular, expressing the sum of the roots, we have one addition 
theorem which does not involve the invariants: 

0-83. For any two values of the variable, 

p{x+y) = l{{^'x-p'y)l(px-py)}^—px-py. 

0*9. The function pz having been constructed, a function f{z) can, 
we proceed to show, be built on the same lattice to an assigned speci- 
fication. Since pz is an even function, any rational function of pz is 
even also, and we suppose first that f(z) is even. Then if 6 is a zero 
of f(z), of order q, so also is —b, to the same multiplicity, and if 2b ^ 0, 
these two zeros are incongruent. Under the same condition, the zeros 
of pz—pb are simple zeros at the points congruent with b or —b, and 
the zeros of {pz—pby^ are zeros of order q at these i)oints. If 2b = 0, 
there are two cases to distinguish. If 6 = 0, no function of the form 
pz—pb is available; this case is left aside for the moment. If 6 = ojj., 
the function pz—pb becomes pz—e^ and has a double zero; the zeros 
of any integral power of pz—e^ are of even order. But we have seen 
that CO,., if a zero of the even function f(z), is a zero of even order, and 
if this order is 2q\ then (pz—e^y^' has zeros equivalent to those of f(z) 
at the points congruent with oj^. Thus if f(z) is an even function, an 
irreducible set of zeros of f(z), excluding a zero congruent with the 
origin, can be taken to be ±^0 with orders g^, gg,.--? 

and coi, 6O2, C03 with orders 2g', 2g", 2g"', the last three orders not being 
necessarily different from zero, and if we write 

•901 Z{z) = ($)z—eiyi'{g,)z-e^yi'(pz-e.iy‘"' JJ 

s 

then Z(z) has, except possibly for the lattice points, which may be zeros 
of f(z) but are poles of Z(z), the same zero -structure as f{z), and has 
no poles except at the lattice points. Similarly an irreducible set of 
poles of f{z), excluding possibly a pole congruent with the origin, can 
be taken to be with orders p,n^ co^, cog, 

a>3 with orders 2p\ 2p", 2p"\ and if P{z) is defined by 

•902 P(z) = (pz—eiy>'(§3z—e^)'‘''{pz—es)i>'" JJ (pz-pa,)P', 

r 

the function llP(z) has, except possibly for the lattice points, the same 
pole-structure Sbsf(z), and has no zeros except at the lattice points. It 
follows that Z{z)IP{z) has, except possibly at the lattice points, the 
same pole-structure and the same zero-structure as f(z), and therefore 
the quotient of f(z) by Z{z)IP{z) is an elliptic function with no poles 

4767 Q 
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and no zeros incongruent with the origin. But, from -31 and *35, an 
elliptic function which is not a constant has both poles and zeros, and 
the origin, which could serve in one capacity, can not serve in both 
capacities. Hence the quotient of f(z) by Z{z)IF(z) is a constant, that is, 

0*91 f(z)=foZ(z)IP(z) 

where, since both Z{z) and P(z) have unity for leading coefficient at 
the origin, can be identified with the leading coefficient there of the 
function /( 2 :) itself. 

The argument just used, which is due to Jordan, can be amplified. 

<1 = «'+3''+3"'+ 2 V = 2 Pr 

Then if f(z) has the origin for a zero of order the sum of the orders 
of the zeros of f(z) is qQ-{-2q and the sum of the orders of the poles is 
2p; these sums are equal and therefore p > q, qo = "^{p—q)- If/(2^) 
the origin for a neutral point, the sum of the orders of the zeros of 
f(z) is 2q and the sum of the orders of the poles is 2p, and therefore 
p — q. If f(z) has the origin for a pole of order the sum of the 
orders of the zeros of f{z) is 2q and the sum of the orders of the poles 
is Pq-\~2p, and therefore p < q, Po = 2{q—p). Thus the origin is a zero 
of order 2(p— g), a neutral point, or a pole of order 2{q—p), according 
as p is greater than, equal to, or less than, q. On the other hand, near 
the origin Z{z) is dominated by p^^z and therefore by Ijz'^^, and P(z) is 
dominated by p^z and therefore by Hence Z(z)IP{z) also has the 

origin for a zero of order 2{p~q), for a neutral point, or for a pole of 
order 2{q—p), according as p is greater than, equal to, or less than, q. 
That is to say, Z{z)IP(z), constructed to have the same structure as 
f(z) except possibly at the lattice points, acquires automatically the 
character of f(z) at the lattice points themselves, and Liouville’s struc- 
tural identification theorem -493 is applicable without modification. 

The formula *91 gives us the descriptive theorem 

0*92j. Any even elliptic function belonging to the same lattice as pz is 
a rational function of pz. 

If f{z) is odd, then f{z)lp'z is even, and therefore 

0*922. Any odd elliptic function belonging to the same lattice as pz is 
the product by p*z of a rational function of pz. 

Lastly, any elliptic function f(z) can be expressed as the sum of the 
two functions l{f(z)+f(—z)}, l{f(z)—f(—z)}y of which the first is even 
and the second odd. Applying *921 and *922, 
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0 - 923 . Any elliptic function f(z) can be expressed in the form 

where ^z belongs to the same lattice as f(z), and R(pz), S{pz) are rational 
functions of pz. 

If f(z), g{z) are two elliptic functions belonging to the same lattice, 
we have f _ R0) + p'S,ip), g = R^(p)+p'S,{^), 

where Rf(p), S^(p), Rg(p), Sg(p) are rational functions of p. Between 
these equations and the relation 

P'2 = 4p3-g^p^g^ 

the two auxiliary functions p, p' can be eliminated algebraically, and 
therefore 

0-93. Any two elliptic functions with a common lattice are connected by 
an algebraic equation with constant coefficients. 

If m, n are the orders of f{z), g(z), an arbitrary value of f(z) implies 
not more thanf m possible values of g(z) and an arbitrary value of g(z) 
implies not more thanf n possible values of f(z). It follows that if/, g 
are connected by an irreducible algebraic equation (l>(f,g) = 0, the 
degree of 0 in gr is not greater than m and the degree of in / is not 
greater than n. 

It is possible to establish -93 by general functional and algebraical 
reasoning without the use of the special function pz, but the argument 
is delicate. 

From -93 we have the corollary 

0*94. Erery elliptic function is connected ivith its derivative by an 
algebraic equation. 

In other words, if w is an elliptic function /( 2 ) of 2 , there is a differential 
equation <f){w\w) = 0 satisfied by The function </» is polynomial in 
w as well as in w' and does not involve z explicitly. Usually, if the 
order of the elliptic function f(z) is n, the degree of cf) in w' is n, and 
the degree of in is the order of the elliptic function/' ( 2 ;), and may 
have any value from n-\~ 1 to 2n. 

A second corollary to -93 comes from taking f{y-\-z) as a function 
of z, where y is independent of z. We infer the existence of an equation 
^{/(2/+^)>/(^)} — polynomial in the two functions /(i/+2J), /(2:), with 
coefficients dependent on y\ let us write the equation in the form 
•903i (D{/(2/+2),/(2);y}== 0. 

t Usually tho numbers are exactly in and n, but we have only to suppose g{z) defined 
as {J(z)Y to see that reductions in these numbers are possible. 
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Since this equation is satisfied foy all values of y and z, we have also 
•9032 ^{/(y+z)>/(2/);2} = 0. 

The two equations -OOSi, are identical, since otherwise we could 

eliminate /( 2 /+ 2 : ) algebraically and obtain a relation satisfied identically 
by y and 2 :, contradicting the assumption that y is independent of 2 :. 
Hence the function ^{f{y-{-z),f{z)\y} is a polynomial in f(y) as well as 
in/(z): 

0*95i. If f{z) is any elliptic function, there is an algebraic equation 

coefficients independent of y and z, con- 
necting f{y-\-z) with f{y) and f(z). 

This result is expressed briefly in the form 

O-OSg. Every elliptic function possesses an algebraic axldition theorem. 

Theoretical interest is focused rather on the converse of this theorem, 
which, with the obvious exceptions, was established by Weierstrass: 
the only singlevalued functions to possess algebraic addition theorems 
are rational functions, functions which in a wide sense may be called 
circular, and elliptic functions. 

The function T of is symmetrical in f(y) and f{z). Also the 
relation ^{f{—y-\-z),f{—y),f{z)} — 0 is identical with the relation 
^y{f(z),f(y),f(z—y)} — 0, but this identity does not express symmetry. 
If however we apply the argument leading to *951 to the function 
f(—y—z) instead of to the function /(y-f 2 ), we have succinctly 

•904. If f{z) is any elliptic function, there is a qyolynomial F(X,Y, Z), 
symmetrical in the three arguments X, Y, Z, such that the relation 
x-\-y-[-z — 0 implies the relation F{f(x),f{y),f{z)] = 0. 

If the order of the function f(z) is n, the degree of the equation *902 
in f{y-{ z) is usually n, and therefore as a rule the degree of the poly- 
nomial T in -95^ in each of its arguments is n, and so also is the degree 
of the polynomial F in -904. Algebraically this result is somewhat sur- 
prising. For example, it is evident that if p'y and p'z are removed 
from the relation 

(P2/-p2)^{P(«/+2)+P2/+pz} = liP’y—Si'z? 

by means of the relations 

= 4p*i/-sf2p2/-g-3, = Ap^z-g^pz-g^, 

the resulting equation is of degree two in p(y-{-z)\ it is by no means 
evident that the coefficients of this equation are not of higher degree 
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in py or pz. Or to put the matter differently, the eliminant of X', 
F', Z' from the four equations 


•905 


1-4 


1 , 

1 , 

1 , 


X, X' 
F, F' 
Z, Z' 


= 0 , 


X'2 ^ 4X3-sr2X-(73, == 4F3-^,F-^3, = ^Z^-g^Z-g, 

is obviously symmetrical in X,Y,Z\ it is not obviously the product 
of {(F— Z)(Z— X)(X— F)}2 by a function quadratic in each separate 
variable. To find algebraically the significant factor of the eliminant, 
we remark that *905^ implies that there exist numbers A, /x such that 

X' - AX-b/x, F' - AF+ja, Z' - AZ-b/x, 


and that therefore, from *9052 .4, X, F, Z are the roots of an equation 

of the form .,0 . 1 \9 

= (A< + )a)2, 


whence, relating the coefficients to the roots and eliminating A and /x, 
we have 


(FZ+ZX+XF-bi^a)^ - 4(X-bF4-Z)(XFZ-Jj73), 


a condition of the fourth degree in the set of variables X, F, Z but 
quadratic as required in X, F, Z separately. Thus 


•906. If x-{-y-\-z = 0, then 


iPy^z+§^zpx-\-§)xpy+lg.^)'‘ = i(px+py+pz)(pxpypz-lgs). 


The importance of *923 is for general theorems rather than for parti- 
cular ap})lications, for whereas the determination of the functions Z(z), 
P(z) in the formula -91 depends directly on the structure of /(z), the 
same can not be said of the rational functions in -923; the poles of 
M/(^)+/(“^)} among the poles of f{z) and the 

poles of f{—z) and can be identified, but the zeros of these functions, 
that is to say, the roots of the equations/(2) — ~ /(”^)> 

are not necessarily discoverable in practice. For example, taking f(z) 
as p(y-\-z), we can solve the equation piy-{-z) ~ p{y—z) but we have 
no means of solving the equation p(y-{-z) = —p(y—z)] we can there- 
fore express p(y-{-z)—p(y—z) in terms of pz and p'Zy but we can not 
proceed to obtain a formula for p(y-\-z). The details of the evaluation 
of p(y-{-z)—p{y—z) are simple and instructive. The function p{y-\-z) 
has a double pole at 2; = — t/; the function p(y—z) has a double pole 
Sit z — y. Hence p[y-\-z)—p{y—z) is a function of the fourth order, 
its poles are the zeros of {pz~pyY, and one irreducible set of poles 
has the sum zero. Because the function is an odd function, three of 
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its zeros are the halfperiods 0 ) 2 , ^^>3 whose sum is zero; hence a fourth 
zero is the origin, and {p(y+z)—p(y—z)}lp'z has no zeros incongruent 
with the origin. We have therefore 

piy+z)-piy-z) = Ap'zlipz-py)^ 
where A is independent of z. As z-> 0 , 

{piy+z)-^{y—z)}l2z -> p'y, 
that is, p{y+z)~p{y—z) ~ 2zp'y, 

on the other hand, ~ —2z. 

Hence A = —p'y, and finally 

•907 p(y-z)-^{y+z) = p'y^'zl(py—pz)\ 

in agreement with -83. 

There are developments of a function in terms of ^ 2 : and of az to 
which the criticism directed against -923 docs not apply, and with these 
developments we conclude our introduction. First let be a pole of 
the elliptic function /(s:), of order and let the principal part of f(z) 
in the neighbourhood of be 

+ .. 4- 4- 

{z—a^Y^r (z—aYf'^z--a^' 

With the function t^^z defined as in *52, the j)rincipal part of each of 
the functions ^^,- 1 ( 2 :— aj,..., ^ 2 — a^), p{z—a,), ^ 2 — a,) near 

aj. consists of a single term whose numerator is unity, and the principal 
part of the sum 

is identical with the principal part of f(z). Denote this sum by Z^{z—a^). 
In 7jj.(z—aj.) every term except A^pl^iz—a^j is an elliptic function. Hence 
2 Ti^iz—a^), where the summation extends to all the members of an 
irreducible set of poles of f(z), is the sum of an elliptic function and 
the function ^{z) defined by 

<t>{z) = 2 A'{'>^{z—a;). 

r 

Now if ii is any lattice step, ^(z+ii) = ^z+ij, where rj is independent 
of z. Hence 

C(z+Q— a,.) = C(z— a,)+rj, 

^(z+i2) = <^(z)+^|^i’-> 

= ^(z)> 
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for 2 fhe sum of the residues off(z) at an irreducible set of poles, 
is zero. That is to say, although the individual functions a^), 
and the individual functions Z^{z—a^), Z^iz—a^),... are not 
elliptic functions, the particular combinations ^(z) and ^ a^) are 

elliptic functions. The second of these combinations is an elliptic func- 
tion whose principal part at every pole in an irreducible set is identical 
with the principal part of /(z). Hence, by *48, 

0-96i f(z) = C+ 2 Zriz — dr), 

where c is a constant. Conversely, whatever the constants on the right 
of *96]^, subject to the condition 2 ~ ^^is expression defines an 

elliptic function: 

O-OGg. An irreducible set of poles of an elliptic function may be assigned 
arbitrarily, together with the principal part of the function at each pole, 
subject only to the condition that the sum of the assigned residues is zero. 

As a first example, take/(z) Near z = y, 

py-pz ~ -(z—y)$)’y, p'yf(z) ~ —(z—y)-^, 
and near z — —y, 

py-pz ~ {z-\-y)p'y, p'yf(z) ~ {z+y)'^. 

Hence, since /(z) tends to zero with z, 

•908i p’yl(py-pz) = Ciy—z)+C{y+z}—2Cy> 

from which *907 follows by differentiation. Interchanging y and z in 

•908i, we have 

•9O82 ^'zjipy—pz) = C(2/— z) — ^(2/+2) + 2^2, 

which gives, in combination with *908^ 

•909 ^(y+z)—^y—iz = l(p'y—p'z)l{py-pz), 

and by differentiation 

•910 p(y-.)+p(j,+.) = +2^., 

an unsyrnmetrical correlative of *907. 

From *83 and *909 we have 

•911 {^{y+z)—^y--^zY = p{y+z)+py+pz, 

or in a more symmetrical form 
•912. If x-\-y+^ = 0, then 

{ix-\-ly+^zY = pz+py+pz. 
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To develop we have to take into account another term 

in each Taylor series, and we have 

~ {y—z)-^+(§>"ylP'y)(y-z)-^ 

near z == y, and 

p''^l{py-&z)^ ~ {y+z)-^+(p"ylP'y){y+z)-^ 

near z — —y. Hence 

^'^lipy-pzf = ^)(2/-2)+p(2/+z)-2py+ 

-\-(P"ylP'y){^(y—z)+^{y-\-z)—2iij}, 
which on substitution from -908^ becomes 

•913 ^(?/-2) + P(«/+2) = p'^l{^-pzf—p"yl{§)y~pz) + 2py, 

that is to say, *910 with y and z interchanged. Since p''z = 

we have (p''y-p''z)l(py-pz) = 6 pi/+ 6 pz, 

and therefore 

•914 p(y-z)+p(y+z) = l{(p'^y+p'^z)l(py-pz)^}—2py~2pz, 
a formula which combines with *907 to reproduce the addition theorem 
in the form given in *83. 

If the poles and zeros of an elliptic function f(z) are assigned, the 
properties of the function gz are utilized for the construction of f{z). 
Let (Xg,..., and b,^ be irreducible sets of poles and zeros of 

f{z), subject to the equality 2 ^ = Z ^ condition which, as we have 
seen on p. 24, imposes no restriction on the function f(z) itself. Then 
since G{z—a^) has the points congruent with for simple zeros, and 
G(z—b^) has the points congruent with b^ for simple zeros, and neither 
function has any other zeros or any accessible poles, the quotient 
B(z)IA(z), where 

•915i_2 A{z) = n <^{z-ar)> B{z) = JJ o{z--bX 

r 8 

is a function with precisely the poles and the zeros of/( 2 ;). If 2 aji, 20)3 
is a basis of the lattice, we have from * 683 _ 4 , for each value of a> and 
the corresponding value of rj, 

A(z-{-o^) = ( — ^ j[][ a(2; — cd — a^) — ( — — oj), 

and similarly 

•916 B{z+aj) = ( — )^e^v^i^-f^>)B(z—w). 

But 2 (2 — «r) = WZ— 2 ®r = ^Z— 2 ^8 = 2 ( 2 — ^s)- 

Hence 
•917 


B(z-\-oj)jA{z+o}) — B{z—(x})IA{z—w), 
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for all values of z, and therefore the quotient B(z)IA{z) has the period 
2a>. Thus B{z)lA{z) is an elliptic function with the structure oi f{z), 
and from Liouville’s second identification theorem *403, 

0-97i /(z) = gB{z)jA(z), 

where gr is a constant. Conversely, if only the constants implicit in the 
definitions of A{z) and B{z) by *915i_2 satisfy the relation 

2*8 = 2«r. 

the expression on the right of defines an elliptic function, and 
therefore 

O’OVg. The poles and the zeros of an elliptic function may be located at 
arbitrary points and have arbitrary multiplicities, subject only to the con- 
ditions that, multiplicity being taken into account, the number of poles is 
the same as the number of zeros and the sum of the poles is congruent with 
the sum of the zeros » 

As simple examples of -OTi we have 
0-98 py—^z = —G(y—z)a{y-]-z)lahj(j% 

from which we can recover ‘9081, and 
0*99 = 2g{z — (jJi)g{z — co2)cr(z — o}f)lacoj^GOJ2(roj^GH, 

which, so to speak, extracts the square root in *74^. 
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I 

THE THREE PRIMITIVE FUNCTIONS 

1*1. The simplest elliptic functions are of the second order, and of 
these there are two kinds, functions with one double pole in each cell, 
and functions with two simple poles in each cell. The Weierstrassian 
function pz, of which a brief account has been given in the introductory 
essay, is the standard function of the first kind. This book is a study 
of standard functions of the second kind. 

The existence of an elliptic function with one double pole is demon- 
strated by the actual construction of pz. The existence of a function 
with two simple poles is established in the course of the development 
of the theory of the Weierstrassian function. By the general theorem 
0*902, the function 

•101 c+A,az-a,)+A^a^-a,) 

is an elliptic function if A 1 +A 2 = 0; it is a function of the second 
order with simple poles at and a 2 and an assigned residue at one of 
these poles, and it includes an additive constant c. Similarly by the 
general theorem O-OTg, the function 

•102 fo(r(z—bi)a{z--b2)la(z--ai)a(z--a2) 

is an elliptic function if ag = ^ 1 +^ 2 ^ ^ function of the second 

order with simple poles at and ag simple zeros at and 
it includes a constant factor /q. In each form the function involves 
two arbitrary constants in addition to the numbers a^, ag which locate 
the poles. 

We might obtain standard functions with simple poles by choosing 
constants in *101 or *102. But appropriate constants are not easily 
recognized in advance. Also it is one thing to use the functions t,z and 
az for evidence of existence, but to rely on these functions for the 
definitions and for the most elementary properties of the functions 
which are to be fundamental is another matter. We approach the 
problem of construction in a more direct fashion. 

1*2. Given a function whose poles are all double, we have only to 
take a square root to obtain a function whose poles are all simple, but 
this function is doublevalued unless the zeros as well as the poles of 
the original function are of even order. The zeros of pz are simple, 
and the branches of can not be separated. But or pz—pb, 

where 6^0, has the same poles as pz\ it is a function of the second 
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order, whatever the value of 6 , and as we have seen in 0-7 its zeros 
are double if b is congruent with one of the midpoints 0 ^ 2 , cog. Thus 
for r = 1, 2, 3 the function ^z—e^ has all its poles and all its zeros of 
precisely the second order, and 

• 201 . The function has no branchpoints. 

It follows that the two values of {pz—e,)^ are not branches of one 
function but, like the two square roots of z^, are separate singlevalued 
functions. We can discriminate between the two functions by their 
behaviour in the neighbourhood of 2 — 0 ; here pz resembles l/z^y and 
therefore one square root of pz—e^ resembles Ijz and the other re- 
sembles — Ijz. It is with the first of these square roots that our study 
begins. This function Jordan denotes by fj.{z) and Tannery and Molk 
denote by ^,. 0 ( 2 !), but to avoid having a suffix as part of the functional 
symbol we denote the functions that correspond to the three half- 
periods cui, ^> 2 , o)^ by fjz, gjZy h]z; then we replace coj, ^3 
Ci, ^ 2 , 63 by ojff Wy, and 6 ^, a departure from current practice 

which is trivial in itself but far-reaching in its effect on our notation. 

The three functions which we call the primitive functions and denote 
by fja:, gj z, hj z are thus three singlevalued functions definable in terms 
of pz by the formulae 

= pz—%, hj*2 = pz-eft, 

or in another form 

1 - 214-8 fj*z+e/ == gj^z+e^ == hj^z+e* = pz, 

coupled with the conditions that, as z -> 0 , 

1 * 22 i _3 zi]z-^l, zg]z^\, z\iiz-^\, 

which also have an alternative form 

1 - 224_8 i]z 1/z. gjz l/z, hj 2 ^ 1 / 2 ;. 

The notation allows us to speak of a typical function pj z, defined by 
the formula 

l-23i pj^z = pz—Cp 

with the condition 

1*232 pj2J~l/2;. 

The definitions of the primitive functions can be expressed somewhat 
differently, in terms of the Weierstrassian function az, which has no 
accessible poles and has simple zeros at all the lattice points of pz. 
The quotient a{z—u}jfjl(jz has the zeros and poles of pj 2 , and therefore 

•202 = e^^^h{z—(x)p)l(iz, 
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where l^p{z) is an integral function, a function without accessible poles. 
To obtain A^(2;) and to see this formula in relation to the definition of 
pj s, consider the factorization theorem 0*98, which we may rewrite in 
the form 


•203 


&z-§)b = 


a{z—b)a{z-\-b) 


The basis of this theorem is that the roots of the ecpiation pz — pb 
fall into two classes, the roots congruent with 6, which are the zeros 
of G{z—b), and the roots congruent with —6, which are the zeros of 
G{z-{-b). In choosing a value of b so that every root of the equation 
pz = pb is double, we are choosing b so that the functions G(z-{-b), 
G{z—b) have the same zeros. This is easily verified; for all values of z, 
as we have seen in 0*683_4, 


g{z-\-oj^) = —e^Vp^G(z—ajj,), 
and substituting for in *203 we have 


•204 

whence, since cr(— 


pz~ej, 
= — GO) 


a^a)p oh 

p and a2 z as z -> 


0 , 


1-24 


P j 3 = 


C’?J>®<7(Z — 
ao)^, GZ 


This is the required formula of the form -202, with A^,(2;) identified as 
the linear function — log(— (7w^,)+^p2:, the selection of the branch of the 
logarithm being irrelevant. 

We make very little use of the explicit formula -24; the distribution 
of poles and zeros is shown clearly, but otherwise the fundamental 
properties of the function pj z are not in evidence, and two constants 
7jp, Gojjy are involved. It is only in the light of the deduction from -231 
that the function seems well chosen, and we can almost always base 
our arguments immediately on the more fundamental definition. 

From •2l4_g we see that we can express the square of one primitive 
function in terms of the square of another. For brevity we write 
as and so on. Then we have 




and also identically 


•205 = 0. 


1-3. Since p{—z) — pz, identically, 

{fj(-z)-fj2}{fj(-z) + fjz} = 0, 
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and one of the two functions fj(— 2 )— fjz, fj(— 2 )+fjz is zero for all 
values of z. As z-^ 0, fj(— 2 :)/f j z-> —1, Hence this ratio is not identi- 
cally 1, that is, fj(— 2 ;) is not equal to fjz in the neighbourhood of the 
origin, and therefore the equality that is valid everywhere is 

•301 fi(-z) = -{jz: 

1*31. The three primitive functions are odd functions. 

Since fj^: is odd, so also is and the value at the origin of 

this function, which is regular in that neighbourhood, is zero: near the 
origin 

•302 z-^+0{z). 

An improvement on this result is derivable immediately from the rela- 
tion of fj‘^ 2 : to pz. Since fjz is odd, we may assume 

fjz = z-'^-\-(xz-]-0(z^), 

implying 

fjh—z'-^ = {ol-\-0{z^)]{2-\-0{z'^)] — 2(x-\-0(z^), 
and since pz—z~^ = 0(z^), 

we have from * 211 , 2a = — e^, that is, 

•303 fj2: = z-'^-le^z+0(z^). 

The poles of each primitive function are the poles of pz. Within 
a parallelogram that is primitive for pz, each of the primitive functions 
has only one pole, and that a simple one; we know therefore that if 
the functions are doubly periodic, their periods must differ from those 
of the Weierstrassian function from which they are formed. 

To discover the effect of adding one of the Weierstrassian periods, 
we repeat the argument leading to *301. The identity p{z-\~2(x)j^) = pz 
implies that either 

•304 fj(z+2ajj,) = fjz 

everywhere, or 

•305 fj( 2 :-f 2a>^) — —fjz 

everywhere. If in *304 we substitute — for z, we have on the one 
side fjcoj^., and on the other side, since fj 2 J is an odd function, — fjco^^. 
But fjcjjc — fjo);^ can not be equal if is neither a zero nor a pole 

of fjz. Hence -304 is not an identity if is cog or cuf^, and the alter- 
native to *304 being ^305 we have 

l-32i-a fj(z+2w„) = —fjz, fj{z+2w,,) = -fjz, 
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whence further 

fj(z— 2 < 0 a) = — fj(z— 2co^) = fjz, 

that is, 

1-33 fj(2;+2aiy) = fjz. 

Also from -32, 

fj(z+4a)„) = fjz, fj(z+4wft) = fjz. 

Thus 


1*34. The function fjz is doubly periodic, and 2a»y, 4a>^, 4co;^ are three 
of its periods. 

A parallelogram with sides 2a>y, 4a>^ contains only two poles of fjz, 
namely, 0 and 2o}^, and these are simple; hence a primitive parallelo- 
gram for the function can not be smaller than this, and we infer that 
2(x}f, 4:0}g is a primitive pair of periods for this function. The pair 2a>y, 
also is primitive, but the pair 4a>^, 4a>;^ is not. 

With 2ojf, 4:(jOg as a primitive pair of periods, the midpoints of the 

primitive period parallelogram are co^, 
2a>„, o}f-{~2cog. To describe fjz as an 
odd function with the two points 0, 
2cog for poles and the two points coy, 
oj^-\-2ojg for zeros is therefore to illus- 
trate the general theorem 0-76; each 
of the four points 0, a>y, 2a}g, coy+ 2a>^ 
must be either a pole or a zero, and 
therefore, since the function is of the 
second order, two of them must be 
simple poles and the other two must 
be simple zeros. 

Since 4coy, 4:0)g, 4a>^ are periods of all 
three of the primitive functions, while 2a>y is not a period of gj z or 
hj z, we call ojy, cOg, quarterperiods of the set of functions, not for- 
getting that they are halfperiods of pz and that each of them is a 
halfperiod of one primitive function. We continue to call the poles, 
which are common to all the functions, the lattice points of the theory. 

A doubly periodic function whose poles are all simple is determinate, 
save to an additive constant, by the poles and the residues attached 
to them. It is important to be familiar with the patterns formed by 
the residues of the primitive functions. These three patterns are 
attached to the same lattice, and there is no qualitative difference 
between one and another; each pattern consists of alternate rows of 
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positive and negative units. But we must recognize the arrangements 
of the three patterns relative to one another, and relative to the primi- 
tive triad of quarterperiods coy, 



Fia. 14. 


The point is a pole of i]z for all integral values 

of Z, m, n\ if this point is fi, the principal part of i]z in its neighbour- 
hood is l/(z—Q.) or — 1 /( 2 — fi) according as m-\-n is even or odd, and 
iJ may be called in the one case a positive pole, in the other case a 
negative pole. Since i]z is an odd function of 2 ;— fi, to subtract the 
principal part is to obtain a function, {]z--\l{z—0) or fj 2 +l/( 2 — Q), 
in which the pole is not merely removed but replaced by a zero; the 
function is of course no longer periodic. 

1*4. Since the poles oi{]z in the primitive parallelogram 2a>y, 4co^ are 
simple poles at 0 and 2aj^, there are two values of z at which f j z takes 
an assigned value B and the sum of these values is congruent with 2a>^. 
Hence if b is any point in the parallelogram, the only other point in 
the parallelogram for which fj^: has the same value as at b is the point 
congruent with 2a>^— 6, which is one of the four points 2co^— 6, 6co^— 6, 

2<x> ^-\-2cOg — 6, 2(x)j-\-%cOg — b. 

1*41. The solutions of the equation f j z = f j 6 fall into two sets, 
z — 2lajf-\-2majg-{-2na}j^-\-b with m-{-n even, 
z = 2la}f+2majg+2n(i)j^—b with m+n odd. 
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Since cof is one zero of another is and every zero is 

congruent with one of these, mod 2o}f, that is to say, is congruent 
with ojy, mod 2a>y, 2ai^. The zeros of the primitive function pj z com- 
pose a lattice geometrically congruent with the lattice of poles, but 
with the point for one of its points. 

A doubly periodic function being determinate, save to a constant 
factor, by the distribution of its poles and zeros, we can identify each 
primitive function, but for such a factor, by a characteristic pattern. 



Fig. 15. 


The poles have the same positions in the three patterns, but the loca- 
tion of zeros serves instead of the distribution of residues as a means 
of discrimination, and we do not now distinguish between positive poles 
and negative poles in the diagrams. In the pattern for f j z, lines through 
F parallel to OQ and OK accommodate ranks of zeros; on the line OF ^ 
poles and zeros alternate. 

1*5. Neither nor is a pole or a zero of f j z\ the values fj f j 

of the function at these points are fundamental parameters in the 
theory. We denote them by /^, and call them the critical values of 
i\z\ the critical values are finite constants, different from zero. If 
h = the two points 6, 2iOg—h coincide; that is, is a double root 
of the equation fjz = fjoi^: 
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1*61. The roots of the equation fja; are double roots at the points 
congruent with oig, mod 2 ^ 0 ^, 4aj^, 

from which it follows that the roots of f j z — —fg are double roots 
congruent with — Similarly the roots of f j z = fj^ and of f j 2 ; = — 
are double roots congruent with and with Incidentally we 

notice that fg can not be equal to/^^ or —fj^: 

1-52. The squares of the critical values fg, ff^ are unequal. 

The last two theorems are evident algebraically from the identities 
•501 fj^2+e; = = hf^z+ej,. 

When gj 2 ; — 0, ^ That is, 

•502-503 fl = e^g, fl = 

and since eg, are all different, f^, fl are different from zero and 
from each other. 

From *501 we have alternatively 

M == ^hf> 

whence 

•504 fl = --hj, gf = -fl, hi = -gl 

Although not expressible rationally in terms of e^, Cg, ej^, the six 
constants of the form fg are intrinsically determinate, for they are the 
values of definite singlevalued functions at specified points. We have 
in fact from -24, 

1-63 L = 

OWfOCJg 

We shall return in a moment to an examination of relations between 
the six constants. 

The converse of the set of results typified by *51 is true also. If b is 
a double root of the equation f j 2 ; = f j b, then 26 = 2ojg, mod 2co^, 4a>^, 
and 6 is congruent with one of the four points a>^, 3a>^, co^+ScOg, 

that is, with one of the four points cOg, — cu^4-4a)^, co;^+2a>^+4a>^: 

1*54. The root b of the equation i]z = i]b is a double root if and only 
if b is congruent with one of the four points f j b has one 

of the four values ±f^, ±f^. 

1-6. It follows from -54 that the zeros of the derivative fj' 2 J are the 
points congruent with ov This derivative is an elliptic 

function with the same periodicities as fi 2 ; and with the poles of fj 2 ; 
for double poles. It is therefore of order four, and each of the four 
distinct zeros must be simple. Thus fj' 2 ; has the zeros of each of the 

4767 T 
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functions gj z, hj z for simple zeros, and has the poles which are common 
to these functions for double poles. In other words, the derivative fj'z 
and the product gj zhjz have the same zeros and the same poles, and 
since the functions have the same periodicity, one is a constant multiple 
of the other. Near the origin, fj'z ~ —z-^, gj ^ ~ Hencef 

1-61 fj'z = —gizhjz. 

This result may be derived directly from the relation of the functions 
to pz. The fundamental formula 0*74^ for p'h is equivalent to 

•601 p'h = 4:{jhgihhjh, 

and since p'z ^ — 2z-^, this implies 
•602 p'z =: - 2 fj 2 :gj 2 :hjz, 

whence, from -21, 

*603 fj^ifj'^ = -= hj 2 :hj' 2 : -- —fjzgjzhjz. 

The zero ojf of fj^; is simple, and near this point i]z resembles 
fya)f,{z—(jjf)\ that is, from *61, 

1*62 fj2:~ —gfh^(z—cof). 

Since 2ojf is a period of the function, the form is the same near — 
as near cuy. Generally, for all integral values of i, in, n, the point 
(2l-\-l)(x)f-[-2mojy-\-2no)j^^ is a zero of {]z, and if T denotes this point, 
the function resembles —gfhf{z—'X) or T) in the neighbourhood 

of T according as m-\-n is even or odd. 

Since the step ojy is a step from any zero of f j 2 ; to a pole and from 
any pole to a zero, the product fjzfj( 2 ;+wy) is a doubly periodic func- 
tion without poles, and is therefore a constant. We can calculate this 
constant in two ways. Firstly, putting z = o)g, we have 

1-63 fj 2 fj(z+c«^/) = - 4 //,. 

Alternatively, as z 0, 

fjz~Z-S fj(a>/+z) ~zfj'tO/, 

and therefore 

1*64 fjzfj(2;-f a>y) = fj'o^y. 

From *61, 

•604 fj'co/ = —gfhp 

t By choosing as a standard function the square root of pz — e^ which resembles — l/z 
we could remove the negative sign from this fundamental formula. Tradition apart, 
there seems little to recommend one choice rather than the other. 
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and comparing *63 and *64 we have the identity 

fgffi 

4 (}h 

since the third fraction can be added by symmetry. We have seen 
already in *504 that the square of each of the fractions in *605 is —1, 
but the equality of the fractions themselves is a much less trivial 
theorem. Each fraction is the same square root of — 1 , and we write 

•606 h V, 

fa 

where = — 1 . To interchange the symbols f and g is to replace v by 

l/v, that is, by —v. There is therefore no question of replacing v by i, 

for unless we impose some condition on the sets of quarterperiods to 

be used, v is i for some sets, ~i for the others. 

The significance of t>, both geometrically and analytically, can be 

deduced from -53. The two formulae 

« e~^v^fao}j^ 

j __ — ^ 9f — “ 

GCO^GOJg GOJ^GOJg 

give 

•607 V = 

and we have seen in 0-64 that is Ini or —Ini. It follows 

from -607 that v is i in the one case, —i in the other, and therefore v, 
as defined by *606, is the signature of the basis 2 coy, 2 a>^, as defined in 
the course of the proof of 0-45. The equalities *605 might have been 
inferred from the equalities 0*705, and the signature can be described, 
as on p. 36, as the signature of the triplet w^oj^coj^; the signature is i or 
—i according as minimum rotation -> -> ojf^ is positive or negative, 

or in analytical terms according as Im(a;^/coy), Im(co^/aj^), Im(cuy/ca^) 
are positive or negative. 

Since v can be identified without reference to the elliptic functions, 
*606 can be regarded as a set of relations 

1 -661-3 A = S/ = ^fa’ K = 

giving three of the critical values in terms of the other three. Identi- 
cally, — 0, and to • 66 i _3 we can add by *503 the relation 

i- 67 i = 0, 

or in the alternative form 

1-672 = 6. 


1-66 

implying 

•605 
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Of the six critical values only two can be independent, but we retain 
symbols for them all, since any elimination destroys the symmetry of 
the analysis. We may note however that if we suppose /^, hf, con- 
nected by -672, to be given, we have not only the other three critical 
values from *66, but also, by solving the set of equations 

the Weierstrassian constants: 

•608 e, = Wf-f]), eg = Ufl-9h)> % ^ 

But a more symmetrical form of the last set of formulae is 
•609 e, = Wf+h}), eg = e,^ = \{fl+gl). 
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THE SET OF ELEMENTARY FUNCTIONS 

2 * 1 . As we have seen, the functions fjz, gjz, hjz have common poles 
at the lattice points of pz, and have zeros at the points congruent with 
a>/, cOg, coj^. Subtraction of from z interchanges the lattice points 
with the points congruent with a>y, and interchanges the points con- 
gruent with o}g with the points congruent with ojf^; also this subtraction 
brings the particular j^oint to the 
origin. Hence the functions fj(z—o}f), 
gj{z~ojf), hj(2; — coy) have common poles 
at the points congruent with coy, and 
have zeros at the points congruent with 
0 , ojg; for each function the principal 
part near a>y is iKz—cof). 

To secure a comprehensive notation, 
we introduce a>y as an alternative symbol 
for the origin. We are then able to say 
that fj Zj gj z, hj z have a positive pole at coj and zeros at a>y, a>^, coy^ and 
that fj( 2 ;— cuy), gi(z—cOf), hj(2:— coy) have a positive pole at a>y and zeros 
at coy, cuyj, (x)g. To pcrfcct the analogy, we may write the functions fjz, 
gjz, hjz as {j(z—ajj), gj(z—coj), hj(2:— coy). The functions fj(2;— 
gj(z—a)g), hj(z—ojg) have a positive pole at cog and zeros at toy^, coy, a>y, 
and the functions fj(2;— a;y^), gj(2:— coy^), hj(z— coy^) have a positive pole at 
ct)f^ and zeros at cog, coy, o^y. 

By associating with the three primitive functions the functions 
obtained by subtracting a quarterperiod from the independent variable, 
we have therefore a set of twelve functions each of which has simple 
poles congruent with one of the four points coy, a>y, cOg, and simple 
zeros congruent with another of these points. Since the pole and the 
zero can be selected in only twelve ways, the set regarded from this 
point of view is complete. We call the twelve functions the elementary 
elliptic functions, distinguishing still the three which have a pole at the 
origin as the primitive functions. We denote the elementary function 
which has a zero at co^ and a pole at by pq2, a notation which 
exposes the structure of the function and is consistent with the nota- 
tion for the primitive functions. Thus 

f}(z-a>f) = jfz, gj(z~u),) = Mz, hj(z-w/) = gfz. 
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2*2. Like any other elliptic function of assigned periodicities, the 
function ^qz is determined, but for a constant factor, by its distribu- 
tion of poles and zeros, or, as we may say, by its morphology. The 
constant factor is fixed in the first instance at the pole but we need 
to be able to make comparisons at any fundamental point. We must 
therefore record the leading coefficient of pq z at each of the four points 
ojp cop cOy, that is, the coefficient of the first significant term in the 
expansion of pq(a>4.+0 powers of t, for the four positions of If 
(x)^ is the pole o)^, the expansion is a Laurent series, the first term is 
the dominating term Ijt, and the coefficient is 1. If txyj^ is not the 
expansion is a Taylor series; if is not the zero the first term is the 
constant pqco;^, which is not zero, and this is the leading coefficient; if cdj^ 
is cUp, the first term is ^pq'o)^^, and since the zero is simple, pq'co^ does not 
vanish and the leading coefficient is now this value of the derivative. The 
coefficients are to be expressed in terms of the six critical constants. 

For the primitive function fj^:, the values of fja>^ and fgo;;^ define 
the constants fg and and the value of fj'cuy is given by 1*61 as —gfhp 
Addition of 2coy to cdj^ leaves the leading coefficient of i]z unaltered, 
but addition of 2o)g or replaces! the coefficient by its negative. 
The leading coefficients of fj(z— -cuy) at a>y, coy, co^, co;^ are the leading 
coefficients of i]z at cay, 2cay, coy-f-ca^, cay-f-^^/p that is, at cay, 2cay, — ca^^, 
^iOg, or again at cay, coy-f 2cay, 2ca;p ca^— 2cay. The following table 
gives the fundamental leading terms of the three functions fj( 2 :— cay), 
gj(2:— cay), hj(2J— cay), now denoted by jfz, Mz, giz. 

Table II i 



Near coj 

Near cof 

Near Wg 

Near Wh 


-g,hjxz 

— CO/) 

—fh 

~fo 

hfz 

-St 

l-r(2 — CO/) 

9h 


gfz 

-h, 

1t(z — CO/) 

fhSh^(Z-0)g) 

K 


Instead of arguing analytically we may read these results from a 
diagram. Figure 17 shows the manner of determining the entries in the 
second row. The origin is now marked J, and F, 0, H mark the quarter- 
periods. Inserted are the coefficients of gj z for the lattice points. Since 
hf 2 ; is defined as gj( 2 J— coy), the value of Mz at the point marked Z is 
the value of g]z at the point marked (7, the fourth corner of the 
parallelogram JFZU, and we have only to note the position of U when 
Z comes to one of the cardinal points J, F, 0, H. 

f Loosely, ‘changes the sign of the coefficient’, but there is no real justification for 
this phrase; a complex number has no sign, but ‘the negative of 2 ’ is a perfectly good 
function of z. However, we need not always lapse into pedantry, and the elementary 
phrase, must often be interpreted conventionally. 
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There is no purpose to be served by adding tables corresponding to 
Table II i for the sets of functions with poles at u)g and for only 
transliterations are involved, but it is useful to have a table showing 



the leading coefficients of the twelve functions at the origin. Functional 
factors in the dominant term are not given. 

Table II 2 


fj^ 



-gfhfX 

hgz 

-fa 

ghz 

-fk 

gj2 

l-> 

hf2 

-9/ 

jgz 

^afa^ 

fhz 

-9h 

hjz 1^ 

gfz 

-h, 

fgz 

-K 

ihz 

-fh9h^ 


The arrangement of the twelve functions in this table follows a 
natural cross-classification: functions in the same column have the 
same poles, and functions in the same row have the same periods. 

2*3. The twelve elementary functions have similar morphology; the 
function pq^; has simple zeros and simple poles alternating at equal 
intervals along the line through co^ and and has this same alternation 
repeated indefinitely along a succession of parallel lines. Addition of 
a quarterperiod transfers the zeros and poles of one function to zeros 
and poles of another, and since every residue is either 1 or —1, no 
constant factor except 1 or —1 can be introduced; pq( 2 +a>;j.) is either 
one of the elementary functions or the negative of one of them. 

For the functional change due to the addition of a quarterperiod 
a rule can be framed: addition of is an interchange of f with j, and 
is necessarily accompanied by an interchange of g with h. Thus 
ig{z-\-ixyf) is a multiple of and hg( 2 ;+co^) is a multiple of ghz. To 
determine whether the factor is 1 or — 1, we may return to the primitive 
functions, using such deductions as 

fg(z+a>/) = hj(z— = — hj(z+w„+tu/) = — hj( 2 -a)ft) = — jhz, 
hg(z+w/) = fj(z— = — fj(z+a>„+a>;) = — fj(z-w*) = — ghz, 
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or we may discover from a figure whether the translation moves a 
positive pole of one function to a positive pole or to a negative pole 
of the other. A complete set of results for the addition of is recorded. 

Table II 3 

fj(2 + co/) == jfe jf( 2 +cii/) = fj 2 hg{z+a)f) = ~ghz gh(z-{-(x)f) = —hgz 

gj( 2 -haj/) = -hf^ M(z-\-ojf) -= g}Z jig(z-\-ajf) -= fhz ih(z~{-Wf) = -jgz 

hj(2:-faj/) = — gf2 gf(2;4-aj/) = hjs fg(z-{-ojf) = — jhz jh(2:4-aj/) = fgz 

2-4. Since the poles of the elementary functions are all simple, the 
product jyqzqpz is an elliptic function without poles, and is therefore 
a constant. If is one of the two. cardinal points distinct from 
and coq, the constant is given immediately as pq qp coj.. Alternatively, 
near we have qp^: ~ 1 /( 2 :— pq25 ~ ( 2 :— a;^)pq'co^. Hence 

2*41 pq^iqpa; = pq'co^. 

Incidentally, 

•401 pq'o^p = qp'a>^. 

In particular, 

2-42 jf2; = 

•402 jf'O = —Qfhf. 

If p and r are different, the product pq^qrz is a function with the 
zeros of pqs: and the poles of qr^:, and is therefore a constant multiple 
of pr z. As (jOj., qr zf^x z -> 1 ; hence 

2-43 pq 2 ; qr z = pq pr z. 

For example, ghz is a multiple of gjz/hjz, and since by definition 

ghO = fj(— ojft) = —fh, we have 

2-44 ghz = — /ftgjz/hjz. 

By referring to Table II 2 we can avoid direct determination of the 
constant factors in such formulae as -42 and -44. When we knowf that 
jfz is a constant multiple of 1/fjz and that ghz is a multiple of gj z/hj z, 
we have only to compare the leading terms at the origin to infer the 
exact relationships. 

We have defined the functions fjz, gj z, hj z directly, and completed 
the set of elementary functions from these three, but the set could be 
completed equally well from other triads. For example if jfz, hfz, gfz, 

t If we regard the group of twelve functions as completed algebraically from the three 
primitive functions by the use of reciprocals and quotients, we are in effect using a 
modification of Glaisher’s device for simplifying the notation of Jacobian elliptic func- 
tions. See 10 4 below. 
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sharing a common pole wp are regarded as fundamental, f j z, gj z, hj z 
are definable as ]{{z-[-oif), hf( 2 ;+a>y), gf(2j+^^/) a^nd are seen immediately 
to be multiples of l/jf^;, gf 2 :/jf 2 J, hf^/jf^j. Or we may use a triad with 
a common zero: in terms of ]iz, jg 2 :, ]hz, we can recover the primi- 
tive functions as ]{{z-\-(xjf), ig(z+ojg), jh(z+Wf,) or as —jfojgjfcojjfz, 
— jho^y jhoj^/jh^. It is in transformations from one 
system to another that these considerations become important; to 
express a transformation completely, we need not find the primitive 
functions if some other triad is more convenient. 


2*5. Like the primitive function pja;, and for the same reason, the 
function pqa; can be expressed in terms of the function az, with an 
exponential factor. Writing for convenience, in agreement with the 
formulae 0*604, 


•501 r?,. = X{C(z+2coj)~^z} - 0, 

identically, we infer from 1*24 that pq 2 ; is a constant multiple of 


e^p^o{z — atj,) 
e^9^a(z — cug) 

Near pqz ~ l^z—cog); hence, writing == 

we have the general formula 


2*51 


eVgp(^~^9)a(z — ) 

pqz= . —f 

(7ajj,^a{z—cug) 


It is not to be expected that the constant factor in this expression, 
namely 


can be put into the same symmetrical fractional form as the functional 
part, for the condition which determines this factor is entirely unsym- 
metrical as between and co^. 


2*6. Ultimately the functions which we are studying depend no less 
on the periods than on the argument z, and as functions of the four 
variables z, oip Wg, o)f^ they are all, like the Weierstrassian function pz, 
homogeneous. Exposing the dependence on the periods by writing 
or less explicitly pq( 2 ;, co) instead of pqa;, we can assert 
that for any value of A, pq(A 2 , Aa>) = Apq( 2 ;, w), where A is independent 
of z and the a>, and since pq(A 2 :, Aa>) ~ (A 2 :— Aco^)”^ near and 
pq( 2 ;,ai) ~ ( 2 — near the same point, A = A~^ and we have 

2*61 pq(Az,Aa>) == A”^pq(z, co). 

K 
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The assertion of homogeneity which we have made can be justified in 
two ways. Since p(z, oj) is homogeneous, so in turn are p(Zy co)— p(a>fc, co), 
which is kj 2 ( 2 ;, co), and kj(z—a)^,a)), which is the function with the 
periods of kj( 2 :, a>) and a positive pole at Alternatively, since the 
periods, the poles, and the zeros, of pq( 2 ;,co) are all of the form 
the function pq(A 2 ,Aa)) has the same periods and the 
same structure as the function pq( 2 :, 6o), and the quotient of one by 
the other is a constant A. 

The homogeneity of the functions may be expressed and utilized in 
many ways. We have been considering the functions as dependent 
on the three quarterperiods coy, co^, connected by the relation 
= 0. We see now that at the cost of symmetry but at no 
effective cost of generality we can assign one of the quarterperiods 
arbitrarily; a second quarterperiod remains as an independent variable, 
and the third in this manner of treatment becomes a mere function of 
the second. For example. 



and the function on the right is explicitly a function of the two variables 
zjoc, j8/a. If we are in search of trigonometrical analogies, we may replace 
CO f hy {tt and use the identity 


•602 


pq(^;«,Ay) 


^ 7r(a+^)\ 

2a^\2oc' 2’~2a 2oc J 


More generally, the factor A in *61 is entirely at our disposal, and if 
we agree on a normalizing factor A and write u for Aa;, we express 
pq( 2 J, a>) as the product of a canonical function pq(i6, Aco) by a factor 
independent of the variable u. This process gives rise to the classical 
elliptic functions associated with the name of Jacobi, with which later 
chapters are to deal; the choice of the factor is discussed in Chapter X. 

Geometrically, the homogeneity in z\cof\(Og\ toj^ means that the 
dependence of the functions on the size and orientation of the period 
parallelogram is trivial. Any alteration in the shape of the parallelo- 
gram disturbs the distribution of the numerical values of the functions, 
but if the lattice is merely rotated or enlarged, the subsequent value 
of any of the functions at any point is deducible immediately. Thus 
a ratio such as i]{\cog)jhg(Of is dependent only on shape, or if we divide 
all our functions by any such constant as/^ we shall have, again at the 
cost of symmetry, functions of the two variables zjco^^ 
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3-1. The relations between the squares of the primitive functions are 
unaltered by a change in the argument z, and there is therefore a linear 
relation between the squares of any two copolar functions. Substituting 
z—oj^ for z in 1-501 we have 

3-11 = MH+eg = 

or in terms of critical values 


3-12 = M^z+fl == gPz+fl, 

The square of any elementary function can be expressed rationally 
in terms of the square of any other. If the functions are copolar the 
typical formulae are included in -12; a general formula is 

3*13 pq% = vq^z—Y(j^(x)^, 

If pq 2 , rs z are not copolar, then 


3-14 


pq2z = 


rs^a:— rs^cop 
rs%— rs^a>^ 


since the form of the relation is implied by -13 and identity at the 
three points determines the constants. 

The squares of the elementary functions are all even. Each of the 
functions is therefore either an odd function or an even function, and 
since an odd function has the origin either for a zero or for an infinity. 


3-15i. The six elementary functions of which the origin is neither a zero 
nor a pole are even functions. 


Since the primitive functions are odd, so also are their reciprocals: 

3-152. The six elementary functions of which the origin is either a zero 
or a pole are odd functions. 


3-2. The derivative iy{z—o}f) is given in terms of the two functions 
g}(z—o}q)y hj( 2 J— copolar with {]{z—cOq) by the formula 1-61 which 
gives fj'z in terms of gjz and hja;; that is, if rq^;, ^qz are the two 
functions copolar with pq z, 

3-21 pq'z = —rqzsqz. 

A formula for integration is evident from -21: we have 
rq'a; = — pq^sqa;, sq'z — —pqzrqz, 
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whence 

•201 

and therefore 
3-22 


pq2; = 


Tq'z+sq'z 


1 


^qzdz — log 


rq z^+s qz^ 

rqz^+sqz^’ 


the integral having the same multiplicity as the logarithm. 

The step cujjq from a zero to a pole of pqa; is a halfperiod of the 
function and is also a step from a pole to a zero. Hence the product 
pq2pq(z+aj^j^) is a constant, and the value of this constant is the limit 
of the product as 2: -> which is pq't<j^,. Alternatively, ifz — then 
z-\-a)pq — but if \i]z is the primitive function coperiodic 

with pq2, then 


•202 pq(z+a>,) == kjz = — kj(— z) = — pq(a>,— z); 

hence 


and since 2a>^4-2cog, being expressible as 40)^+260^^, is a period of pqai, 
we have ^ / » \ 

pq(ct)^-|-ct>pg) PQ.^s> 

and therefore 


3-23 pq'^^, = — pq^^rPq^s> 

whence from *21, 

3-24 pqoi^pqca^ — rqojj^sqwp. 

From 1 -211 we have at once 

3-25 J fj^z dz = (^Zi+C/Zi) — (Cza+e^Zj), 

2^1 

where I'z ~ —pz and may be expressed as — 3(/^+/|). Integration 
of higher powers of fjz depends on a recurrence. From the formula 

•203 fj'^z = yi) 

we have 


•204 fj''z = 2fj®z— (/2-f/2)fjz 

and therefore 

3-26 ^(fj’»-izfj'z) = (w+l)fj”‘+®z— Tn(/2+/|)fj’«z+(m— l)y|/|fj"*-2z. 

If m is a positive even number we can therefore determine for J fj^z dz 
an expression of the form 

3*27 i (a^-3fi^'^^z+a^_Jj^-^z+.,.+aJjz)fyz+a'Cz+a% 
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with constant coefficients. If m is odd, the recurrence brings us to the 
integrals of and fj^;, and the former of these is expressed in terms 
of the latter by means of -204, which is *26 for the case m = 1; thus 
for an odd index the general form of J dz is 
3-272 2;4-hj z). 

Since in -203 we can substitute z—coj^ for z, we can replace i\z in *204 
and *26 by any one of the coperiodic functions ]iz, hgz, gh^:, and there- 
fore we can express the integral of any odd power of one of these 
functions by means of the integral of the function itself, as given by 
•22, and the integral of any even power by means of the integral of 
the square of the function. If in *26 we take m = 0 we have 

•205 S 

dz i]z 

whence, ]iz i\z being constant, 

3-28 J \Pzdz ~ ^Y'-~-^l^z—efZ, 

while 

3-29 J hgH dz = j dz = ^^~ — lz—e^z. 

Thus all positive integral powers, odd or even, of an elementary 
elliptic function, can be integrated, and since negative powers of one 
function are positive powers of another, the problem of the integration 
of integral powers, positive or negative, is completely solved. 

3*3. The derivative fj'z has simple zeros congruent with cog and ojf^, 
and double poles congruent with wj. The structure of the logarithmic 
derivative iyzjfjz is simpler, for tliis quotient has the two points co^, 
for simple zeros and the two points a>^., for simple poles. Again, 
while fj'z has the periodicity of fjz, addition of 2(x)g or 2ajj^ replaces 
fjz and fj'z by their negatives, and therefore the quotient has the 
periods of the original function pz. More generally, 

3*31. The logarithmic derivative pq'z/pqz has simple poles at and 
ojg and simple zeros at the other two cardinal points, and has 2a>y, 2co^, 2a) 
for periods. 

Since one of the two functions pq z, pq'z is even and the other is odd, 
the logarithmic derivative is odd, and referring to 0*718 we recognize 
that the logarithmic derivatives are, but for arbitrary constant factors, 
the only odd functions of the second order with the Weierstrassian 
periods. 
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If we compare the diagram of poles and zeros for the function f j':2/f j z 
with the corresponding diagram for gjz, which also has simple zeros 
congruent with and simple poles congruent with coy, we see at once 
that the difference is a difference of scale in the direction from the 
origin to To be precise, if in ijz the quarterperiods a>/, cjg have 


Fig. 18. 

the values 2a, 2j8, we obtain a pattern identical with that of the poles 
and zeros of f j' 2 :/f j z by constructing gj z from a Weierstrassian function 
with periods 2a, 4j3, instead of with periods 4a, 4j8. Exhibiting the 
dependence of each function on its quarterperiods, we can say that 
the function g]{z\ a, 2j3,y— j8) has the same morphology as the function 
fj'( 2 :; 2 a, 2^, 2 y)/fj( 2 ;; 2 a, 2j3, 2y). Moreover, 4a and 4j3 compose a pri- 
mitive pair of periods for both functions, and the leading terms at the 
origin differ only in sign. Hence 
3-32 , _2 fi'(^; 2a, 2^3, 2y)/fj(^; 2a, 2^8, 2y) 

= — gj(2;a.2^>y— = — hj(z;ot,^— y,2y), 
the argument with regard to the third function being the samef. 

To replace the logarithmic derivative fj'z/fjz by jf'z/jfa: is only to 
change the sign, since \iz is a constant multiple of l/fja;. If we sub- 
stitute z-—2y for 2 , we have 

fj(2;-2y; 2a, 2j3, 2y) -= gh{z] 2a, 2j3, 2y), 

gj(z— 2y;a:,2^,y-^) = -gj(2:— 2^; a, 2^, y— = -jg(2; a, 2^, y-^), 
hj(z— 2y;a,^— y,2y) = jh(z; y, 2y), 

and therefore 

3-33i. 2 gh'(z; 2a, 2^3, 2y)/gh(z; 2«, 2^, 2y) 

= jg(z;a,2^,y— = — jh(z;a,^— y,2y). 
t Thei'e is a temptation to write *321 in the form 

but the notation in the function gj z is logically indefensible. In Table XIIIi below, 
the economy is considerable and the fault perhaps venial. 
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The connexion between the logarithmic derivatives of f j z and gh z is 
brought to the surface by -32 and ‘33; the poles of one of these func- 
tions are the zeros of the other, and the product of the functions is 
constant. 

3*4. In *32^ we have evidently a second means of integrating a pri- 
mitive function. With a change of notation we can write *32^ as 

= -gj'(z;a,2^,y-j3)/gj(3;a,2^,y— ^), 
and we have therefore 


3-41 J fj(z-,a,^,y)dz = 

y r) 

Comparing this formula with the formula included in *22 for the same 
integral, namely 

tj(z,a,p,y) dz = log ”7 . Twr 

J gj (^2 > P, y ) + h] (22 , a, P, y ) 

Si 

we see that gj( 2 ; a,p,y)+hj(2; cx,P,y) is a constant multiple of 

gj(z;a,2^,y-^), 


and identifying the factor from the form near 2 = 0, we have 
3-42 gj(z;a:,^,y)+hj(z;a,^,y) = 2gj{z;a,2^,y—^). 

The source of this relation is easily detected. The primitive functions 
gj 2 , h j 2 have the same poles, which fall into three groups. Some, like 
the origin, are positive for both functions, some, like 2a>^, are negative 
for both functions, and some, like 2a)g, are positive for one and negative 
for the other; but for the existence of poles of the last kind, the func- 
tions would be identical. If we add the functions, the unlike poles 
disappear, and halving the sum we have a function with a positive 
pole at the origin and a negative pole at 2a>^. The function has periods 
4:C0f, 4ajg, 4cof^, and since it has no poles except 0 and 2aj^ in the parallelo- 
gram 4aiy, 4cOg, this parallelogram is primitive and the periods 4coy, 4co^, 
4aj/^ form a primitive set. Further, the removal of the principal part 
± 1 /( 2 :— il) near any pole of a primitive function leaves a function 
which is not merely finite but zero at Q; hence the poles of gj 2 and 
hj 2 which disappear when the functions are added are replaced by 
zeros. That is, 2wg and 2wf^ are zeros of gj 2 +hj 2 , and since this sum 
is of only the second order, these zeros are simple and every zero is 
congruent with one or other of them. To sum up, gj 2 +hj 2 is an elliptic 
function with periods 4a>;, 4a>^, 4o)^, and with simple poles at the origin 
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and 2a>^ and simple zeros at 2a>^ and 2co;/, on the other hand, 
is an elliptic function with periods 2aiy, 2a>^, 2cx)j^, and with simple poles 
at the origin and a»y and simple zeros at cOg and The similarity is 
perfect, and comparing the forms near the origin we have 

3*43 gj(2;a,i3,y) + hj(2;c.,j3,y) ^ -2fj'(2; 2a, 2)3, 2y)/fj(^; 2a, 2)3, 2y), 

a symmetrical relation which combines with -32^ to give *42. 

• Subtraction of hj z from gj z replaces the poles at 0 and 2co^ by zeros, 
leaving the poles at 2a)^ and 2a>/^ effective. In fact, since the product 
(gj z+hj 2 :)(gj 2 :~hj z) is a constant, the poles of one factor are the zeros 
of the other. We have now, comparing residues at 2j8, 

3*44 gj(2;;a,^,y)— hj(z;a,^,y) -- 2 hg'(2; 2a, 2)8, 2y)/hg(z; 2a, 2)8, 2y), 

in agreement with the relation which we have already noticed between 
the logarithmic derivatives of fj^ and ghs:. For the same difference we 
have also 

3-45 gi(z]oc,p,y)—h](z;oc,p,y) = 2 jg(2;; a, 2^, y— ^), 

and we can combine *42 and ‘45. The formulae 
3-46 i.2 g}{z;a,p,y) = gj(z; a, 2^,y— ;8)+jg(z; a, 2^,y— 

= hj(z;a,j3— y,2y)— jh(z;a,i3— y,2y) 

are typical of a group. 

Since a plays the part of Wf in all the functions, substitution of z— a 
for z gives 

3-463_, hf(^; a,)3,y) = hf(^; a, 2)3, y-)8)-fh(^; a, 2)3,y-)8) 

= gf(z;a;,^— y,2y) + fg(z;«,^— y,2y), 

formulae which may be found by direct combination of the copolar 
functions gf^:, hf^; with a view to the removal of one set of poles. There 
are no results of this kind to be found by combining jf^ with one of 
the functions gf z, hf z, for although we can find a function with periods 
4a>/, 4:Wg and with two simple poles, this function has no symmetry 
with respect to the origin; it is neither even nor odd, and therefore it 
can not be a multiple of an elementary function, however the primitive 
pair of periods is selected. 

3*5. It is interesting to discover the integrating formula *41 by 
investigating the functional character of the integral 

s 

J f j z dz. 
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Since the poles of f j z are simple, the singularities of the integral are 
logarithmic, and since every residue of fj^; is a whole number, the 
function F{z) defined by 

z 

•501 F(z) — exp J i]zdz 

is singlevalued. Since every residue of f j z is numerically unity, positive 
poles of f j z give rise to simple zeros of F{z), and negative poles of f j z 
to simple poles of F{z). Near the origin, F(z) ~ Az, where ^ is a con- 
stant dependent on z^, and this condition, with the relation 

•502 F'{z)IF{z) = fjz, 

leads at once to 


F{-z) = -F(z), F(z+2cof) = -F(z), 
F(z+2oj,) = BIF(z), Fiz+2cvj,) = CIF(z), 


where B, C are constants of integration. The identification of F(z) 
with a multiple of a function jgz follows immediately, and since 


F(Zi) = 1, we have 
•503 


F(z) = y) 


where, in terms of the quarterperiods of fjz, a = co^, = 2cOg, and 
therefore y — 


4767 


L 



IV 

ADDITION THEOREMS FOR THE 
ELEMENTARY FUNCTIONS 


4 * 1 . The process by which, in the last introductory section, an arbitrary 
elliptic function is expressed in terms of pz and p'2:, is a special case 
of a process devised by Liouville for expressing an elliptic function f(z) 
in terms of any coperiodic function ^(2:) of the second order. 

If the pole-sum of <^( 2 ;) is 2y, the sum of incongruent zeros of (f}{z)-—C, 
for any value of C, is congruent with 2y. That is to say, if ^(c) = C, 
then also (j>[ 2 y—c) — G\ in other words, 

•101 

for all values of 2;. It follows that f(z) can not be a rational function 
of (f)(z) unless /(2:) satisfies the same condition, /(2y~ 2:) = f(z), and since 
this condition is not implied by the periodicity of/(2;), we consider first 
a function g(z), coperiodic with <^(25), for which tlie condition does hold. 
If c is a zero or a pole of (j{z), of any order, and if 

•102 g(^y—z) = g{z), 

then 2y— c is a zero or a pole of the same order. As in 0 - 9 , we must 
examine separately the case in which c is a pole of (f)(z), and the case 
in which the two points c, 2y— c are congruent, that is, the case in 
which 2 c “ 2y. These cases left aside, the zeros of g(z) are the zeros 
of a product PI {<^(2:)— <^(65)}'^' and the poles of g(z) are the zeros of a 
product 

The points given by the congruence 2c ~ 2y are the four points 
y-f-Wfcj where is zero or a halfperiodf of <f>(z), and with regard to 
these points we have a number of theorems analogous to 0*76 and 0 * 77 . 
Differentiating *102, we have, for any value of n, 

•103 {-rg^^\ 2 y-z) = g^^\z), 

from which it follows that if n is odd, every point which satisfies the 
condition 2 ; ^ 2y— 2 ; is either a pole or a zero of g^^^\z). Hence, if a point 
y-j-co^ is a zero of g(z), it is a zero of even order, and since llg{z) is an 
elliptic function which also satisfies -102, it follows that if y-\-wj^ is 
a pole of g{z), it is a pole of even order: 

t Not the Weierstrassian halfperiod ; as yet the function <l>{z) is not specialized, and 
when we take <^(z) as one of the elementary functions, two of the Weierstrassian half- 
periods are only quarterperiods of ^(z). 
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•104. If g(z) satisfies the condition g{2y—z) = g{z), the point y+ojj^y if 
not neutral for g{z)y is of even order, whether as a zero or as a pole; 

•105. If g{z) satisfies the condition g{2y—z) = g{z), the point y+^A: ^ 
either a pole of even order of g{z) or a zero of even order of g(z)—g{y+wjc). 
In particular, 

•106. The point is either a double pole of <f){z) or a double zero 

of 

and therefore if y+cof^ is not a pole of <^(z), we can allow for a zero of 
g(z) located there, of even order 2p, by including with the zeros a 
factor {(/>(2:)— <^(y+a>^)}^, or for a pole of g(z) located there, of even order 
2g, by including with the poles a factor {(l>(z)~<f>(y-]~cjDj^)Y. Thus we con- 
struct functions Z{z)y P(z)y polynomials in ^(z), such that the zeros of 
Z(z) are those zeros of g(z) which are not poles of <^{2;) and the zeros 
of P(z) are those poles of g(z) which are not poles of (^(2). Let F(z) 
denote the function g{z)P(z)IZ(z); then F{z) is a function coperiodic 
with (l>{z), and the only points which can serve either as poles or as 
zeros of F{z) are the poles of ^(2). But F{z) satisfies the relation 
F{2y—z) = F(z); if one pole of (f>{z) is a pole of F(z)y so is the other pole 
of </>(2j), and if one pole of (l)(z) is a zero of F(z)y so is the other pole 
of <^(2). Hence there can not be both poles and zeros of F(z) among the 
poles of and F{z) either lacks poles or lacks zeros, from which it 
follows that F{z) is a constant. 

4-11. If (f)(z) is ayi elliptic function of the second order whose pole-sum 
is 2y, and if g(z) is any function coperiodic with (j>{z) which satisfies the 
condition g{2y—z) = g{z), then g(z) is a rational function of j>{z). 

It must not be thought that <7(2;) can not have the poles of (l>{z) for 
zeros or poles; the character at these points is determined automatically 
if the character at all other points is determined deliberately. The 
factoi* <^(2;) may appear in the explicit formula for g(z), but this will be 
because the zeros of ^(2;) are zeros of g(z) and have introduced (/>(2 j) into 
Z(z)y or because the zeros of </>(2:) are poles of g{z) and have introduced 
(/)(z) into P(z). Also the poles of <^(2;) are zeros or poles of g{z) if Z{z) 
and P(z) are not of the same degree in 0(2;). 

Whatever the function f(z)y the half-sum i{f(z)-\-f(2y~z)} satisfies 
the condition -102 and is therefore a rational function of 0(2;). To 
complete the representation o{ f{z) we must deal with the half-difference 
^{f(z)—f(2y—z)}y and this is a function ^(2;) which satisfies the con- 
dition 


•107 


h(2y—z) = —h(z). 
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This condition, like -102, implies that the zeros and poles of a function 
subject to it, other than any that may be located at one of the four 
points y+a);^., fall into pairs. Also, by arguments which need not be 
repeated, 

• 108 . Any function li{z) which satisfies the condition h{ 2 y—z) = —h{z) 
has each of the four ^points y+co^^ for a pole of odd order or for a zero of 
odd order. 


Allowing for this peculiarity, to discuss the analysis of a function 
satisfying *107 is only to repeat in substance the arguments leading to 
•11, but we can take a short cut. From -101, 

•109 f(2y-2) = 


and therefore 


h{ 2 y—z) _ h{z) 

Wy^) ~ WY 


That is to say, the quotient h(z)l(f>^(z) is a function to which -11 applies: 


4 ^ 1 2 . If (f){z) is an elliptic function of the second order whose pole-sum 
is 2y, and if h{z) is any function coperiodic with <f>{z) which satisfies the 
condition h{ 2 y--z) = —h(z), then h(z) is the product of the derivative (f>'{z) 
by a rational function of <^(2;). 

Combining *11 and ‘12 we have the general theorem of Liouville’s 
of which 0-923 is a special case: 


4 - 13 . If <f>(z) is an elliptic function of the second order, any elliptic 
function coperiodic with <f){z) is expressible in the farm 

where R{ij>{z)], S{(f)(z)} are rational functions of (}>[z). 


4 - 2 . If pq2;, t^z are coperiodic elementary functions, -13 asserts a 
relation between them, but this relation is in every case evident enough 
when attention has been called to the form of relation required. We 
have for example 


4-21 


ghz = 


Mtl. 

/a— 


It is different when we change the argument of one of the functions 
from z tof y-\-^\ the function rs(y+2;), as a function of z with y playing 
a parametric part, has the same periods as tsz, and this function also 
can therefore be expressed in terms of pqz and pq'z, with coefficients 


t Throughout this chapter, as in 0-8 and 0-9, x and y denote independent complex 
numbers, not real numbers related to z. 
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dependent on y. When the functions rsz, pq2; are identical, the analysis 
of m(y+z) is the discovery of addition theorems for pq^. 

The application of Liouville’s process to Ts(y-{-z) requires the deter- 
mination of zeros of functions of the form rs(i/-f-2;)±rs(yH-2y— 2), that 
is, the solution of equations of the form rsu == =Frst;. Now not only 
can we solve the equation rs -m, = rs v, but since — rs v can be expressed 
as rs(t;+2co^) we can solve the equation rst^ = rsi; also. For this 
reason processes which fail to lead to an addition theorem for pz are 
effective when applied to the elementary functions. 

Being coperiodic, the functions pqa:, tsz are derivable from the same 
primitive function, and if this primitive function is kj z, we have 

•201-*202 li]z ~ pq(2J+^g) = rs(2:-|-a>5). 

Since k]z is odd, pq(2:-fcOg) = — pq(co^— 2j), as in 3-202, and we can 
take this result in the form 

•203 — pq(2co^— 2). 

A fundamental parallelogram can be formed with 2o}f^ for one side; if 
the other side is 4co;, then 

•204 pq(2:-f2a>/) = — pq2. 

The function rs^; also satisfies the same two conditions: 

•205--206 —TSZ = rs(2a»g— 2:), rs(;2+2a>^) = —tsz. 

The two poles of pqa; are and a>^-f 2co^. Hence the pole-sum of 
this function is and to analyse the function Ts(y-{-z) we write 

Ts{y-\-z) as g{z)-\-h{z), where 

•207 2g{z) = Ts{y+z)+Ts{2oJ^+2(x)^-^y--z) = rs(y+2)— rs(2a>5+y— 2), 

•208 2h(z) =: rs(y-l-2:)— rs(260g-}-2cu^+y— 2j) = rs(y+2;)+rs(2a>g-f-y— 2), 

y being regarded as a constant. 

The functions g{z), h{z) have the same poles, namely, the poles of 
Ts(y+z), which are — t/+co^ and — the poles of 
Ts[2o}^-\-y—z), which are 2/-f 2coq— a>^ and y+2a)g— a>^-f 2a>^. Except for 
special values of y, which need not now be considered, these four poles 
are distinct and simple, and the functions are of the fourth order. The 
two points — y+a>^, i/~a»5+2co^+2a>;, whose sum is the pole-sum of 
pqz, are zeros of pq2J--pq(cOi,— y), and the two points — ^+a>g+2a>^, 
j/— are for the same reason zeros of pq^:— pq(60g— y-|-2a>^), that 
is, of pq2:+pq(a>3— y). Hence each of the functions g{z), h{z) has for its 
poles the zeros of the function pq^s:— pq^(a)^— j/). 

Since rs2 is of the second order and has the two poles a>^, 0)3+20)/, 
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the equality = rsv implies either u ~ v ot u-\-v = 2a > 3 + 2a )^. 
Hence the roots of the equation g(z) = 0 are the solutions of the 
congruence 


•209 y+z ~ 2a>^+?/— 2 ;, 

and the roots of the equation h{z) ~ 0 are the solutions of the con- 
gruence 


•210 y-\-^ — 2 ;, 

for in each case the alternative congruence does not involve z. 

Since *209 is simply 2 ; ^ 2a>^— 2 ;, it follows from *203 that the zeros 
of g{z) are the zeros and the poles of pq 2 ;, and therefore, since the poles 
of pq 2 : must be omitted in the construction of g{z) in terms of pqa:, 


•211 


g{^) = 


A{y)v^ 

pq22;-pq2(a)^-i/)’ 


the unknown factor being a function of y\ the poles of pq2: enter as 
zeros of g{z) because the degree of the denominator is higher than that 
of the numerator. Near a>^, pq2; ~ 1/(2;— cu^); hence 


A{y) = lim-^ 

Z-*(i)q z OJq 


lim r8'(y +2)+r 8'(2co^,+y-2) 

9 

Z~*(x)q 


r8'(a>g+2/) 


= pq'K“2/)> 


from -202 and -203. 

The congruence *210 is equivalent to z ^ 2a)q—2a)i—Zy since 4a); is 
a period. From *203 and -204 we have 


•212 pq(2co^— 2 co;~ 2 ;) = pq 2 ;, 

whence 


•213 pq'(2cu^— 2a;;— 2 ;) = —^q(z, 

and it follows, since the poles of pq' 2 ; are the poles of pq 2 ; and satisfy 
the congruence 2 : 2a)^— 2 ; which is incompatible with 2 ; = 2a;^^— 2a;;— 2 :, 

that the zeros of h(z) are the zeros of pq' 2 ;. This could have been pre- 
dicted from the general discussion in the last section, for h{z) and pq' 2 ; 
are both of the fourth order, and therefore h{z) can have no zeros in 
addition to those of pq' 2 :. We have now 


•214 


h(z) = 


pq2z-pqVs-2/)’ 


and since pq'2;/pq22; — 1 as 2: -> o;^, 

B(y) = -h(cog) = -Ts(cog+y) = -pq(2a>,+«/-Wg) = pqK-?/). 



ADDITION THEOREMS 


79 


Replacing 2 by a: to emphasize that it is only for the purposes of the 
proof that y has been subordinated, we have 

4-22 rs(a;+«/)-rs(2w5— a:+?/) = 2pqxpq'K— pq^K-y)}, 
4-23 rs(a;+2/)+rs(2aj,— x+y) = 2pq'xpq(wg— i/)/{pq2x— pq*(a>g— i/)}, 
and finally the one general formula 

4-24 rs(x+w) = pq^pq'K-y)+pq'a^pqK-y) 

pq2x-pq2(a>g-y) 

4’3. Before elaborating this result, we will investigate an equivalent 
theorem for the elementary functions by a modification of the method 
used in 0*8 in the discussion of the Weierstrassian function pz, which 
is due in essence to Abel. 

Squaring the fundamental expression — gj zh]z for i\'z and substi- 
tuting for giH and \i]H in terms of fj^a;, we have 
•301 (fj'z)2 = {ifz—efg){ifz—e,f,), 

and since this equality is unaltered if a quarterperiod is subtracted 
from 2 , we can say that if iz is any one of the twelve elementary 
elliptic functions, 

•302 {i'zY = {y-z—A){iH—B), 

where A, B are constants of the form If (f)Z is the function pz, then 
•303 — 4:(f>z((f)Z—- A)((l>z— B). 

Since the addition of one of the halfperiods 2co^, 2cd^, 2oj^ to z either 
leaves j z unchanged or changes jz to — j 2 :, this addition leaves (f)Z 
unchanged; that is to say, <^ 2 : has 2coy, 2a>^, 2cjj^ for periods. Within 
a parallelogram that is primitive for these periods, ]z has only one 
pole, and this is a simple positive pole co; hence within such a parallelo- 
gram (l>z has only one pole, which is double, and the only pole of ^'2 
is a triple pole at the same point, co. Further, if a, 6, c are any three 
constants, a-\-b<f>z-{-c<f>'z is an elliptic function whose only pole in the 
fundamental parallelogram is a triple pole at oj, and therefore 
a-\-b(j)Z-[-C(f>'z is a function F[z) with three zeros whose sum is congruent 
with 3a>, that is, since 2(x) is either zero or a period, is congruent with a>. 
If a-\-b(j>-\-C(f)' = 0, then 

•304 {a+b<f>Y =- 4c20(^-A)(0-J5), 

where A, B are the constants in •302. Hence if x, y, t are the three 

values of 2 : in the fundamental parallelogram which satisfy the equation 

•305 F(z) = 0, 
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then <f>x, <f>y, are three values of ^ which satisfy the equation 
•306 

and since this is a cubic equation in (j>, these three values are simply 
the three roots of the equation. Thus while t is determined from x and 
y, save for multiples of the halfperiods 2a>^, 2co^, 2cof^, by the congruence 

*307 x-\-y -\-i — 

<l}t is determined from (l>x and by any formula which gives one root 
of a cubic equation when two roots are already known; in the present 
case the simplest formula to apply is that for the product of the roots, 
since this does not involve A or B, and we have 

•308 (f)X^y^t = a^l4:C^, 

whence 


•309 

But if X and y satisfy the equation 

a-\-b(f>z-{-C(f>'z = 0, 

the ratios a:b:c are determined by the pair of equations 
a-\-b(l)X-\-C(l)^x = 0, a+b(f)y-}-c<f>'y = 0, 

and therefore we have 


•310 


<f>x—(py 


or in another form, since j< is either j( — t) or — j(— <)> 


•311 


Kx+y-oj) = ± 




i^x~]^y 


We can remove the ambiguity of sign from this last equation; near 
the positive pole co, j'z —l^z—co)^, and therefore as y->o), the 
fraction on the right tends to ]x. Hence the positive sign must be 
taken, and we have definitely 


4-31 


i(^+y~c^) 


i^Yy-iyY^ 

Yx-i^y 


To see that this formula is identical, except in notation, with *24, we 
have only to substitute y-\-o)g—2coq for y in the latter; on the right, 
pqK-2/)^ Pq'K-2/) become pq( 2 a>^- 2 /), pq'( 2 ai^- 2 /), that is, -pqj/, 
pq'y, and on the left, rs(x+2/) becomes rs(a;-)-2/~2cOg+2cOg), that is, 
pq(^+y-«^g)« 

It follows from -31 that in -310 we must take the positive or the 
negative sign according as the function jz is even or odd; the simpler 
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plan is to regard the formula with a positive sign as giving j(— 0- We 
can express the result differently. The condition x-^y-\-z ^ co is sym- 
metrical in X, y, z\ so also is the product ]oc]yi{—z), which whether 
]z is odd or even may be written as i(—x)]{—y)](—z). Hence we 
may replace x and y hy y and 2 : or by 2 ; and x in the fraction to which 
^]x]y]{—z) is equated. 

4*32. If j z is any one of the twelve elementary elliptic functions, and 
if the sum of three arguments x, y, z is congruent with a positive pole of 
j z, then 

4>x<j>'y-4>y4 >'x _ <^y<f,'z-<f>z<l>'y _ . 

<l>x-<j>y' <f>y-<f>z <f>z-<f>x ’’ 

where (f>z denotes 

But the equalities of the fractions in *32 do not really contain additional 
results, for each of the equalities is equivalent, but for a factor <f>x, (f)y, 
or (l>z, to 

1 (l>x (j>'x ~ 0 , 

1 4>y <j>'y 

1 (l>Z (/>'z 

and 

1 (f)X <f>^x 

1 <l>'y 

1 (f>Z <}>'z 

is the simplest linear function of ^z and (jy'z that is zero when z is a: or y, 

4*4. If CO is a pole of jz, the origin is a pole of ][z—wy, thus the 
function for which *31 provides a direct addition formula is not jz 
itself but the primitive function coperiodic with j z. In other words, 
•31 gives in the first place four formulae for each of the three primitive 
functions, not one formula for each of the twelve elementary functions. 
In *24 no restriction is imposed, but the functions pqz, pq(ct;^— z) are 
effectively different functions unless is zero, that is, unless rsz is 
primitive. The explicit formula for fj(a:-|-y) involves pq(— and 
pq'(~2/)> ultimate simplification depends on whether pqz is 

one of the two odd functions f j z, jfz or one of the two even functions 
ghz, hgz. We can avoid the complication by taking as the standard 
form 

4.41 i\{x-y) = 

pq*a;— pq^i/ 

which holds if pq z is any one of the four elementary functions coperiodic 
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with f j 2 . The generaUty of this formula when the argument is taken 
as a difference is trivial, for the result is only the particular formula 


4*42i 




fja:fjV+fjyfj 'a: 

fj^a:— fj2|/ 


with x—coqy y—coq substituted for x, y. 

The fundamental addition theorem for f\z is this last formula with 
the sign of y restored, when we havef 

fja;fj'^fji/fj^ 

f]^x—i]^y 


4-42o 




As we have already had occasion to remark, if pq^; is an elementary 
function coperiodic with f j z, then 


•401 pq'22; = (pq22-e,^)(pq22:-e^;,), 

whence for any two arguments, 


•402 pq2xpq'22/-pq2^pq'2a; == (pq^x— pq2|/)(e/^e/;^-~pq2a;pq22/). 

We may therefore, so to speak, rationalize the numerator in -41, and 
we have an alternative formula: 


4-43. //pq2 is coperiodic with fj z, then 

pqxpq'y-pqypq'x’ 

In particular, we have 

4-44 m+y)- ■ 

fj^fj 2/+fj2/fj ^ 


the addition formula given for these functions by Jordan J, whose proof 
is that verification of poles and zeros which is of so little value to the 
average student if no hint of a process for discovering the result is 
provided. 


4*5. Addition formulae for the elementary functions whose poles are 
not congruent with the origin may be inferred in two ways. Since jfs; 
is /^A/fj^:, a formula for i\{x—y) gives us at once a formula for 
\i(x—y) \ similarly, since gh z is — Agj zjh\ z, we can write down formulae 
for ^{x—y) from those for g]{x—y) and \i\{x—y). Alternatively, by 
regarding ]{z as i](z—cx}f) and ghs; as i](z—u}j^), we can express ]^(x—y) 
in terms of functions of x and functions oiy-\-o}^ and ^(x—y) in terms 
of functions of x and functions of Q'Bd we can then replace the 

functions of y-\-o)^ and by elementary functions of y\ in effect. 


t This is the formula used by Chaundy and by Baker in the papers cited in the 
Preface. 

t Coura d' Analyse^ 2 (3 6d. 1913), p. 458. 
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this is to use the general formula for rs(a;+2/) in terms of pqx and 
pq(ct> 5 — y) which we found by Liouville’s process. 

By the first method we have at once for \i{x—y) the general formulae 

4.5I1.2 

jfte-w) = ^ /gA(pq a^p q'y -pqy pq'a;) 

pqa:pq'«/+pqypq'x e/^e/^-pq^a^PqV 

where pqa; is any one of the four functions i]z, ghs;, hgz. The 
addition theorem, in the strictest sense, is 


4-52i_, \i{x+y) 




AA(jfa;jf'2/+jf2/jf'x) 


Since the functions in terms of which g\(x—y) is expressible are 
coperiodic with gj z and those in terms of which hj(x— y) is expressible 
are coperiodic with hj^:, we can not express gi{x—y) and \i](x—y) in 
terms of the same function. Nevertheless we can choose expressions 
for g]{x—y) and \i]{x—y) with a common denominator, for the relations 


= gj^z+e„ = hj^z+e* 

remain true if 2 — is substituted for z and imply that if rqa;, sqz are 
copolar, then for any two arguments a:, y, 

•501 vq^x—rq^y = sq^x—sq^y. 

We take then one of the four cardinal points, cu^, and we use *41 to 
express gi(x—y) by means of the function rq^ which has a pole at 
and is coperiodic with gjz, and h}{x-~y) by means of the function sqz 
which has a pole at and is coperiodic with hj thus we have 

4-53 

sq X sq y +sq y sq a: 

a formula which in spite of its simplicity does not exhibit well the 
structure of gh(a:— y), since neither of the functions rq^, sq^; is co- 
periodic with ghz. To modify the formula, we rationalize the deno- 
minator or the numerator. The derivative rq'sj is the negative of the 
product of the two functions different from rqz but copolar with vqz\ 
one of these is sq^:, and the other, which we will denote by pqz, is the 
function which has a pole at o}q and is coperiodic with f j z, and there- 
fore with ghz. The derivative sq'z is the negative of the product of 
rqz and this same function pq^?. Hence 


•502 (rq x rq'y +rq y rq'a:)(sq x sq'y — sq y sq'a:) 

== (rqa;pqysqy-l-rqypqa;sqa;)(sqa;pqyrqy— sqypqa;rqa:) 

= (pq^~pq^a:)rq a; sq a: rq y sq y + (rq^y sq^a:— rq^a; sq2y)pq a: pq y . 
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But the product rq^isqs: is — pq'2;, and since pqs;, rq^;, sqa; are the 
functions fj(2— co^), hj(2;— co^), we have 

sqh = 

•503 rq2?/sq2x— rq^^rsq^y {efg—eff^){pqhj—]yq^x) 

= -effA(pq^-pq^a;). 

On the other hand, 


whence 


sq'^z = (sq22+e^A)(sq*3+e^ft), 


•504 sq2a;sq'2?/— sq^i/sq'^a; = (sq^^— sq2x)(sq2:r sq^i/— 

= (pq^-pq^^)(sq^a;sq2i/-e/fte„J, 

and removing the common factor throughout we have the required 
simplification. The steps involved in rationalizing the numerator are 
the same, but for the interchange of rq^; and sq 2 , and they are also 
the steps involved in rationalizing the denominator of \ig{x—y). Thus 

4-54. // pq 2 : is any one of the four elementary functions coperiodic with 
gha:, if sq 2 ; is the function copolar with pqs; and coperiodic with hj z, and 
if rq z is the function copolar with pq z and coperiodic with gj z, then 


•54,., gh(*-y) - 


^ A( rq^ x rq^+e ;„e„ft) 

e^ftPqajpqy+pq'xpqV 

In terms of the one function pqz and its derivative, 
i-nr, ah(x-y) = A(«gft pq^pqy-pq'^pq'y) 

^ ^ pq^^pq^2/-e/,(pq2x+pq^2/)+e/,e/, 

= A(pq^^pq^y-^/g(pq^ ^+pq^ y)+g/gg/ft} 
vpq^pq2/+pq'*pqV 

The addition theorem for gh z is explicitly 
4.5e,., 

^ f^(fh^xfh’‘y+e,„eg^) 
effftghccgh^z-gh'ajghV’ 

where if we wish to have no other function than gh z we must substitute 
jh^a; = gh^a;— e/ft, jh^ = gh^-e,^ 

in the first fraction and 


fh^a: = gh^a;— e 


la' 


ih^y = gh^— e 


fa 


in the second. 
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4-6. If we derive addition formulae for the functions other than the 
primitive functions directly from *24, the expressions which we find are 
unsymmetrical in appearance, since the functions ipqz and pq(a>^— 2 ) 
are essentially different if is not zero. If tsz is the same function 
as pqa;, then pq(2;— becomes the primitive function coperiodic with 
pq^:. We have for example 

4-61 j%+2/) = (i{xfyy—f]yif'x)l(iPx—i]^y), 

4-62 i^g{x+y) == {hgxfyy+f]yhg'x)/(hg^x-fi^). 

These formulae have the advantage of involving no constants, and they 
are easily converted into more symmetrical forms by direct algebra. 

In this connexion we may notice the result of trying to avoid one 
of the two steps in Liouville’s process for obtaining *24. We shall be 
able to infer rs(a:+2/) directly from *22 if the interchange of x and y 
converts v^{2(jj^—x-\-y) into its negative; since 

Y^{2aj^-yx—y) ^ rs{4a>g— (2a>^— a:+2/)} 

and 460^ is either zero or a whole period, the requisite condition is that 
rsz must be an odd function. In this case we have immediately 


4-63 rste+w) = = pqypq'K-a:) 

pq^x— pq2(wg— 2/) pq2(a)g-x)-pq22/’ 

but algebraical manipulation is necessary to provide a common de- 
nominator unless cOg is zero, that is, unless we are dealing with the 
primitive functions, which from this point of view also are seen as the 
simplest of the group. 


4-7. A peculiarly terse form of the addition theorem, derivable imme- 
diately from *422, is 


4-71i gj(a;+2/) + hj(a:+y) 

Addition of 2ojy to y gives 
4-712 gj(a:+2/)— hj(a:+2/) 


gjxh jy+g jyhjx 

fjx+fj?/ 

hj ^gj 2/815 


and therefore the whole mass of addition formulae is recoverable from 
•71i alone. 

Results away from the origin are again more complicated: 


4-72 

4-73 





V 

THE NATURE OF THE PROBLEM OF INVERSION 


5-1. In a form whicli we have already found useful, the relation between 
the function f j z and its derivative is 

•101 (fi'zr = 

In other words, if w — f]z, then 

5*11 {dwjdzY — R^{w), 

where, in a notation which we shall retain, 

•102 Ri(w) = 

Written as 

•103 = 4- ^ ^ 

dw 

•11 can be integrated immediately, and we have 


± 


W 

r di 

J Vi?; 


dw 

Hdw) ’ 


where the path of integration in the w plane is determined by the 
transformation to = f j z from some path in the z plane from the origin 
to the point z. Also, near ^ — 0 we have w ~ l/z, dwjdz ~ —l/z^, and 
therefore dzjdw ~ that is, if we make the radical in the inte- 

grand precise by requiring it to resemble towards infinity along the 
path of integration, and to be continuous along that path, we must 
prefix the minus sign or interchange the limits. Thus with no ambiguity, 

5*12. If w fjz, there is a path of integration in the w plane such 
that along this path ^ 



V) 


For a given value of w, the relation w ~ {]z in satisfied as we know 
by an infinity of values of 2 :, and it follows from -12 that if the path 
of integration is arbitrary, the integral 

00 

J dw 

w 

which, with the understanding that the radical resembles towards 
infinity along the path, we shall denote by I^{w), is susceptible of an 
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infinity of values: the aggregate of solutions of the equation i]z = w is 
contained in the aggregate of values of the integral but the identity 

of the two aggregates is not yet asserted. 

Consider now the relation 


•105 




I 


dw 

Vr^Y 


where the path of integration is given and w m Si current point of that 
path. This relation implies 


•106 

whence 


dJf _ 1 

dw ' 


•107 {dwjdIfY — 

and by hypothesis dwjdl^ resembles —w^ for large values of w. In other 
words, if If has a given value, the corresponding value of w is the value 
when z = If of di solution w{z) of the differential equation -11, 

(dwjdzY ~ R/i'if’), 

which is such that w is large and dwjdz resembles for small values 
of z. 

If in *11 we write for a moment w = 1 /y, this equation becomes 
•108 (dyldz)^ = 

This equation has two particular solutions for which y — 0 when 2 = 0. 
The initial values of dyjdz for these two solutions are 1 and —1, and 
therefore the only solutions which vanish at the origin are one that is 
expansible near the origin by the power series 

z-\-a^z^-\-a^z^^... 

and onef that is expansible near the origin by a power series 

—z-^a'^z^-\-a'^z^-{-,,,. 

It follows that the only solutions of *11 which are large at the origin 
are one that is expressible near the origin in the form 

1 /( 2 +« 22 ^^+« 32 : 3 +...), 

and therefore, since converted into 

1+6o2;+6i 22+..., in the form 


t Obviously the second of these solutions is the negative of the first, but this relation 
is so irrelevant to the argument that it is hardly worth while to use it to shorten the 
algebra. 
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and one that by the same argument is expressible near the origin in 

-Z-l + b’ + b[z+.... 


For the first of these, but not for the second, dw/dz resembles — 2 ""^ 
and therefore resembles the equation *11 possesses one and only 

one solution which is such that for small values of z, w is large and 
dwjdz resembles — v)^. Since f j 2 satisfies the equation and has these 
characteristic properties, the unique solution is identified as the known 
function fj 2 , and it follows that if the relation *105 is satisfied, then 
w = i]!,: 


5*13. If 2 is the value of the integral 


J 


dw 


along any path, then w = f j 2 . 

Combining *12 and *13 we have a fundamental theorem: 


5*14. When the multiplicity of values due to a possible variation of 
path is taken into account, the relation 


I 


dw 


2 


is equivalent to the relation w = i]z, provided that the radical in the 
integrand resembles towards infinity along the path of integration. 


5-2. As special cases of -12 we have the three theorems collected in 
the following enunciation: 

5*21. There are curves in the w plane, from 0, from f^, and from /^, 
to infinity, such that if these are taken for the paths of integration, then 


00 00 00 


f dw 

f dw 

1 — ~ 

r dw 


J 

J VjR/w) 


the radical in the integrand in each case resembling w^ towards infinity 
along the path. 

From *14 we have the more complete results: 

6*22. The aggregates of values of the integrals 


00 00 00 


r dw 

r dw 

r dw 

J ^IRfiw)’ 

A 


J ^R,if») 


0 fj fh 
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if the radical in each integral resembles towards infinity along the jpath, 
are respectively ^2m+ l)a.„+{2«+ IK, 

( 2m + 1 )o)g + 2no}j^ with m-\-n even, 

2mci)g-\-(2n-\-\)(x}j^^ with m-{-n even. 

The integral of --\j^Rf{w) along any path from ii; to oo is the negative 
of the integral of Xj^Rfiw) along the path from —w to oo obtained by 
reflection in the origin. The aggregate of values of the integral from 
0 to 00 is therefore unaltered if the condition on the radical is reversed ; 
in fact the aggregate —(2k-\-\)ii}g—{2l-\-\)cx)j^ is converted into the 
aggregate (2m+l)aj^+(2^+l)^/i by fhe substitution of m, n for 
— — (Z+1). More simply, in describing the aggregate of values 

of the integral from 0 to oo we may omit any specification of the radical. 
But in the integrals from fg and /;^ the specification of the radical is 
essential; the aggregate — (2fc+l)co^— 2Za);^ is expressed in the form 
(2m+l)%+2naj;^ by the substitution of m, n for — —I, and if 

k-\-l is even, m-\-n is odd. That is, the aggregates (2m+l)a;y+2na>^, 
2mo)g-^{2n-\-l)cx}j^ with m+n odd consist of the values of the integrals 
from —fg, ~ff^ to 00 , with the radical subject to the familiar convention. 

If p and q are whole numbers, pcog-^-qojj^^ is an integral of 1/Vi?y(i^) 
from 0 to 00 if p and q are both odd, from fg or —fg to oo if p is odd 
and q is even, from /,, or — to oo if p is even and q is odd. If p and 
q are both even, pwg-\-qa)f^ is a typical pole of f j 2 :. Hence 

5*23. The aggregate of values of the integral of along a path 

which comes from and returns to infinity is 2mco^-|-2ria>y^. 

Reflection in the origin does not alter the nature of the path, and 
therefore no specification of the radical need be included. 


5 - 3 . The relation w ~ fjz is particular solution of the differential 
equation *11; the general solution is w ~ fj(8ih2J)? and we have an 
elementary function again as a solution if the constant 8 has one of 
the values ojy, cjg, If the equation is taken in the form * 103 , the 
general integral becomes 


tv 

J 


dw 

VRf(w) ’ 


where in effect it is the fixed limit of integration that is the constant 
of integration of the differential equation; the integrand is unaltered. 

With 8 = cof, the elementary function involved is jf^;, and since this 
function vanishes with z, the fixed limit of integration is zero. The 
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value of jf'z at the origin is and the value of the radical to be 

selected at any point of the path of integration is determined if the 
initial value is selected. For an integration from zero it seems natural 
to take the factors of Rf(w) in the form We need not 

repeat the details of the argument developed at length for the function 
w — fjz] no transformation of the dependent variable in the equation 
• 1 1 is now necessary : 


5*31. If the value of the radical involved is fgff^ at the origin, the relation 

w 

f = 3 

0 

is equivalent to the relation 

w = —]iz. 

As a matter of elementary calculus we can convert the integral in 
one of the theorems -14, -31 into the integral in the other by sub- 
atitutrag fjjw for w: 

6-32. If = fgfh, then 


Wi 00 

0 Wi 

In virtue of -14 and *31, the functional theorem 

jfzfjz = -fj^ 

is fundamentally this relation between integrals expressed in a different 
language. 

With the function i\{(i}g—z), which is — hg 2 ;, the fixed limit of 
integration is fg, and the point fg in the w plane ia a branchpoint of 
the radical in the integrand. We have therefore no means of specifying 
the radical by a universal rule applicable to an arbitrary path from fg, 
though we must necessarily specify it in some particular way along any 
proposed path before the integral can have a meaning. With a chosen 
path in the z plane from 0 to z, and the corresponding path in the 
w plane determined by the transformation w ~ —hgz, the value of 
dzjdw along the w path is either \l^lRf(w) or — 1/Vi?y(ii;), supposing 
>IR^(w) to be a value of the radical specified for the path. Hence if J 
s the value of the integral 

w 

r dw 

J 
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z has one of the two values ±*7, or in other words, J has one of the 
two values -^z. Since hg(— 2 ;) = hg 2 ;, we have vj = — hg J in either 
case: 


5*33. If w — — hga;, there is a path of integration such that for an 
appropriate selection of the radical 


w 


\ 


dw 


= z. 


At first glance, the deferred selection of the radical is a restriction 
on the possibility of discovering a path, but this is not really true. 



With a selected radical, let J be the value of the integral along a path 
from fg to w, and let ^ be a point of the path such that the arc f^p is 
simple. Let y be a circuit through p which surrounds the point and 
the whole of the arc f^jp, but has none of the points — /^, in its 
interior. Let g be a point of the arc f^p so near to that the circle 8 
through q with for centre is entirely inside the region surrounded by 
y. Then the arc qp and the circuit y form with the circle 8 and the 
arc qp the complete boundary of a region throughout which 1/Vi?^(ti;) 
is regular. It follows that the integral of ll^/R^{w) has the same value 
K along the path fgqp+y-\-pw as along the path fgq+8-{-qpw, if the 
integrand has the same values along the initial arc fgq in the two cases. 
On the second path, the value of the radical at q is changed into its 
negative by the description of the circle 8, and therefore the value of 
the integrand at every point of the path qpw in this second integral 
is the negative of the value at that point in the original integral along 
the path fgqpw: the contribution of the path qpw to the value K is 
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the negative of the contribution of the same path to the value J. 
Hence 


•301 



that is to say, K —J-]-L where 


•302 


L =: 



Now K, as defined by means of the circuit y, is independent of q, as 
also is J . Hence L is in fact independent of the position of q on the 
arc fg'p, and can be evaluated as the limit when q tends to /^. The 
substitution w—f^ — renders the integrand finite while the trans- 
formed paths still tend to disappear. Hence L — 0 and K = ~J. 


5*34. If there is a 2)ath from f^ to w along which the integral 

w 

C dw 

J 

ffl 

has a value z, there is also a qmth from fy to w, coinciderit with the first 
from fg to a point p distinct from /^, along which the integral has the value 
—z, although the radical in the integrand has the same value in the two 
integrals at any point of the common arc f^p. 

Once a second path has been found, it can be deformed out of all 
obvious relationship to the first. 

It is now clear that not only is it impossible to discriminate naturally 
between the two values of the radical \lRi{w) in the neighbourhood of 
the point /^, but no artificial discrimination would restrict the values 
which the integral from fy to a variable point w can assume. In asso- 
ciating the function hgz with an integral it is in fact unnecessary to 
pay any attention to the ambiguity of the radical involved. This 
difference between hg^: and {]z or ]iz is seen equally well from the 
standpoint of the differential equation 

•303 (dwjdzY = 

As an equation of the first order this equation has only a finite number 
of solutions with a given initial value oiw\ the number depends entirely 
on the number of initial values of dwjdz available, and if ambiguity 
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disappears from the first derivative, it is not in any sense transmitted 
to a derivative of higher order. We have in fact from *303 

•304 d^wjdz^ =- 2w^-(fl+fl)w, 


an equation which has one and onl}^ one solution with given initial 
values of w and dwjdz; this solution of -304 is a solution of -303 if and 
only if the initial values of w and dwjdz satisfy -303. If the initial value 
of w is fg, the initial value of dwjdz, to satisfy *303, is necessarily zero. 
Thus there is one and only one solution of *303 with initial value fg, 
and this unique solution we know to be = — -hg 2 :: 


5-35. If 


w 


I 


dw 

TRf(w) 




then w — — hg 2 , whichever choice is made of the radical in the integrand. 
Combining *35 with *33 we have 


5*36. If no restriction is placed on the path of integration, the relation 

w 

r _ 

fff 

is equivalent to the relation w = —hgz. 

Formally this theorem does not include *34, but *34 is certainly essential 
to a real grasp of *36. 


5*4. The theory of elliptic functions had its origin in problems of 
integration. Legendre made an exhaustive study of integrals involving 
the square root of a polynomial of the fourth degree, and in particular 
of the integral 

f dx 

0 

and integrals closely allied to it, k being for him a real parameter 
between 0 and 1. Making in *31 the substitution w = fgX, we have 
the direct relation between an elliptic function and an integral of 
Legendre’s standard form: 


u 


X 


dx 




5*41. The relation 
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is equivalent to the relation 

if k = fglff^ and if the value of the radical in the integrand is 1 at the origin. 
Or, since 


•401 


dx 



dx 


we may connect Legendre’s integral with the function which we have 
treated as fundamental: 


5*42. The relation 


u 


X 

/ 


dx 

^((l_V2)(l_p^2)} 


is equivalent to the relation 

fhl^ = fj(«//A) 

if k = f gif and if the value of the radicM in the integrand at the origin is 1 . 
Historically the elliptic functions were discovered when Legendre’s 


relation 

•402 


u 


X 

r dx 


k^x^)} 


was taken to express a: as a function of u, and it follows from -14 that 
the elementary functions which we have studied could in a sense be 
defined by the inversion of the integrals, whatever the values of fg and 
ff^. Whether the fundamental integral is taken in the symmetrical form 
which appears in -14 or in the form standardized by Legendre is not 
a matter of principle. 

But it is to be observed that in the relation 


•403 r ^ = Z 

W 

the constants/^, fj^ are already derived from the function fjz: they are 
the numbers f j Wg, f j The whole of the theory which identifies the 
integral relation *403 with the functional relation w — fjz rests on 
the particular association of the numbers/^, ff^ with the function fjz. 
It follows that unless the function fjz is already known, the integral 
in *403 is itself unrecognizable and definition by means of this integral 
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means nothing. In other words, although we are justified by *14 in 
asserting that there exists an integral of the form 

00 

I* dw 

W 

by means of which the function i]z could be defined, in order to 
identify the necessary integral we must know the constants f j f j 

In fact, if we are to use the relation 



as the fundamental relation between w and z or specifically as a defini- 
tion of as a function of z, we must regard the constants 6, c as given 
parameters, leaving the parts which they play in the theory of the 
function w{z) to be discovered; we can not assign these parts in advance 
while professing ignorance of the nature of the function. Whether we 
think of -402 with Legendre as defining as a function of x or with 
Jacobi as defining a; as a function of u, we think of k in the first instance 
as an arbitrary constant, not as a parameter whose value is determined 
by a part played in a theory already developed. Even if the functions 
obtained by inversion of the integrals are the elliptic functions with 
which we are already acquainted, their discovery from the integrals is 
not just a formal alternative to their definition in terms of a lattice. 
The problem of the inversion of the elliptic integral requires the deter- 
mination of the lattice if it exists, not merely a proof of its existence. 

However approached, the problem of inversion presents difficulties 
of a higher order than those of sheer manipulation. Nevertheless, it 
should be explained, if not solved, in any account of elliptic functions, 
not so much for its historical interest as for its practical importance. 
It is the integrals to which the knowledge of the functions was due 
which operate to bring the functions into many branches of analysis 
and geometry, to say nothing of applied mathematics, and we cut 
away from the theory of elliptic functions all its applications if we can 
not pass from integral to function. 


5*5. For the standard form of the integral to be considered we 
shall use 


J 


dw 

'^R(w) 


w 
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where R{w) = (w^—b^){w^—c^) 

and it is understood that the radical resembles towards infinity 
along the path of integration. To emphasize that an integral, either 
directly or inversely, is the basis of discussion, we shall denote the 
integral by I, We have then a relation between / and w expressed 
initially in the form oo 

" = - J vm' 

w 

and the problem with which we are concerned is the nature of the 
function w{l) defined by this relation if / is taken as the independent 
variable. 

There are two ways of attempting to identify the function w{I) with 
a function f j /. We may look for a suitable lattice without considering 
the function w{I) itself, or we may investigate the properties of the 
function w{I) with a view to establishing that tv{l) must be an elliptic 
function. In the first method, the argument is to be concluded by an 
appeal to *14, a suitable lattice meaning indeed a lattice which renders 
•14 applicable to the integral. In the second method, we anticipate 
that the proof that the function has the essential property of periodicity 
involves a determination of periods. 

The first method involves the solution, which for practical purposes 
must be explicit, of the pair of equations 

•502 \ = 6, \ co;,) C, 

or rather, since it is 6^, that are given, of the pair of equations 
•503 w,,) = b'^, o)g, w,,) = c^, 

as simultaneous equations in and Supposing ojf^ to be the 
pair of halfperiods from which the function is constructed, we have 
from the definition of pz, 


•504 pcof 

(w 2 

^ m,n 

•505 puig 

-4+r(: 

m,n 

•506 


1 1 

{ ( 2m + 1 )co^+ (2n+ 1 )a)j^ }2 { 2 maj^, + 2 na> » 


1 


1 


{(2m +l)oj^+ ( 2ma>^+ 2ncof,ff ’ 


=4+ 2' I 

m,n 


1 _ 1 
{2mojg-\- (2w+ 1 )a> (2mu)g+2noj^f\’ 
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and therefore the equations -503 are explicitly 


•507 


•508 



1 

{(2m+l)a>^4-2rica;J2 

1 

{2ma>^+(27i+l)ajj2 


{{2m-\-\)(x)g+{2n-\~l)(x) 






c2, 


where the term for which rn ~ i), n 0 is now included in the sum- 
mation. 

There is nothing in the form of •501--50S to suggest that a solution 
is always possible. The functions /^, are homogeneous functions of 
ojg and co^, and the equation 

•509 

^0’ ^h) c 

is an equation in the single variable If are any two values 

satisfying ^509, and if 


A = 6 —0)g — CO^,0)g,0},X 

then Xojg, \cx)j^ satisfy — b, /,^ = c. Thus, functionally speaking, the 
distinction between the pair of equations •SOT-^SOS and the one equa- 
tion •SOO is trivial. But again it can not be said that from the form 
of the two series in •507--508 their ratio is obviously susceptible of an 
arbitrary value; the result is true, but it is in establishing it that the 
difficulty of this attack on the inversion problem lies. 

It may seem at first glance that the solution of the pair of equations 
fg b, c is implicit in *21 or *22. The integrals /(6), 7(c), that is, 

00 00 

r dw r dw 

b ‘ c 

determine, not indeed two definite numbers, if the paths of integration 
are unspecified, but two definite aggregates. Does not the existence of 
these aggregates prove the existence of a lattice, and is not the detection 
of a primitive pair of periods a problem likely to demand only some 
quite elementary technique ? On this question the first comment to be 
made is that we have not proved, except in the case in which 6, c are 
derived from a lattice, that the aggregates of values of the integrals 
7(6), 7(c) are connected in any simple way with a lattice; the direct 
investigation of the multiplicity of values of these integrals is as much 
part of the process now proposed for the solution of the problem of 
inversion as it is part of the process which depends entirely on the 
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study of the integral I{w). But this is no point of principle; the dilR- 
culty comes later. Suppose that we have found particular values j8, y 
of the two integrals /(6), I{c) which we are satisfied form a primitive 
pair in relation to the aggregates of values. We can form a function 
f]{z', — jS— y, j8, y) on the lattice determined by j8 and y, and this function 
has determinate values /^, for the values p, y oi z. Have we any 
reason to assert that/^,/y are equal to the constants 6, c? We can not 
hope to answer this question by inserting y as values of cOg, cof^ into 
the series in -SOT-- 508. The alternative is to appeal to the relation 
between y and /^, in the form *21: Inhere are paths of integration 
from fp, /y to 00 on the one hand and from b, c to oo on the other hand 
such that 


•510 


•511 


I 


dw 


/ 


dw 



dw 

b^)(w^-c^)y 


I 


dw 

c^)}* 


Unless we can prove that these conditions alone are sufficient to 
identify /^,/y with 6, c, the theorem which directs us to the only lattices 
in which 6, c could play the required parts supplies us with no reason 
for concluding that 6, c actually play these parts. 

It is the second method of attacking the inversion problem, namely, 
the study of the functional character of the relation defined by the 
integral, that we shall pursue. Although we have proved the identity 
of the functional relation w ~ i]z with the integral relation 


I 


dw 

^lRf{w) 




we have said nothing to explain it, that is, to show how the form of 
the integrand imposes on the aggregate of values of which the integral 
becomes susceptible when the path is arbitrary a quality corresponding 
to double periodicity in the inverse function. Without this explanation, 
•14 remains unintelligible, and with it, since the origin of the constants 
fg, fj^ is irrelevant for the purpose and we can deal throughout with the 
integral I{w), we are taking one step towards the solution of the larger 
problem along the proposed lines. 

To avoid misapprehension, it should be said as clearly as possible 
that there is no difficulty intrinsic in the notion of inverting an integral 
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to provide a function. On the contrary, a functional relation between 
two variables, whatever its formal expression, can not be one-sided. To 
say that the relation 

•512 /= [ 

J Vi?(w) 

W 

can be regarded as defining to as a function of I is logically a platitude, 
if mathematically it was a revolutionary discovery. We can go farther: 
this relation, from its form, implies the existence of dljdw, and there- 
fore the existence, except possibly at certain discoverable points in the 
w plane, of dwjdl; we can safely say that w is, generally speaking, 
regular in the sense that if Wq corresponds to 4, then w~Wq is expres- 
sible for sufficiently small values of /—/q as a power series in /— /q. 
To put the matter differently, *512 is equivalent to 

dwjdl = ^lR{w), 

or in rational form to 

•513 {dwjdlY = R(w), 

coupled with boundary conditions, and the existence of solutions of 
differential equations is guaranteed by a mass of general theory. 

It is true that integrals in a complex plane require paths of integra- 
tion for their precise determination, but this is not a potential com- 
plication of the function w(I), To suppose the path in -512 arbitrary 
is to admit that to an assigned value of w corresponds an aggregate 
of possible values of I, but this remark, read in the reverse direction, 
says only that the function w{I) may have a common value for a 
number of distinct values of the argument I. 

After this digression the fundamental difficulty in the study of the 
inverted integral will not be misunderstood. Although we can define 
w{I) by *512, this formula gives us no clue to the range of values of 
I for which the function w{I) exists. In the construction of the Weier- 
strassian function pz and of the functions which we have defined in 
terms of §)z, an arbitrary value can be given to z\ the functions exist 
over the whole of the z plane. But there is nothing whatever in the 
form of the relation -512 to justify us in taking for granted that if we 
equate the integral / to an arbitrary complex number, there necessarily 
exist a limit and a path from which the integral acquires the assigned 
value; the domain of existence of the function w{I) defined by -512 
may well fall short of the complete I plane, and there is no obvious 
means of finding the extent of this domain of existence. We are no 
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better off if we replace the integral by a differential equation. The 
function w(I) is a particular solution of the equation *513, identified 
by its character near the origin. All that we learn from the theory of 
differential equations is that there is some circle round the origin 
throughout which this function exists, and that if the function can be 
continued analytically across the circumference of this circle it does 
not cease to satisfy the equation. If the continuation is held up by 
a line of singularities, the particular solution with which we are con- 
cerned exists only in a restricted domain: there are values of I which 
can not serve as arguments to the function w{I). 

Here is the drawback to the classical usef of the integral as the basis 
of the theory. We can prove by elementary methods that the function 
w{I) is regular where it exists and that it is doubly periodic where it 
exists. But these properties are entirely consistent with the possibility 
that the domain throughout which the function exists is some com- 
plicated pattern of perforated shreds and patches, and to dispose of 
this possibility is a mathematical problem sufficiently serious to be 
deferred as long as progress is made without its solution. Only, as we 
have said, however much we learn about elliptic functions before 
solving the problem of inversion, we can not learn when and how to 
use them. 

5-6. The course of the next three chapters follows the account we 
have given of the problem to be investigated. In Chapter VI we examine 
the dependence of the integral I{w) on the path of integration, and 
deduce that the function w{l) is doubly periodic. In Chapter VII we 
prove first that any point near which a branch of the function exists is 
either an ordinary point or a pole of that branch, and next that there 
are no finite values of I near which the function does not exist; we infer 
that w{I) is meromorphic. Of the existence theorem, which as we have 
explained is at the heart of the problem of inversion, two proofs are 
given. The first proof derives w(I) from I(w) and depends on proposi- 
tions in the theory of aggregates ; these propositions are assumed to be 
known. As an appendix to this proof an argument is given in which the 

t It must not bo thought that the original introduction of the elliptic functions was 
wildly illogical : Abel and Jacobi were not blind to fallacies that to us are glaring. But 
at first only real variables were involved; to reverse the functional relation when the 
limit and the integral are both real requires little more than the determination of ranges 
throughout which the integral is a monotonic function of the limit, and these ranges, 
by Rolle’s theorem, are bounded by zeros and infinities of the integrand. The difficulty 
of the inversion problem as well as the beauty of the lattice theory belongs essentially 
to the domain of the complex variable. 
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multiplicative axiom is used, for this is the argument which is most 
easily invented; the axiom may be invalid, but its use supplies the clue 
to the construction of the proof which dispenses with it. The second 
proof of the existence theorem takes w{I) as a particular solution of a 
differential equation and shows that there can be no upper limit to the 
radius of the circle round the origin within which this solution is a 
meromorphic function of /. This proof depends on analytical formulae 
peculiar to the function under consideration; one feels that it is arti- 
ficial, that no recollection of it is likely to be helpful in any problem 
except the one for which it was invented, but undeniably it is the easier 
of the two proofs to understand, if the harder to reconstruct. In 
Chapter VIII the various threads are gathered together, and the solution 
of the inversion problem is complete. 



VI 


THE AGGREGATE OF VALUES OF AN 
ELLIPTIC INTEGRAL 

6-1. The subject of this chapter is the integral 

- fTiky 

W 

where R(w) denotes (w^—b^)(w^—c^) and the radical is a continuous 
function asymptotic to towards the end of the path of integration. 
For a given value of w the value of the integral depends to some extent 
on the path of integration, and it is the nature of this dependence that 
we are to investigate. If are different values of the 

integral, corresponding to different paths from the same point to 
00 , then when we look at the relation between I and w from the other 
side, and are different arguments for which the function has 
the same value w^. 

The integral I{w) is elementary if b or c is zero, or if b^ — we 
therefore assume that none of these conditions is satisfied, that is, that 
in the w plane the four points 6, c, —6, — c are all distinct. 

We find that discussion of the multiplicity of values of I(;iv) for an 
arbitrary value of w can be made to depend on evaluation of the 
integral along a path which comes from and returns to infinity ; we 
first find a canonical shape into which such a path can be deformed 
without alteration in the value of the integral, and we then evaluate 
the integral in terms of the necessary constants, which are only two 
in number. Returning to the integral I{w), we describe the aggregate 
of values of the integral associated with one and the same lower limit 
w by means of these constants, which are themselves values of 7(6) and 
7(c) and which we now find to be quarterperiods of the inverse func- 
tion w{I), In the last section of the chapter we prove that the ratio 
of a value of l[b) to a value of 7(c) can not be real. 

The integral I{w) is regular at infinity, and the branchpoints 6, c, 
—6, — c of V7?(tc) are its only singularities. We assume throughout 
that no path of integration passes through a branchpoint. This 
assumption is wanted not to keep our integrals finite but to keep them 
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unambiguous. Near 6, for example, R(w) resembles a multiple of w—b\ 


the integrals W 2 w% 

r dw r dw 

J ^{w—by J VE(w) 

Uh Wi 


remain significant and finite if one of the limits tends to 6, and there 
is no reason why b should not be inserted as a limit. But if we have 
a path of integration w^bw^, each value of ^R(w) tends to zero as w 
tends to b in any way, and it is not possible to specify the function 
to be integrated along bw^ by saying that it is continuous at b with 
the function integrated along w^b. If a path passes through branch- 
points, the integrand requires a separate specification on each section 
of the path, and this is a complication seldom worth incurring. 


6-2. If J), q are points on a path of integration, the arc between p 
and q can be replaced by another arc joining these points if the two 
arcs together form the boundary of a simply connected region which 
includes no singularities of the integrand. Hence the relation between 
the integrals Ii{w), I<^{w) from the same point wtoco along two different 
paths 11^ is bound up with topographical relations between the two 
paths W 2 and the four iioints 6, c, —6, — c. 

A preliminary reduction of the analytical problem simplifies the topo- 
graphical problem. The two paths together form a path S which 

comes from and returns to infinity. Let (j>{w) denote temporarily the 
function such that {(f){w)}^ ~ R{w)y that cf){w) ^ towards infinity 
along Wi, and that (l){w) is a continuous function of w along S; since 
Wi and W 2 avoid the branchpoints, so also does S, and (l>{w) has a definite 
value at each point of 8. Integrating along 8 in the same direction 
as along we have 


r dw> 

r dw 

r dw 

J 1>{W) ~ . 

I ^w) 

J wy 


S Wt W2 


since the direction of integration along is opposite to the direction 
of integration along 8. Now the integral along Wi in *201 is Ii(w) as 
already defined. But whether which resembles towards one 

end of 8, resembles or resembles —w^ towards the other end of 8, 
depends on topographical relations of 8 to the branchpoints; in the 
former case the integral along in *201 is l 2 (w)y but in the latter 
is the integral along of —(l>{w) and the last integral in *201 is 
Thus defining Jj^ as r 

J ^)’ 

6^ 
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we have equal in the one case to in the other case to 

A(^)+^ 2 (^)- other words 

6*21. If the paths together form a path S, and if the radical 

ylR{w) is the same along the part of S which coincides with as along 

then if Js l^he integral of ll\lE(w) along S, the integral is equal 

to I^(w)—Jg or to J^—If^w) according as variation of w along S from one 
end to the other restores or reverses the asymptotic resemblance of ^R{w) 
to w^. 

This theorem reduces the discussion of the multiplicity of values of 
l{w) at the accessible jjoint w to the discussion of the variation of 
'\lR{w) and the integration of ll^R{w) along a path which comes from 
and returns to infinity, and our next task is to express suitably the 
topographical relations of such a path to the four branchpoints; as we 
accomplish this, we can see that the evaluation of the integral will 
follow naturally. 

6*3. To describe the relevant topographical relations between the 
four fixed points 6, c, —6, — c and a variable path S which comes from 
and returns to infinity, we suppose paths B, C, C' to be drawn to 
infinity from the four points; the four fixed paths are subject to the 
conditions that B\ C' are the reflections of J5, C in the origin, that 



Fio. 20i. Fia. 2 O 2 . 


none of the paths have multiple points, that no two of them have any 
points in common, and that any sufficiently large circle with its centre 
at the origin cuts each path in only one point. These paths are drawn 
once for all, and we call them the critical paths. 

There is no difficulty in finding a set of critical paths. If the points 
6, c are not in line with the origin, that is, if 6/c is not real, we may 
take for B, C the half-lines which prolong beyond 6, c the radii to these 
points from the origin. In the excepted case, if h is the more distant 
of the points 6, c from the origin, we may take B as before; C can not 
now lie along the line joining the origin to c, but may be any half-line 
from c which does not lie along this line. Halfrline paths are geometri- 
cally the simplest, but it is not at all necessary that the critical paths 
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should be of this form, and to stipulate half-line paths is to invest with 
significance details that are accidental. 

The purpose of introducing a circle round the origin is easily seen. 
If > max(|6|, |c|), the product of the binomial series representing 
the values of the two square roots 

(-$)- 

which tend to 1 as t/; -> oo is a convergent series 



and at any point the integrand \jylR(w) has one of the two values 
A{w), —A(w), where 


•301 


nrx I 


The two functions A{w)y ~A{w) are distinct functions throughout 
the region of convergence of the series in the definition of A{w)y and 
the integrand is specified unambiguously if it is identified with one of 
these two functions. To say that on a path to infinity the radical 
ylR{w) is ultimately to resemble or to write ^R{w) is only 

a way of expressing that beyond the last intersection of the path with 
the circle \w\ ^ max(|6|, |c|) the function denoted by \IR{w) is \jA{w). 
Outside the circle of convergence we can identify \lR{w) with one or 
other of the functions llA{w), —llA{iv) at an isolated point or along 
a path which does not extend to infinity; only the assertion of identity 
can not then be expressed in the form ^/R(w) ~ or ^R(w) —w^ 

without violence to the strict use of the asymptotic symbol. If a path 
crosses into the circle \w\ max(|6|, |c|) from outside, the identifica- 

tion of lj^/R(w) with one of the two functions A(w), —A(w) is inter- 
rupted, and if the path recrosses and identification with one of the two 
functions again becomes possible, there is no reason why the same 
function should serve a second term; it is only if the representation of 
the integrand with the help of the series is uninterrupted that it is 
impossible for one of the functions A{w), —A{w) to give way to the 
other. 

If a path pq is entirely outside the circle \w\ = max(|6|, |c|), then 

Q 

•302 j A(w) dw = G(p) — G{q), 

V 


4767 


p 
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where 

•303 6?(m,) = ^ 1.. \ 

Two conclusions can be drawn. Firstly, the value of the integral depends 
only on the endpoints; in other words, any two paths from p to q are 
reconcilable if neither of them penetrates the circle of convergence. 
Secondly, if lp| ^ p, \q\ > p, then 



where e -> 0 as p ^ 00 : if p, g can be taken upon or outside a circle of 
arbitrarily large radius, the integral from p to q along a path which 
does not penetrate the circle \w\ = max(|6|, |c|) is then negligible. 
These conclusions apply also to the integrand —A{w), and apply there- 
fore to the integrand \l'^R{w) which necessarily either coincides with 
A{w) along the whole path or coincides with —A{w) along the whole 
path: 

6 '31. If the path of integration pq lies wholly outside the circle 
\w\ = max(|6|, |c|), the value of the integral 

Q 

r dw 

J WR(w) 

p 

is independent of the path, and if also \p\ ^ p, Ig'j ^ p, then the absolute 
value of the integral is less than (2-|-€)/p, where e -> 0 p -> 00 . 

Given a circle F whose centre is the origin and whose circumference 
cuts each of the critical paths in one and only one point, any path S 
which comes from and returns to infinity can be deformed, without 
passage across a branchpoint, into a path T such that every multiple 
point of T and every intersection of T with a critical path is outside F. 
The path T may cross and recross the circle F any number of times; 
if T enters the circle at p-^, P 2 ,---, Pn leaves it at q^, we 

have T expressed as 

^Pl+VlIl + aiP2+Mz+--+In-lVn+Mn + In^ 
where each of the portions 

is wholly outside the circle, and each of the portions 

» Pnin 

is wholly inside the circle and is a path without multiple points which 
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joins one point of the circumference to another without cutting a criti- 
cal path. 

Before considering the integration, let us examine a little more closely 
the forms of path inside the circle F. A simple path a joining two 
points p, g of the circumference divides the interior into two regions 
Si, Sgj if ^ does not cut any of the critical paths, the part of each 
critical path inside F lies wholly in one of these regions. We say that 
a is impeded on the side of a region or Sg by the critical paths 
which are partly in that region, or, less exactly, by the branchpoints 
from which those paths are drawn. Three cases are distinguishable: 
(i) One region contains no branchpoints and the other contains four; 
the path is unimpeded on one side, impeded on the other side by the 
four critical paths, (ii) The path is impeded on one side by a single 
critical path, on the other side by three critical paths, (hi) The path 
is impeded on each side by two critical paths. 

We can recognize these three cases in other ways. The critical paths 
cut F in four points /, g, /', g'; the two points p, q divide the circum- 
ference into two circular arcs, and each of these forms with a the 





boundary of one of the regions Xg. A region contains part of the 
critical path B if the circular arc which forms part of the boundary 
of the region includes the point /. (i) The path a is unimpeded on one 
side and impeded on the other side by the four critical paths if one of 
the two circular arcs pq includes none of the points /, g, /', g' and the 
other includes them all, that is, if the two points p, q are in the same 
one of the four circular arcs/g, g'f- (ii) The path a is impeded 

on one side by one critical path and on the other side by three critical 
paths if one of the two circular arcs pq includes one of the points /, g, 
/', g' and the other includes three, that is, if the two points p^ q are in 
adjacent arcs of the set/g, gf\f'g', g'/. (hi) The path a is impeded on 
each side by two critical paths if each of the circular arcs pq includes 
two of the four points/, g, /', g', that is, if p and q are on diametrically 
opposite arcs of the set/g, /'g, fg\ gf. 
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The classification of loops inside the circle F is applicable to the arcs 
inside F of the path T by which the original path of integration S has 
been replaced, (i) If the T-arc is unimpeded on one side, the 

circular arc on that side of the T-arc forms with the T-arc the 

boundary of a simply connected region containing none of the branch- 
points, and the integral has the same value along this circular arc as 
along the T-arc. To replace the T-arc from to by an arc of F 
joining the same two points is to remove p^qm from the second set of 
T-arcs, and to replace the two arcs qm-iPm^ i^ set by one 

qm-\Vm^mVm+i^ iSj form of the two sets is un- 

changed, and the unimpeded arc is eliminated from the second set. (hi) If 
the T-arc divides the interior of the circle into two regions each 

of which contains parts of two critical paths, we can divide one of these 
regions, by a curve joining a point r in p^^qm f^o a point s in the circum- 
ference of F, into two regions each of which contains a x^art of one 
critical path and no i)art of any other; the arcs of the setfg, gf\f'g\ g'f 
to which p^ and q,^ belong are diametrically opposite, and s must be 
taken on one of the other two arcs. The construction is illustrated in 
Figure 21 3 . Integration along the T-arc p^qm then equivalent to 
integration along p^r 5 , srq^ in succession, and on account of the con- 
struction each of these paths is imi)eded by one critical path only. The 
number of arcs in the second set is increased by one, and for con- 
venience an evanescent arc ss may be added to the first set. 

Briefly, a path of type (i) can be ignored, and a i)ath of type (hi) 
can be replaced by two paths of type (ii) : 

6-32. Given a circle of sufficiently large radius with the origin for centre, 
integration of \j\IR(w) along a path S which comes from and returns to 
infinity is equivalent to integration along a succession of paths 

OOPi, Pi^i, qxP2. P2^2v-, qn~\Vn^ PnQn^ 
in which each of the paths 

QOPi, <ln-xPn^ 

is outside the circle, reducing possibly to a single point, and each of the 
paths 

^ Pl9v PnQn 

is a simple loop inside the circle and is impeded by one only of the four 
critical paths, 

6*4. There is now only one type of path inside the circle F to be 
taken into account, and we proceed to investigate the integral along 
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a path of this type. We take a path pq which joins a point p in one 
of the two arcs fg^ fg' to a point q in the other of these two arcs, and 
is therefore impeded by B alone. The integrand has everywhere one 
of the values of 1/Vi?(ii;), and for the sake of definiteness we specify 
the value at we select, in the notation already adopted, the value 
A{q), the function A{w) being the sum of a series 

— 4 -^ - 1 -^ 4 -... 

which is convergent if \w I > max(|6|, |c|). 

The path pq is deformable into a path which begins with the circular 
arc p/, then follows the critical path B from / to a point t between 



The paths of integration, in this figiiro and in Fig. 23, aro the boundary lines themselves, 
not eurvos vaguely ‘just inside’ the boundaries. The dotted lines are merely guides to 
the actual paths. 

/ and b, describes a complete circuit y round 6, returns from t to /along 
B, and finishes with the circular 'drc fq. As we have said in *1, we may 
take t as near to b as we wish; near b the dominant part of ll>JR{w) 
is one of the branches of llyj{2b{b^—c^){w—b)}, and the integral of this 
function along a path inside a circle of radius r round b tends to zero 
with T, notwithstanding the infinity of the integrand. But however 
small the circuit y may be, the passage round this circuit multiplies 
yl{w—b) by —1, and in the return from ^ to / the integrand ll^lR(w) 
has at each point of B the negative of its value there during the 
approach from / to t. This change has two consequences. 

Firstly, the value of the integrand at / when / is the end of the path 
tf and the beginning of the path fq is the negative of the value of the 
integrand at / when / is the beginning of the path ft and the end of 
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the path pf. But on account of the choice at q, the integrand along the 
concluding arc/g is the function A{w)\ whose value at/ is A{f), Hence 
the value at / of the function integrated along pf is —A{f), and the 
function is —A(w)\ 

*401. Because the value of the integrand at q is A{q), therefore the value 
of the integrand at p is —A{p). 

Secondly, the multiplication of the integrand by —1 cancels the 
effect of the change in the direction of integration along B, and the first 
integral, from / to t, is equal to the second integral, from t to /: we 
can write 

■402 /■=/+/+^J + |- 

V V y if 

Since the integral along B is convergent at h, we can replace the integral 
from ^ to / by the difference between two integrals from 6, and we have 


p p 'y b ' h f 


Since t does not occur, implicitly or explicitly, outside the bracketed 
terms, the difference 


has a value independent of t, and since each term tends to zero with t, 
this value is zero, whence more simply 


^ J .! H 


This formula does not require the circle F to be in any sense ‘large’: 
for example, if the critical paths are radial, F may have any radius 
greater than max(|6|, |c|). If however we do anticipate applications in 
which integrals along paths that are not inside the circle are to be 
disregarded, we see that the significant part of the integral from p to 
q comes entirely from the integral along the critical path B. We can 
go farther. The integral from b to f still involves F, but if we replace 
this integral by the difference between two integrals to oo, one of these 
integrals is independent of F, and the other has its path outside F. 
We write therefore 
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the path of integration being the critical path B and the radical in the 
integrand being asymptotic to towards infinity along the path; j8 is 



a constant, a value of l{h), and is independent altogether of the path 
We have now, since the integrand at / is A{f), 

b J 

and substituting in *403, 

Q f oo q 

•405 J = 2j3+ J {—A{w)} dw — 2 ^ A{w) dw A- ^ A(w) dw, 

p p f f 

Expressing this result more symmetrically, in a form which suggests 
Figure 23, and incorporating -401, which is vital to the result, we have 
the fundamental theorem: 


6*41. A circle T round the origin as centre cuts each of the critical paths 
in one point only; pq is a loop joining one point of V to another y lying 
wholly inside F, and impeded only by the critical path B. If the value of 
the integrand ll^lR{w) at q is A{q), then the value of the integrand at p is 
—A{p)y and 

i'-jm = 

P ^P f ^ / / 

^ “ J 

b 

and f is the point in which the circle F cuts B, The path of integration 
for p is the critical path By and ^R(w) resembles w^ towards oo in this 
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integral; the paths of integration pf, fq are arcs of the circle F, and the 
path of integration between f and oo lies along B. 

We can evaluate the integrals along the circumference and outside 
the circle F as in -302, and we have explicitly 


•406 

where as before 



Very serviceable is the descriptive theorem, which indeed was foreseen 
in the proof of -41 : 


•407. If pq is a loop inside F, impeded only by the critical path B, the 


value of 


f 


dw 

\/R{w) 


V 


along the loop differs from 2^8 by a sum of integrals along paths wholly 
outside F, if the integrand has the value A{q) at q. 


To replace the integrand in ^41 at one point by its negative implies 
replacing it by its negative throughout, and as we do not change the 
meanings of j8 and A (w) we have to change signs throughout the formula : 


6-42. //, with the notation of -41, the value of the integrand at q is 
— A(q), then the value of the integrand at p is A{p), and 


= J- 

P ^pf^ 


An enunciation similar to that of -407 is of course possible. 

In ^41 the circular arcs on which p and q are situated are not specified 
more precisely than that one of them is fg and the other is fg'. To 
reverse the situations is in effect to interchange the allocations of the 
symbols C, C\ and since these allocations do not enter in any way into 
the argument, the value of the integral is not altered. This does not 
mean that we have an integration in which the direction in which the 
path is described is immaterial. In -41 we can not interchange p and q 
without altering the value of the integrand at any point, for to retain 
the value A(q) is to alter automatically the rule by which the integrand 
is selected. If we write q\ p' for p, q, with the condition that the value 
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of the integrand at p' is ^(p'), it is -42 that is relevant if is to be 
the lower limit of integration, and we have 


that is, 


dw 

^R{w) 

} 

dw 

^Ww) 


-2^+( j* — j\A(w)dw, 

'p'f 00 CO fq ' ' 

■2j8+ (J-J) A(v)) dw, 


in agreement with the formula in *41, since now the path is reversed 
and the integrand is unchanged. 

To change the critical path by which a loop is impeded is to make 
only a formal change in -41, replacing the integrals along B and the 
point of intersection / by integrals along one of the other critical paths 
and the point in which F cuts that path. We write 

00 

J VjR(w) 

c 

the path of integration being the critical path C and the radical 
resembling towards oo along the path; y is a value of 1(c). The 
paths B', C' do not introduce new constants, for if W is any path from 
a point w to oo, and IF' is the reflection of W in the origin, the integrand 
ll^JR{w) has the same value at corresx)onding points of IF and IF' if 
its asymptotic form is the same on the two paths; since the element 
of one path is the negative of the clement of the other, the integral 
from —w to 00 along IF' is the negative of the integral from v) to oo 
along IF. In particular 


dw 


dw 

yJR(w) 


if the paths of integration are J5', C' and if ^R(w) ~ w^ towards oo on 
each path. 

6-5. We can now resume the evaluation of *^, the integral, along 
a path S which comes from and returns to infinity, of the continuous 
function \j^R(w) which resembles Ijw"^ towards the end of 8. Having 
drawn a circle F which cuts each of the critical paths once only, we 
have 8 deformed into a succession of paths 

Pllv llP 2 y P 2 l 2 ^-^ In-lPn^ Pnln^ 

The form of a path outside F is irrelevant, and we may suppose each 



114 


JACOBIAN ELLIPTIC FUNCTIONS 


of the paths qiP 2 ^ in-iPn necessary 

to lay down a rule by which to make the choice between the two arcs 
of r joining to p^, since integrals along these two arcs are in any 
case equal. Each of the paths Piqi, p^q^^ - '^ Pnin ^ simple loop inside 
r impeded by a single critical path. 

By hypothesis, the integrand along can be identified with the 
function A{w)\ hence the value of the integrand at q^ is A{q^), and it 
follows from *41 that the value of the integrand at p^ is — ^(Pn) hence 
the integrand along qn-\Pn ^he function —A(w), the value of the 
integrand at is — ^(g„-i), and by *42 the value of the integrand 

^^ 71-1 whence the integrand along qn-^Pn-i is the func- 

tion A{w)\ 

6*51. The function integrated along the paths 

Qn-lPrv ^iPv ^ Pi 

outside the circle F is alternately A{w) and —A{w); in particular, the 
integrand at the beginning of the path resembles 1 jw^ or — 1 jw^ according 
as the number of loops inside the circle is even or odd. 

Knowing now the terminal values of the integrand on each loop, we 
can api)ly -41 or -406 or a corresponding theorem with a change of 
sign. The result to be anticipated is perhaps clear if we first apply the 
descriptive theorem -407. If the integral, from the branchpoint to 
infinity, along the critical path which impedes the loop p^q^^y has the 
value a constant independent of the path S, it follows from *51 and 
•407 that 

•501. The integral differs from 

2A, - 2A,,_i+ 2A^_2- . .. ± 2 A 2 T 2Ai 

by a finite number of integrals along paths which do not penetrate the 
circle F. 

Since the values of and of A^^, \ do not involve the radius p 

of the circle F, and the values of the integrals outside F are negligible 
if p is sufficiently large, we are tempted to say that the difference 
between and 2A^^— 2A^_i+...=F2Ai is arbitrarily small and is therefore 
zero. But the argument is not quite as simple as this, for the original 
deformation of S depends on the choice of the circle F, and we have 
no reason to assert that with a different circle the deformation would 
have led to the same set of impeding paths arranged in the same order. 
To rescue the argument we must make a deformation accommodated 
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to the larger circle from the path as we now have it, and we must use 
the precise results of -41 and -42. 

We take then a circle F' round the origin, with radius p greater 
than p. Let the critical path which impedes the loop cut F in/^ 
and cut F' in/^^; the initial and final arcs oopj and of 8 may be 
deformed in any manner, subject to the conditions of lying outside F, 
and they may therefore be assumed to cut F' only once, in points p[ 
and q^. In *41 we have the difference 


expressed as 




/ 


dw 

^R(w) 


-2^ 


P 



A{w) dw, 


or, as we may say for brevity, as —pf co-]-cofq. In this form, with the 
integrand A{w) throughout and with the initial sign — or + according 
as n is even or odd. 


(^2Ai± 2A2T-- “"2Ayi-i+2Aw) 


= ±<X)i)i±(i)i/iOO-00/ig'i)TS'li>2T(?)8/2°0-<»/2?2)±3'2P3±- 

= ±ooPi/iCoToo/i/2CO±...-oo/„_i/„oo+co/„g'„co 
= ±oopi?)i/i/;co=FooAA/2/;oo±... 

- - 00 fn-Jn-JJn ^ + °0fhL. 00, 

since p[, f[, fh,-., q'n are points in the paths p^oo, /lOO, /gOO,..., /^^oo, 
g„oo. But the paths /i/iAA.-, A-iA-i/,Jn- fnf„qnq'n and 

the circular arcs p[f[, /i/ 2 v, fn-ifny f'nQn outside the circle 

\w\ ^ max(|6|, |c|), and therefore the arcs of the circle F' may be sub- 
stituted for the three-sided paths which include arcs of the circle F, 
and we have 


•502 ( =F 2Ai± 2 A 2 =F . . . - 2A,_,+ 2A J 

= ±00 Pi/ioo=Foo A/2co±...-oo/;_i/;oo+oo/;g';co. 

Since the left-hand side does not involve the radius p , the value of the 
right-hand side is independent of p , and since the right-hand side con- 
sists of not more than n-\-\ integrals each of which tends to zero as 
p -> 00 , the constant value of the right-hand side for all values of p 
not less than p is zero, and the value of the left-hand side is zero: 
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6-52. If a circle T whose centre is the origin cuts each of the four critical 
paths in one point only, and if the path S which comes from and returns 
to infinity is deformable into a path of which the portions inside F are 
a succession of loops which is impeded by one 

and only one critical path, then Jg, the integral of \j\IR{w) along 8, is 
given by 

where is the integral of \j^R{w), from the branchpoint to infinity, 
along the critical 2 >ath which impedes provided that the radical in every 
integral is asymptotic to w’^ towards infinity in the direction of integration. 

Strictly speaking it is superfluous to specify the asymj^totic form of the 
radical in this theorem, for if w"^ is replaced throughout by — each 
term is replaced by its negative and the formula remains valid. 

We should perhaps remark that what we have shown in the course 
of the proof of -52 is not that any. deformation of 8 which is adapted 
to the circle F' must resemble closely a deformation which is adapted to 
the circle F, but that there must exist one deformation with the appro- 
priate degree of resemblance. The value of the integral is perfectly 
definite, but the steps of its evaluation offer infinite variety. 

The proof of *52 suggested by *407 is instructive, but the result is 
established much more easily by the actual evaluation, by means of 
the function G{w), of the integral along each of the paths which together 
compose the path into which 8 has been deformed. Allowing for the 
alternation in integrand, we have, by -302 and -406, 

00 q „ 

Qn Vn 

'Pn 

Qn-l Qn~i 

Pn -1 


P- 

J 


dw 


TO{qi)±0{p, 


J 


dw 


\IR(tv) 




Pi 

J 


dw 


= TG(p^), 


^IR{w) 

00 

and addition recovers at once the formula for 
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The simplest case of *52 is that in which only one loop occurs. The 
path jS comes from infinity to a point on a circle whose radius is greater 
than max(|fe|, |cl), forms inside this circle a loop impeded by only one 
of the critical paths, and returns to infinity; the value of the integral 
along jS is then 2A, where A is the value of the integral along the com- 
plete critical path; the integrand, which resembles 1/w^ towards the 
end of jS, resembles —1/w^ towardls the beginning of /S. 

Since each of the terms 2A^, 2A,^_i,..., 2Ai in *52 can be recognized 
as the value of the integral along a simple infinite loop, we may express 
•52 by saying that , • ‘ • 

6*53. A?i arbitrary path which corned from and returns to infinity is 
equivalent to a succe:ssion of infinite loops each of which is impeded by 
one and only one of the critical paths. 

But if we break the geometrical continuity of the path we must add 
explicitly that the asymptotic form of the integrand is the same towards 
the beginning of toch loop as towards the end of its predecessor, for 
this relation is no longer secured automatically. Nevertheless the lan- 
guage of *53 is convenient. 

Th6 three ‘cases of *52 in which only two loops are required 

call for separate comment. Taking the loop to be impeded by B, 
the loop may be impeded by B, by B\ or by one of the other two 
paths. \ 

If both lcV)ps are impeded by B, then A^ — Ag — and = 0. 
vEssentially this result is implicit in the discussion, after *42 above, of 
the interdhange of the arcs on which the endpoints p, q are situated. 
If we return along a path without altering the integrand at any point, 
we naturally annihilate the integral. But if the integral from p to q 
with the integrand specified as A(p) has substantially the same value 
as the integral from qto p with the integrand specified as A{q), a repeti- 
tion of the path from jp to g' is ultimately equivalent to a return from 
q to p along the path that has already been followed. 

The repeated loop is derived from a continuous path 

00 ^)+ 00 , 

where cr is d loop pq inside the circle F, impeded by B, and g'/'p' is 
an arc of adargcfr circle F' which cuts jB in /'. The repeated infinite 
loop is the limiting form in which p' and q' have tended to infinity 
along p qo amd g' oo. The path ^p'p+cr-fgg' is described twice, once with 
the integrand Whose value at p is — A(p) and once with the integrand 
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whose value at p is A{p), These integrals from p' to q' cancel out, and 
there remains only the sum 

/ p' li' «) . 

'oo q' o' ' 

which is identically zero, since the value of A{w) at any point is 
independent of the path of integration. When we have proved that 
the integral along the path 

00 p+G^qfp+a+q oo 

is zero, the result can be extended by the usual methods to any path 
into which this can be deformed. For example, instead of elongating 
the circuit (j-\~qfp into an infinite loop we can shrink it to a coil, as 
small as we please, round the branchpoint b\ if |6| < \c\, this coil 
may be wholly inside the region of divergence of the series which 
defines A{w): 

6*54. T'he value of the integral J dwjyJR{w) along any path which comes 
from infinity, describes a complete coil round one of the branchpoints, and 
returns unimpeded to infinity, is zero. 


This result shows that we do not multiply the value of an integral 
along a single loop by repeating the loop. In the formation of a suc- 
cession of simple loops from a path S, the same loop may occur k times 



•-C 


Js - 2/3 



•-C 


Js = 0 
Fig. 24. 





consecutively. If k is even, the repeated loop makes no contribution 
to the value of the integral, and the integrand has the same value at 
the end of the last loop as at the beginning of the first loop: the set 
of loops has no effect, direct or indirect, on the integral, and may be 
ignored altogether in the evaluation. If k is odd, the set of loops makes 
the same contribution as its first member, both to the value of the 
integral and to the variation of the integrand. In other words, although 
the deformation of a path 8 may lead to a succession of loops k^^ L^, 
k^L^,..., k^L^, in which k-^, k^,..., k^ are any whole numbers, the most 
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general form for evaluation is Xj, Xg,. *, X^ in which consecutive loops 
are not impeded by the same branchpoint, and the value of the integral 
takes the corresponding form 2A^— 2A£_i+...=F2Ai in which consecutive 
terms are not formallyf equal. 

If Xi is impeded by X' and X 2 by X, the path 8 is equivalent to 
a path which has the two points ft, —ft on one side and the two points 





Fia. 25. 


c, — c on the other side; the value of A^ is — /3, and = 4j3. Herein 
lies the possibility of multiplying to any desired extent the value of 
the integral. The integrand has the same asymptotic form towards the 
end of the path as towards the beginning, and if instead of allowing 
the path to proceed to infinity we cast coils round ft and —ft alternately, 
each coil adds 2^ to the value of the integral. If k is any whole number, 
we can express 2kp as 2j3— ( — 2)3)+2j3— ( — 2j3) + ..., to k terms, and the 
casting of coils round the two points alternately translates this identity. 
In this construction 2kp is essentially a positive multiple of 2j8; to obtain 
a path along which the integral has the value —2k^, we cast coils 
round ft and —ft alternately as before, but ending with a coil round —ft. 

For the third case of a path equivalent to two loops, let Xj be im- 
peded by C' and Xg by X. The value of the integral is 2)8+ 2y, and 
we must take X^ to approach between —ft and — c and to recede between 
— c and ft, and to approach between — c and ft and to recede 
between ft and c. The pair of loops is therefore equivalent to a path 
which comes from infinity between X' and C" and returns to infinity 
between X and C, that is, which separates ft and — c from c and —ft. 
The integral in this case can be expressed in another form, for we may 
take for the path a path passing through the origin and symmetrical 
with respect to the origin. If we denote the half of this path from the 

f We have not yet proved that )3 can not be accidentally equal to y or to — y ; this is, 
howev^er, true, 8^ we shall see in *8 below. 
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origin to infinity between J5' and C' hy A, and the other half by A\ 
and if the value of the integral from 0 to oo along A is a, the integrals 
from 00 to 0 along A and from 0 to oo along A' both have the value 
— a. Hence if the asymptotic form of the integrand is the same along 
A' as along B, we have 2j3+2y = —2a, that is, 

•503 oc+p+y = 0. 

The asymptotic form of the integrand is the same towards each end 
of the composite path AA'. It follows that if the path is repeated 
again and again in one direction, the value of the integral is multiplied. 
We obtain a continuous path equivalent to a repetition of AA' by 
casting a coil round the two points —b,c or round the two points 
6, — c, and we can find in this way a path to give to the integral the 
value 2k(x where k is any assigned whole number, positive or negative. 

The integral along a path which comes from infinity between B' and 




C and returns to infinity between B and C\ thus separating b and c 
from —6 and — c, has the value 2p—2y, and any positive multiple of 
this value can be obtained by the insertion of coils cast round b and c 
or round —b and — c. For negative multiples of 2j3— 2y the direction 
of integration must be reversed. 

Since j3, — y are integrals from 6, — c to oo, it is to be expected that 
jS+y is an integral from b to — c, as well as an integral from 0 to oo. 
In fact the substitution ^2 w^—b^ 


implies 


{dtY _ {dwY 
(^ 2 _ 62 )(< 2 __ c 2 ) ■“ \w^-b^){v^^-C^Y 


and ^ = 0, 00 correspond to w ~ b, — c. But to discuss the relations 
between a path from 6 to — c and a path from. 0 to 00 would take us 
a long way from our present subject, since ^ = 0 corresponds to w = — b 
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as well as to i/; = b, and t = oo corresponds to i/; = c as well as to 
w = — c. 

In the general expression 2A^— 2A^_i4-...=F2Ai for the value of the 
integral Jg, each A has one of the four values iy* The value of 
Jg is therefore of the form 2mj3+2wy, where m, n are integers, not 
necessarily positive. Conversely, if m, n are integers, 2mP-\-2ny can be 
expressed, in an infinite number of ways, in the form 2A^— 2A^_i+...^2Ai, 
and since any succession of loops inside a circle can be joined by arcs 
of the circle to form a continuous path, every sum of the form 2mj3+2ny 
is the value of the integral along some path or other. Thus 

6-55. The values of the integral | dwl^JR(w) along paths which come 
from and return to infinity are the numbers of the form 2m^-\-2ny. 

The aggregate of values is the same whether or not the asymptotic 
form of the radical is prescribed. 

6*6. We can now complete the statement of the multiplicity of values 
of the integral I{w). The integral of -21 is the integral evaluated 
in *52. The integrand which is A(w) towards the end of S is or 
—A(w!) towards the beginning of S according as the number of 
terms in the expression for is even or odd, and this number differs 
from the number m-\~n in *55 by an even number. Hence from *21 
and *55, 

6 61. If I is one value of the integral I{w) for a given value of w, the 
aggregate of values of the integral for that value of w consists of all the 
numbers of the form 2mj3-|-2ny+^ which m-\-n is even and all the num- 
bers of the form 2m^~\-2ny—I in which m-\-n is odd, m and n being whole 
numbers, positive zero or negative, and jS, y being the values of the integrals 
I{b), I{c) along paths subject to certain topographical conditions which are 
satisfied in particular if the paths are reconcilable with half-lines. 

From the present point of view no special significance attaches to 
rectilinear paths, but if for any purpose paths must be specified pre- 
cisely, rectilinear paths are naturally the simplest to use. 

6*7. Reversed to express properties of w{I), -61 combines the two 
relations 

6-71 w{2m^+2nyA-I) = w(I) if m-\-n is even, 

6*72 w(2m^-\-2ny— I) = w{I) if m-f is odd, 

4767 R 
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with the theorem that 

6*73. All the solutions of the equation w[J) — tv(I) are of one of the 
twoforins j _ 2^^_^2ny+7 with m-\-n even, 

J = 2m^-\-2ny — I with m-\-n odd. 

It is from *71 that periodicity of the function w{I) is to be inferred; 
for this purpose *72 is irrelevant. Clearly 4^ and 4y are periods, for 
m-\-n is even if m and n are both even: the function w{l) is doubly 
periodic. But 4j3 and 4y can not constitute a primitive pair of periods, 
for since m-\-n even if m and n are equal, *71 implies that 2j8-|“2y 
is a period, and the parallelogram (2j8-|-2y, 4j8) has only half the area 
of the parallelogram (4jS, 4y). Since the integral a satisfies 

6*74 a+jS+y == 0, 

we can replace *71 by 

6*75 w{2ha-[-4:k^-\- 1) — tv{l) 

with no restrictions on the integers h, k, and since from *73 this formula 
gives all the values of LI such that = '^{J) for every value of 

7, it follows that the pair of periods 2a, 4^ is primitive. Equally 2a, 4y 
is a primitive pair, and, incorporating the definitions of a, p, y as 
integrals, we have the theorem that 

6*76. The function w{I) is a doubly j)eriodic function, of which values 
of 27(0), 47(6), 47(c) are jieriods; with suitable restrictions on the paths 
determining the integrals, the first of these jjeriods constitutes with either 
of the others a primitive jmir. 

If m-\-n is odd, m^-\-ny has the form h(x-\-{2k-\-l)^', we can therefore 
express *73 in the alternative form 

6*77. The aggregate of values of J satisfying the equation w{J) ^ w{I) 
consists of the numbers congruent with I and the numbers congruent with 
2j8— 7, to moduli 2a and 4^. 

In general the congruences to which 7 and 2j8--7 belong are distinct, 
but they coincide if w has either of the four values ±6, J-c, when 7 is 
congruent with one of the four corresponding values :^y. 

Neither 0 nor oo, as a value of w, creates an exception to *77. If 
w is 0, one value of 7 is a, and the general value of 7 is the sum of odd 
multiples of j8 and y. If w is co, one value of 7 is 0, and the general 
value of 7 is the sum of even multiples of p and y; in fact the values 
of 7 for which w is co are precisely the values of those integrals whose 
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paths begin and end at infinity with which this chapter has been pre- 
dominantly occupied. 


6-8. A genuine doubly periodic function can not be built on two 
periods if the ratio of one period to the other is real. We can hardly 
doubt that for arbitrary complex values of b and c, the ratio of one of 
the integrals ^8, y to the other is in general complex, and on investiga- 
tion we are able to dispose of the possibility of exceptional cases, within 
the conditions imposed on h and c. 

We take for the paths of integration the prolongations of the radii 
from the origin to c; the case in which bjc is real is therefore reserved 
for subsequent examination. We make the substitution 

•801 W, 

and we have 




dW 

-b'^YCw- 


dW 


where the paths of integration are again the prolongations of radii from 
the origin. Since for the present purpose a change of sign throughout 
is immaterial, we need not attempt to specify the radical, but the 
integrand is of course (continuous along each path. 

In general the half-lines in the W plane from the origin through the 



Fig. 27. 


points 6^, are the two arms of a simple angle whose measure is 
between 0 and tt. For definiteness we suppose that rotation through 
this angle from 06^ to Oc^ is positive; interchange of the symbols 6^, 
does not affect the conclusion of the argument. We denote by 2ja, 2v 
the angles of the complex numbers 6^, which are positive and less 
than then 2{v—yi) is the angle of the sector determined, in the most 



124 


JACOBIAN ELLIPTIC FUNCTIONS 


elementary sense, by the half-lines along which the paths of integration 
lie. In the extreme case in which b^jc^ is real and negative, 2(v— /x) = tt; 
this case can be admitted. 

On the first path of integration, dW lAj{W(W—b^)} is everywhere real, 
and the possible angles of the element of the integral at any point are 
the angles of the complex number At any point on the 

path, W—c^ has an angle not less than 2v— tt, the angle of the step 
from to the origin, and not greater than 2/x, the angle of the step 
from to the point at infinity on the path. Hence and 

the element of the integral, can be taken to have an angle not greater 
than — (i/— I tt) and not less than — /x. 

On the second path of integration, dW l^{W(W —c^)} is everywhere 
real, W—b^ has an angle not less than 2v and not greater than 2/x+7r, 
and ll^(W—b^),yind the element of the integral, can be taken to have 
an angle not greater than —v and not less than — (/x+^tt). 

We appeal now to a simple lemmaf : 

6*82. If at every point of a path of integration the element of integral 
{z) dz has its angle within an assigned range, then the angle of the 
integral J f{z) dz also is within that range. 

From this it follows that the angle of one of the complex numbers ijS 
is in the range from — /x to and the angle of one of the com- 

plex numbers is in the range from — (/x-[-|7r) to —v. Since 

—■{fJi+iTT) ^ —V < —/X < — (i/— I tt) < — (/x+i7r) + 7r, 

these ranges do not overlap and they are on the same side of one 
diameter; in other words, no angle which belongs to one of them either 
belongs to the other or differs by tt from an angle belonging to the 
other: 

6-83. If the ratio of b to c is not real, and if the critical paths radiate 
from the origin, the ratio of ^ to y is not real. 

If 2(v— /x) = TT, that is, if the ratio of 6^ to is real and negative, 
one integral has the angle —v and the other has the angle —/x, and 
these, in this case, differ by 

6*84. If the ratio of b to c is purely imaginary, so also is the ratio of 
jS to y, if the critical paths radiate from the origin. 

If the ratio of 6 to c is real, let |6| > \c\. The prolongation of the 

f With the transformation w = /(z), this is merely the theorem that if every tangent 
to an arc has its direction within a given angular range, the chord of the arc also has a 
direction within that range, an immediate corollary to the theorem that there is a tangent 
parallel to the chord. 
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radius from the origin in the w plane to c passes through b or —b and 
can not be used as a critical path. But this prolongation indented at 
the point which must be avoided is reconcilable with a half-line from 
c to 00 , and in this form it can be used for the evaluation of a quarter- 
period y : the indent is needed only to connect the radical on one side 
of the branchpoint with the radical on the other side. In the W plane, 
the ratio of b^ to is real and positive. The path of integration for 
2y is the prolonged radius from c^, and ± 2y is the sum of an integral 
from to 6^ and an integral from 6^ to oo. The second of these 
integrals is to the first, which has therefore one of the four 

values ±2y^2)3, is applicable the argument which establishes *84, 
and the ratio of either y— or y+j8 to is a purely imaginary number 
which can not vanish: 

6*85. If bjc is a real number numerically greater than unity, and if the 
critical paths are rectilinear, then y/^ is a complex number whose real part 
is 1 or — 1 and whose imaginary part is not zero. 

The steps y+j3, y— jS are steps in the lattice built on ^ and y, and 
therefore this lattice does contain steps at right angles to P; the differ- 
ence between this case and that of ‘84 is that y is not itself one of 
these steps. 

Since -85 deals with the only case omitted from *83, the conclusion 
of -83 is general with respect to the values of b and c. Also we can 
remove the restriction on the paths. By *61, the general values of the 
integrals 1(b), 1(c) are given in terms of particular values j8, y by 

1(b) = (2m^+l)P+2n^y, 1(c) 2 m 2 ^+( 2 n 2 +l)y. 

Since the ratios (2mi-fl)/2m2, 2nJ(2n2-\-l) can not be identical, a real 
ratio of any value of 1(b) to any value of 1(c) would imply a real ratio 
of jS to y. Hence 

6*86. If b^, c^ are different and neither of them is zero, the ratio of one 
of the integrals 

00 00 

r dw r dw 

J 62)^2- c2)}’ J 

b c 

to the other can not be purely real, whatever the paths of integration. 
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THE UBIQUITY OF THE FUNCTION INVERSE TO 
AN ELLIPTIC INTEGRAL 

7*1. The sense in which the function w{I) has been shown to be doubly 
periodic is as follows: If is a value of w associated with a value 
of /, then is associated also with every value of I that is of the 
form This does not imply that there are not other values 

of w associated with the same set of values of /, or that there are not 
values of I with which no value of w is associated; in other words, the 
property of double periodicity may belong to a manyvalued function 
or to a lacunary function, and indeed it must belong to any function 
that is an algebraic function or a lacunary function of an elliptic func- 
tion, For example, if w'^ — pz, the three values of iv associated with 
a value Zq of z are all associated also with every value of 2 ; that is of 
the form ZQ-\-2m(jJi-\-2noj2- Similarly, for the function defined by the 
expansion 

•101 w = \-]-pz-\-p'^z-{~p^z-\-p^z-\-..., 

if the value is assumed by w when 2 : has the value the same 
value Wq is assumed when 2 : has any value congruent with Zq, but in 
this example w has no meaning unless \pz\ < 1, and since there are 
no values which pz does not take, it follows that there are values of 
z for which w does not exist. The function defined by = pz and 
the function defined by the expansion *101 are doubly periodic func- 
tions of z in precisely the sense in which the function w{I) has been 
shown to be a doubly x>^^riodic function of /, but they are not ellix)tic 
functions. An elliptic function is reejuired to be single valued, and to 
have no singularities other than poles except at infinity. These con- 
ditions are not mere simj^lifications adopted in a first aj)j)roach to the 
subject only to be abandoned if they become irksome; they are essential 
to the arguments that depend on integration round the perimeter of 
a period parallelogram, and the whole general theory presupposes them 
in one way or another. 

To suppose that every value of / is possible as an argument of the 
function w(I) is to suppose that to a value of I given arbitrarily must 
correspond at least one path to infinity along which the integral of 
Ij^Riw) has the given value. To suppose that i/; as a function of / is 
singlevalued is to suppose that integrals to infinity from different points 
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of the w plane can in no case be equal. We have only to state the 
assumptions in this explicit language to know that nothing that we 
have yet said has any bearing on either of them. 

Taken literally, the question whether integrals from different points 
of the w plane can be equal is not a local question: the whole plane, 
not only the immediate neighbourhood of one point, is involved. We 
recall however that in constructing the function i]z we did take into 
account that a singlevalued function was required, and that in that 
case we secured the result by conditions each of which was purely 
local: we could see that a branchpoint must be either a zero or an 
infinity, and by direct inspection of the zeros and infinities of the 
function we proved that there could be no branchpoints; we concluded 
that the function was singlevalued. The inference seems immediate, 
but there is a tacit assumption, which it would have been pedantic 
to emphasize then, that if a function has branches it has branch- 
points. 

Let us analyse this assumption. If a function of 2; is not a single- 
valued function or a formal aggregate of a number of distinct single- 
valued functions, there is some simple closed circuit F in the z plane 
with the property that if the point z describes the circuit and w varies 
continuously, nevertheless the value of w after description of the circuit 
may be different from the starting value. To reduce this characteristic 
of the function to the local property that there is some point t such 
that the function is not singlevalued within a circle drawn round t as 
centre, however small the circle may be, we may talk naively of con- 
tracting the circuit F, or we may apply the Heine-Borel theoremf to 
a reticulation, but however it is conducted the argument breaks down 
if the region in which it is applied is not simply connected, that is, if 
the mutating circuit surrounds points at which the function is not 
defined. The function f j 2; is defined from the beginning for every finite 
value of z, and is proved to be singlevalued as soon as it is proved to 
have no branchpoints. To search the 1 plane for branchpoints of the 


f Briefly, the argument is as follows. If there are circuits that are not conservative 
for the function, we can associate with a variable point P of the z plane the largest circle 
with P as centre which does not surround such a circuit. The radius of this circle is a 
continuous function of the position of jP, and in any closed region this function attains 
its lower bound. If the lower bound is zero, a point where the bound is attained is a 
point in whose immediate neighbourhood a passage can be made from one branch to 
some other. If the lower bound is not zero, the closed region can be covered by a finite 
number of overlapping circles no one of which contains a mutating circuit ; if the region 
is simply connected it then follows that the region as a whole does not contain such a 
circuit, but this concluding step can not be taken if there is multiple connectivity. 
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function w{I) is premature until we know whether the function exists 
throughout the whole plane. 

As we shall see, to discuss the relation between w and I near a value 
of I which the integral is known to take is a simple matter. The diffi- 
culty in discussing a value of / which the integral is not known to take 
is that we do not even know how to connect that value by any expan- 
sions with a value which the integral does take. While this is true in 
general, there must be at least one point in the I plane where the 
difficulty does not arise. For the points of the I plane which are values 
of the integral I{w) compose an aggregate A. If there are finite values 
that the integral can not take, the aggregate A does not cover the 
whole plane, and there is at least one accessible boundary point to this 
aggregate; that is, either there is at least one accessible point which 
does not belong to A but is a limit of members of A, or there is at least 
one accessible member of A which is a limit of points that do not belong 
to A. As far as logical classification can tell us, there may be any 
number of points of each kind, but unless there is one point of one 
kind or the other there can be no finite values impossible for I{w). 

We proceed to investigate the alternatives, and we consider first the 
neighbourhood of a member of A, because results obtained by working 
outwards from a known centre are needed in the subsequent more 
difficult discussion. 

7*2. Assuming the relation 

'-Ivt.' 

we are to consider the neighbourhood of or rather, to consider 
together the neighbourhoods of and in their two planes. 

The definition of I as an integral implies the existence of dljdw, and 
therefore implies the analytic character of the branch of I{w) involved, 
near any point at which w, /, and the integrand are all finite, and 
implies also the analytic character of the corresponding branch of w as 
a function of I unless the integrand dijdw is zero. In detail, there is a 
number a such that if \w—w^\ < o the relevant branch of ll^/R{w) is 
expansible in a series 

kQ+k^(w--w^)+k2(w—w^)^+,.., 

and if I is the integral along a path which comes from w to inside 
the circle \w—w^\ < a and then follows the path of we have 
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Unless Icq = 0, this expansion is reversible in the form 
•203 w—w^ = Ai(/— 7^)+A2(^~4)^+A3(^— 

valid for sufficiently small values of \I—I^\, 

That is, there is a number p, not zero, such that if I is any number 
satisfying the inequality \I — /,^| < p, the expansion in -203 is con- 
vergent and determines a value w for which \w—w^\ < a; for this 
value of the integral to oo has the value I if the path of integration 
is the path ww^ oo. 

7*21. In general, if there is a number p such that if 

< p, then there exists a point w such that I is a value of I{w). 

We must examine the cases, of zero or infinite integrand, not covered 
by our proof of -21 to see if there are any exceptions, to the result. 

First, the integrand \j^R{w) is zero at only if is infinite, that 
is, if is the value of the integral along a path S which comes from 
and returns to infinity. This is the type of integral to which th^ greater 
part of the last chapter was devoted. If w is any point of S, one value 
of I{w) is the integral from w along S, and one value of /(w^) is 
the integral to w along S, Since S comes from infinity, there is a point 
V oi 8 before which every point of 8 is outside the circle 

\w\ = max( 16 |,lcl), 

and in the notation of 6*3 the integrand along 8 from oo to v is one 
of the two functions -^A{w), Thus for any point iv of 8 before v, we 
have I(w) — /, where 

V) \ I a a \ 

■204 W= ±|^W<*«’ = t4> + 3^.+S3+-)- 

00 

For sufficiently small values of / — this expansion is reversible in 
the form 

.205 - = 

W 

which is further equivalent to 

•206 — -ii j j 

From this expansion we can argue as from -203. For any sufficiently 
small value of I—I^, the expansion gives a definite value of w, and 
we can secure the condition \w\ > max(|6|, |c|) by a reduction if neces- 
sary of the limit imposed on 17 — 7,,,1. Then it follows that for this 

4767 S 
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value of w, given by *206, the integral I{w) has the value I if the path 
of integration lies along S. That is to say, the case in which = oo 
is no exception to *21. 

Incidentally, since the upper sign or the lower must be taken in *204 
according as passage along S restores or reverses the integrand at in- 
finity, that is, according as the form of is 2Aa:4-4jfcj3 or 2Aa+(4ifc-f 2)j8, 
we have proved that 

7*22. The infinities of the function w{I) are simple poles; those con- 
gruent with the origin have residue 1 and those not congruent with the 
origin have residue —1. 

Next, the integrand \j^R(w) is infinite at w^ if w^ has one of the 
critical values ±6, ±c. We have already seen that the integral remains 
finite if the path starts actually from the critical point; the value of 
the integral is of the form mjS-f-ny, with m odd and n even at and 
with m even and n odd at ±c. Writing 

w — b ~ t^, 

we have R{w) = t^2b+t^){{b^—c‘^)+2bt^-\-t^}, 

and since b{b^—c^) 0 , l/'^R{w) is expansible for sufficiently small 

values of ^ in the form 


where kQ ^ 0; more generally, this is the form of l/y/R{w) near any 
critical point w^,, if t denotes either value of ^J(w~w^). Since dwjdt = 2t, 
integration gives 

w 

w. 

if the path of integration remains inside the circle \w—Wj^\ = where 
8 is the radius of convergence of the series kQ+kj^t^+k 2 t*+... . If then 
the path of integration to oo from a point w inside this circle consists 
of a path to w^ inside the circle followed by the path which provides 
the value the value I of I(w) is given by 

*207 I = -^t{2kQ'^^k^t^-{-\k2t^-\- 

implying a reversal 


.208 t = 

and therefore an expansion 

•209 W-W^ = (/-/*%o+sr,(/_/J2+gr2(/-/J4+...}. 
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As before, any value of I sufficiently near to is a value for which 
a point w and a path of integration exist: the case in which 

is a branchpoint is no exception to *21. 

We have dealt with the only possible cases: there are no exceptions 
to *21, and we can assert that 

•210. Any finite value which the integral I{w) assumes is completely 
embedded in values which it assumes, 

or in other words that 

7*23. A finite value taken by the integral I(w) can not be a limit of 
values which the integral does not take. 

In the language of *1, we have disposed of one alternative regarding 
boundary points of the aggregate A. 

7*3. From the formulae *202, *204, *207 used to establish *23, it 
followsf that 

7*31. If is a value of the integral I{w^), then is a limit of values 
of I{w) as w tends to w^. 

What we have now to prove is the converse theorem, that if «7 is a 
limit of values that I(w) can take, then there is some value w^ of w 
such that J is a value of I(w^), The proof is simple in principle, but 
in detail complications arise because I{w) is not a singlevalued function 
of w, and w(I) must not be assumed to be a singlevalued function of I, 

We first show that we can, in effect, treat l{w) as single valued: we 
can surround J by a circle within which there can not be two distinct 
values of I associated with the same value of w. The evidence is 
naturally to be drawn from the conclusions in 6*77 regarding the 
multiplicity of values of I, 

If / is at a distance less than p from J, then 2mcx+4nj3+/ is at 
a distance less than p from 2ma+ 471)8+*/, and 277ia+(4n+2)j3— I is 
at a distance less than p from 277ia+(4n+2)j8— J. Let us surround 
each point of the form 2moL-\-4nP+J and each point of the form 
27/ia+(47i+2)j3— J by a circle of radius p. Then if one value of I is 
inside the circle round J, there can not be a second value of I inside 
the same circle unless this circle is overlapped by one of the other 
circles, and we ask if p can be chosen small enough to make overlapping 
impossible. 

Since, as we have proved in 6*8, the ratio of j8 to y is not real, the 
points 2771a +471)3 form an undegenerate lattice. A distance between 
t The reader will notice that *31 is not a corollary of *23. 
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one point of the form 2m(x-{-4np-\-J and another, or between one point 
of the form 2ma-\-(4:n-\-2)P—J and another, is the same as a distance 
between two points of this lattice, and is at least as large as the smaller 
of the perpendicular distances between opposite sides of the period 
parallelogram 2a:, 4j8; this distance has therefore a minimum value 
which is not zero. 

Again, since 

{2mia4-4nij3+J}— {2m2a+(4M2+2)j8— .7} 

= 2(mi— m2)a+4(ni— W2)i3— 2(^— J), 

identically, a distance between a point of the form and 

a point of the form 2ma+(4n+2)j3— / is the same as a distance between 
the point 2(j3— J) and a lattice point. As we have just seen, the mini- 
mum distance between two lattice points is not zero; hence the aggre- 
gate of lattice points can not have 2{^—J) for a limiting point, and 
either 2(j3— J) is an actual lattice point, or the distances from 2(j8— J) 
to lattice points, that is, the distances between points of the form 
2ma-\-4tn^-\-J and points of the form 2ma-f (4n-|-2)j8— J, have a mini- 
mum value §2 which is not zero. 

If 2(j8— J) is the lattice point 2ma-f 4/1^8, then J — — ma~(27i— 1)^8; 
if m is even, J is congruent either with j8 or with — j8 and is a value 
either of I{b) or of I{—b)\ if m is odd, J is congruent either with y or 
with — y and is a value either of /(c) or of /(— c). Thus if 2{p—J) is 
a lattice point, J is known already to have the form I{w^), and further 
argument to this end is unnecessary. 

Setting aside the case in which 2(j8— J) is a lattice point, we have 
a distance min(8i,82), not zero, which is the least distance between 
two points each of which has one of the two forms 2ma+47ij3+J, 
2ma+(4^+2)j8— /, and therefore if every point of each form is the 
centre of a circular region of radius |min(8i,82), no two of these 
regions overlap, and if, for a given value of w, there is a value of 
I{w) inside one of these circles,' then, for that value of w, there is 
one and only one value of I(w) inside each circle. 

We can now suppose the point J, which is a limit of values taken 
by I{w) as w varies, to be the centre of a circle within which there is 
at most one value of l(w) corresponding to any one value of w. The 
radius fx of this circle is not zero, and in dealing with / as a limiting 
point we may ignore altogether points outside the circle. 

Let p be any radius between 0 and fx, and denote by P(p) the interior 
of the circular region with centre J and radius p. Inside the region 
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P{p) there is an infinity of values that I{w) can take, since J is a limit 
of these values; since one value of w can not be the source of more 
than one value of I{w) inside P(p), the values of w which give values 
of I{w) inside P{p) form a set W{p) which also contains an infinity of 
members, and therefore has at least one limiting point. That is, the 
limiting points of the set W(p) compose a set D{p) with at least one 
member, which may be the point at infinity in the w plane. Now if 
0 < o- < p, the circular region P(a) forms part of the circular region 
P(p), and the sets W{o), D{a) therefore form partsf of the sets W(p), 
D(p); also the set D{p) is closed, since the w plane is completed by the 
point at infinity. The collection of sets D(p), for all values of p in the 
open interval 0 < p < p,, determines a set 11 composed of the values 
of w that belong to every member of this collection, and because the 
individual sets are closed and the collection is a nest, the set 11 is not 
empty*! but has at least one member. Let be a member of 11 and 
therefore a limiting point of W(p). By *31, any value of I(w^) is a limit 
of values of I{w) for values of iv belonging to W{p), and therefore each 
circle of radius p round a point of one of the forms 2ma+ 47^)8+ J, 
2ma+(47i+2)^— -J includes, possibly on its circumference, one and only 
one of the values of I(w^), That is, if 0<p< IX, there is one and 
only one value of I(w^) in or upon the circle round J with radius p. 
But and the values of I(W;^) are independent of p ; the value of 
I{W:^) belongs therefore to the only point which is common to all the 
circles, namely, the centre J itself. 

7*32. If J is a finite limit of values tvhich I{w) can take, then J is 
itself a value which I(w) can take. 

Or, in the form of the enunciation of -23, 

7*33. A finite value which the integral I{iv) does not take can not be 
a limit of values which the integral does take. 

An alternative method of reaching the conclusion *33 will seem simpler; 
logically it is less satisfactory, since the controversial multiplicative axiom is 
assumed. 

Since J is a limit of values that I(w) can take inside the circle round J with 
radius p, we can select from these values a sequence /j, /g,... of which J is the 
only limit. These values belong to arguments Wy, and since one value of 

t Perhaps the whole, as far as we know at present, but this is immaterial. 

X If the collection was formed for values of p in an interval A < p < closed at the 
lower end, the set IT;^ of common members would be simply U(A), and the fact that D{p) 
is closed would be irrelevant. But since our whole object is to find a set ITo and p can not 
actually be 0, it is essential to have an argument whicli allows the interval of values of p 
to be open. 
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w can not account for more than one of the values of /, the sequence 
consists of an infinite number of distinct terms and has at least one limit, finite 
or infinite. If is a limit of the sequence there is a subsequence 

whcre < ...» of which is the only limit. By *31, if /| is 

a value of l(w^), then if is a limit of values of ), ) Since every 

value of each of the integrals I{w^ ), I(w^ ),... is in some circle with radius fi 
round a point of one of the forms 2ma+4nj8+ J, 2ma+(4n+2)jS— *7, the limiting 
point /f is in or upon one of these circles, and therefore each of the circles con- 
tains one and only one value of In particular, there is one value of 

in or upon the circle round <7, and this value is a limit of the values , 
of which are inside the same circle. But 7^^, are 

terms of the sequence A. 4... which by hypothesis has only the one limit e7. 
Hence 7,, coincides with J, that is, J is identified with a value of 

Essentially what is done in the earlier proof of *33 is to transform this argument 
into a form in which picked sequences are not invoked, without losing the thread 
which runs so clearly through the unsophisticated version. 

7*4. The combination of the two results -23, *33 is the theorem that 

*401. There exists no boundary to the aggregate of values taken by the 
integral I(w) if the range of w is unrestricted. 

This implies that these values cover the whole of the I plane: 

7*41. There is no finite value which the integral I(w) does not take for 
some value y finite or infinite, of the lower limit w. 

In other words, with the convention that a function exists at a point 
where its value is unequivocally infinite as well as at a point where it 
has a finite value, 

7*42. The function w{I) exists for every finite value of /. 

It follows now that the discussion in *2 of the character of w(I) in 
the neighbourhood of a point determined by an arbitrary value of w 
was also a discussion of the function in the neighbourhood of an 
arbitrary value of I, and from an inspection of the three types of 
expansion *203, *206, *209, we see that 

7*43. The only accessible singularities of the function w{I) are simple 
poles with residue 1 or —1. 

In particular, w{I) has no branchpoints, and therefore 

7*44. The function w(I) is either a singlevalued function or an aggregate 
of distinct singlevalued functions. 

The second alternative recognized in this theorem will be under- 
stood from the example of such simple relations as = Ijz^ and 
w^ = csc^a:— 1. In each of these relations w, regarded as a function of 
z, satisfies the conditions of both *42 and *43, and it is only our previous 
acquaintance with the functions that enables us to see at once that the 
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one function is the combination of the two distinct functions Ijz, —Ijz 
and the other the combination of the two distinct functions cot 2 , 
—cot 2 :. 


7*6. For the last step in determining the character of w(I) we replace 
the integral relation defining I(w) by the differential equation 

•501 {dwjdlY = 

The argument is a repetition of that used in 5*1 and 5*3. Substituting 

w = lly, we have 

•502 (dy/dl)^ - 

whence 

•503 d^yjdP = -{b^+c^)y+2bhY- 

In ^502, y = 0 implies dyjdl = 1 or dyjdl = — 1, and there is one and 
only one solution of *503 for which initially j/ == 0, dyjdl = 1, that is, 
one and only one solution expansible near / = 0 in the form 
•504 y= I{l+b^I+b^P+„,). 

Hence there is one and only one solution of • 501 expansible near 7 = 0 
in the form 

•505 I/; = • 

That is to say, near the origin w{I) is one singlevalued function, whence 
from *44 


7-51. The function w{I) is singlevalued throughout the I plane, except 
possibly at infinity, 

implying with ^43 the fundamental theorem to which we have been 
working: 

7*52. The function w{I) obtained by inverting the integral relation 


7 = 


j 


dw 

^{(w^-b^)(w^-c^)y 


in which the radical is asymptotic to towards infinity along the path 
of integration, is a meromorphic function. 


7-6. In 5-1, the identification of the function fjz with a particular 
solution of the differential equation 
•601 (dwjdz)^ = (w^—fl){w^—U) 

over the whole z plane was made without comment, and it is worth 
while to remark on the difference between •OOl and ^501 in respect of 
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the use that can be made of a particular solution selected at the origin. 
The solution of *501 is not niecessarily confined to the circle of con- 
vergence of the series which constitutes the regular 

part of the Laurent expansion *505. If p is any point inside this circle, 
the expansion 

+ <^o+Ci{?>+ (^-i>)}+C2{2>+ {I-p)Y + . . . 

can be rearranged as a power series in I—p, and the function repre- 
sented by *505 can be continued analytically from the new series; thus 
continued, the function nowhere ceases to satisfy the differential equa- 
tion *501. The function exists at a point if there isf a curve D 
joining p to with a finite sequence of overlapping circles such that 
each point of D lies inside at least one of the circles, that the centre 
of each circle is inside the preceding circle, and that each circle is the 
circle of convergence of the Taylor series constructed at its centre from 
the function defined in its predecessor. Whether such a curve and such 
a sequence of circles exist for a specified point depends ultimately 
on the sequence of coefficients Cg, c^, Cg,..., and in this sense the domain 
of existence of the function w(I) is undoubtedly determined theoreti- 
cally by the constants 6^, c^. From this point of view the extent of 
the domain is a subject for investigation, and the proper assumption 
to make is that it is only if the constants 6^, satisfy some set of 
conditions at first unknown that the domain of existence of the function 
as a meromorphic function extends over the whole plane, except per- 
haps at infinity. 

In the case of the equation *601, we make no effort to continue the 
solution analytically. The solution being identified with a known func- 
tion f j z, the expansion obtained by rearrangement from 

where the coefficients depend on /^, in precisely the same way as the 
coefficients in *602 on 6, c, is the expansion of f j(^+^) a power series 
in A, and any continuation of f j z from the centre p is equally a con- 
tinuation from the series *603. Knowing that can be continued to 
any point that does not belong to its lattice of poles, we infer that 
whatever conditions are necessary for the continuation of *603 must in 

t This is the classical form of continuation. For a meromorphic function, continuation 
by means of overlapping Laurent circles is more efficient, and no more difficult to justify 
theoretically. 
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fact be satisfied. In other words, if there are any conditions which 6, c 
must satisfy in order that a solution of the pair of equations f^ = b,fj^ = c 
should exists these conditions certainly include conditions sufficient to 
ensure that the domain covered by the continuation of the series *602 is the 
whole plane with the exception of the points forming a single lattice. This 
result helps us not at all in the determination of the domain of existence 
of the continuation of -505 for arbitrary values of b and c. 

There is however a method, altogether different from that of analytic 
continuation, due in principle to Weierstrass and applied in detail by 
Goursatf, for dealing with the inversion problem by extending the region 
of existence of w{I) as a meromorphic solution of the differentia] 
equation 

•604 (dwjdl)^ = {w^^ — b'^){w'^ — c^). 

We know that ifw(I) is an elliptic function, then w{I-\-J) is expressible 
rationally in terms of w{l), w{J) and their derivatives, and in particular 
w{2l) is expressible rationally in terms of w{I) and w\I). A rational 
function of two meromorphic functions is itself meromorphic. If then 
we can calculate w{l) as a meromorphic function of I throughout a 
region |/| < p, we can calculate w{21) as a meromorphic function 
throughout the same region, that is, we can extend the calculation of 
w{I) to the larger region |/| < 2p, and it follows that there can be no 
maximum to p. We propose therefore to use the following lemma: 

7*61. If the function w(l) exists as a meromorphic function throughout 
some circle round the origin, and if w{21) can be expressed rationally in 
terms of w{I) and w'{I), then w{I) exists as a meromorphic function 
throughout the whole plane, the point at infinity perhaps excepted. 

If w{I) is the solution of *604 for which 
•605 

near the origin, the first condition in -61 is satisfied, as we have proved 
in *505. For the second condition, we are not at liberty simply to quote 
an addition theorem for fj^: or a formula for fj 22 ;; whatever formulae 
we need we must establish from the definition of w{I) in terms of the 
differential equation. We can however say that because, from 4-44, 

fj2z = (/l/g— ffz)/2fizfj'z, 

it follows that ifw(I) is f j I, then w{21) must be {b^c'^—w^(I)]l2w(l)w'{I ) ; 

t Coura d' Analyse MatMmatique (Ist ed., 1905) II, 506. The notation and the 
details of the analysis are adapted to our own treatment. Goursat deals with the 
Jacobian function snw. 

4767 
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the glance forwardf does its work in suggesting a formula for veri- 
fication. 

Suppressing the argument I throughout, we accept for examination 
the function W defined by the formula 


•606 


2iow' 


where w satisfies the differential equation ‘604 and the initial condition 
•605. Writing also 

•607 T ^^(b^+c^)+wi 

ur 

we have 

■608 T' = = -mT. 

\ur I 

On the other hand, since *606 can be written 

2w'W 

= -Y— 

w 

we have from *607 




that is, 2 = T+2(62+c2) + , 

whence 

•609 4.{W^-b^)T = {T-(62-c2)}2, 4.{W^-c^)T ^ [T-^{b^--c^)Y 


and also, from -608, 
that is. 


2W 




( 62 -c 2 ) 2 \ 

j,2 j> 


•610 2W'T = -{T2-(62_c2)2}. 

From *609, •OlO, 

W'^ == 4.{W^^b^){W^-c% 

so that if J = 21, then 


•611 {dWjdJf = (If2_62)(|^2_c2). 

Also, near / = 0, from -605, W ~ 1/27, that is, near J = 0, 
•612 W{J) ^ i/j. 


f Historically, addition theorems were discovered in the form of relations between 
integrals before the integrals were inverted. 
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Hence W, as a function of J, satisfies precisely the conditions which 
define as a function of I. That is to say, 

Wil) = w(21), 

and the second condition in -61 is satisfied as well as the first: 

7*62. The solution of the equation 

(dwjdl)^ = {w^—b^)(w^—c^) 

which resembles 1// near J = 0 exists as a meromorphic function through- 
out the whole I plane, except perhaps at infinity. 

It will not be disputed that the deduction from *61 is simpler than 
the series of proofs in -S-'S. On the other hand, while the earlier pro- 
positions depend on general principles that can be expected to have 
applications elsewhere, the later proof depends on the exact form of the 
differential equation, on a formula that is peculiar to this equation and 
not to be discovered without some trouble, and on a lemma of which the 
range of usefulness is necessarily limited, since addition theorems are 


rare. 



VIII 


THE SOLUTION OF THE PROBLEM OF INVERSION 


8*1. The characterization of the function w{I) inverse to the integral 
I{w) is now complete. By 7*52 the function is meromorphic except at 
infinity, and by 6-76 it has two periods whose ratio, by 6*86, is not 
real. By 7*22 the poles are simple, and by 6*55 and 6*76 there are only 
two poles in a primitive parallelogram. Hence 


8*11. The function w{l) is an elliptic function of the second order with 
distinct simple poles. 

Once known to be an elliptic function, w{I) is readily identified by 
its structure. By 6-55 the poles form the lattice built on 2j3 and 2-)/, 
and since 2ol is a period, a is a step from a pole to a zero, and therefore, 
the origin being a pole, a and —a are zeros. 

8*12. If and c^ are unequal and neither of them is zero, and if 


00 


dw 

— b^) (w^ — )} 


where the radical resembles w’^ towards infinity along the path of integra- 
tion, then o \ 


where oc, j8, y are appropriate values of 1(0), 1(b), 1(c) connected by the 
relation a+j3+y = 0. 

In particular. 


•101-102 b - c - fj(y;-^-<y,^,y). 

But this pair of formulae is a corollary of *12, not, as it might be if the 
formulae were proved independently, the foundation of the theorem. 


8-2. The restrictions imposed in 6-3 on the paths B, G from b, c to 
CO, the paths by which j8, y are defined, had the sole purpose of clearing 
the ground for the subsequent discussion. It is easy to see that they 
do not render the integrals y determinate: without infringing the 
restrictions, we can change the paths in such a way as to change the 
integrals also. For example, without altering the path B we may 
replace U by a path such that C and together form a simple loop 
impeded by B. The integral along C^, which then replaces y throughout 
the discussion, has the value 2)3 — y, which is necessarily different from 
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y, but the resultant function 3)8, j8, 2j3— y) is identical with 

fj(/;-^-y,)8,y). 



If are any two paths from 6, c to oo, the integrals along these 

paths are values of I{b), 1(c) and are given by 

•201 = (2mi+ 1)^+2% y, = 2m2^+(27i2+ l)y, 

where are whole numbers, not necessarily positive, and 

mg+ng are even. The function fj(/; is identical with 

fj(/; (x,)8,y) only if y^ is a primitive pair of quarterperiods of the 
latter function, that is, only if 

•202 (2mi+l)(2^2+l)“^^i^2 = ±1- 

It follows that some restrictions on the paths from 6, c are essential 
to the identification of z/;(/),with fj(/; a, j8, y). But the restrictions in 
6*3 are of no intrinsic significance. 

8*3. The definition of w(I) as a particular solution of the differential 
equation {dw/dl)^ = R{w) 

is almost equivalent to definition as the inverse of I(w). Since the 
Weierstrass-Goursat proof that the function is meromorphic avoids the 
topographical problems inseparable from the study of the integral I(w), 
it is of some interest to see how the double periodicity of the function 
can be established from the differential equation alone. 

Given a function /( 2 ), if we can express /(z+i^) iR terms of f(z), with 
functions of co playing a parametric part, we can easily see if any choice 
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of CO reduces /(z-j-co) identically to f(z). The periodicity of a function 
can therefore be verified immediately if an addition theorem is known. 

As we verified in 7*6 that w(I) satisfies the duplication formula of 
fjz, so we can verify that w(I) satisfies the addition formula 


•301 


w(I-i-J) — 


w(I)w'(J)—w(J)w'(l) 

w^IY-wHT) 


Write temporarily 


kw—hw' 


where h, k are constants and the argument I of the functions w,w\ W 
is understood. Since 


•302-303 
we have 


“ {kw' —hw''){w^—li^)--2ww\kw--hw') 

on substitution and reduction. Hence simultaneous interchange of h 
with w and of k with w' leaves W' unaltered. It follows that if 


•304 

then 

•305 


h = w{J), k = w'{J) 

dl “ dJ' 


whence, with A, k given by -304, W{I, J) is a function of 

Since I can be connected continuously with the origin, and since W ->h 
as / -> 0, the function <f){J) is w{J), that is, W{I,J) — and 

•301 is proved. 

Attention may be called to the part played by 7*62 in this argument. Without 
7*62 we reach the point that the function on the right-hand side of *301 is some 
function of but if I and J could belong to domains separated from the 

neighbourhood of the origin, a condition derived from some point in one of these 
domains would be necessary before this function oi I -\-J could be identified. 
It is for this reason that investigation of periodicity by means of the addition 
theorem could not be included in Chapter VI, where it would seem appropriate. 

It is a curious feature of the formal development of the theory from the 
differential equation that the duplication formula, or some other weakened form 
of the addition theorem, appears to be essential to the proof of the general 
theorem. 


Since w\I) is an irrational function of w(I)y the expression for 
w{I-\~J) can not reduce to w{I) for all values of I unless the term 
w(J)w'{I) disappears, on account of the value of J, either absolutely 
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or, as we shall see is possible, in comparison with w{l)w'{J), We have 
to consider the two possibilities, 

•306 (i) w{J) = 0 when J = oj, 

•307 (ii) w{J)lw'{J) -> 0 as «/ -> 8. 

Firstly, if w{a)) = 0, that is, if ca is a value of /(O), then from •302 

w'^(a}) — 6V 0, 

and we have from -301, 

•308 w{I-]-oj) — w'((o)lw(I), 

Hence co is not a period, but writing -308 in the form 

w{I)w(I-\-o)) — w'(a)) 

and replacing I by we have, since w(I-\-aj) is not identically zero, 

w{I-\-2a)) — w(I). 


8-31. If o) is any value of /(O), that is, is the integral of \|^IR{w) along 
any 'path from 0 to oo, the function w(I) is periodic in 2a> but not in oj. 

Secondly, to the condition ^307 we may add t(;(8) ^ 0, since we do 
not need to recapitulate the first case. But with this condition added, 
•307 requires 

•309 w'{J) -> 00 , 


implying, from the differential equation, w{J) 


•310 


w^{J) 


->1. 


Hence from *301, 
•311 

according as 
•312 


^(;(/+ 8 ) = ^w(I) 


r II 

hm = ±1. 

w\J) 


00 , and further 


Now from the duplication formula, in the form 


•313 


w(J) = 


^iv{^)wwy 


it follows that an infinity of at 8 is associated with three possibilities 
at ^8 ; we may have there (i) a zero of w, (ii) a zero of w\ or (iii) an 
infinity of w. 
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Differentiating ‘313 logarithmically we have 


•314 


2w'(J) 

w{J) 


and therefore, from -303, 


w' w" 
w w' 


w'{J) _ 4i/;W2 

w\J) (62^2—1^4)2 J2^2_^4 

the unwritten argument on the right of -314 and *315 being every- 
where ^J, and this formula gives us, in each of the three cases, the 
value of the limit required for applying *312 to *311. 

(i) If i^(^8) == 0, then = b^c^, and -315 gives 

w\J) 


as J -> 8; hence ^^;(/+8) = w(I). This is *31, reached from the other 
end. 


(ii) If = 0, then from *302 

2|^4(|8)~(62 + c2M|8) = -{62c2^||;4(18)}^ 


and from *315 


w'{J) 

w\J) 


“> 1 , 


whence 24 j(/-(-8) = —w{I)\ the condition = 0 implies that i^(|8) 

is ±6 or ±c: 


8*32. If ^8 is any value of I{b) or any value of I{c), then w{l) is 
periodic in 28 but not in 8. 

(iii) If w(\J) -> 00 as e/ -> 8, then w'%\J)jwWJ) -> 1, and therefore 


from *315, 


w\J) 

W%J) 


-> — 1 , 


implying t^;(/-f8) — w(I), This however is only a deduction from *31 
and *32 combined, since 8 is now of one of the forms 2’^/(0), ±2^/(6), 
± 2 ^/( 0 ), with n ^ 2. 

The cumulative argument establishes that 


8*33. Every period of the function w(I) is of one of the three forms 
2/(0), ±4/(6), ±4/(c), 

but does not indicate how a primitive pair of periods is to be found. 

The proof of periodicity from the differential equation possesses the doubtful 
merit of invoking the minimum of theoretical principles, neither the theory of 
aggregates nor the topography of paths being used. But the comment made in 6*6 
on 5*14 is again apt. Wlien we construct pz as a doubly infinite series, we are 
deliberately constructing a function that will bo doubly periodic. When wo have 
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investigated the effect of varying the path of the elliptic integral, we understand 
why the aggregate of values is a pair of doubly infinite congruences. But double 
periodicity emerges from the addition theorem as an inexplicable accident, and 
the addition theorem though easy to verify is hard to discover. And is not the 
use of the duplication formula in the proof of *32 ingenious enough to be pleasing 
but too ingenious to be satisfying ? 

8*4. The introduction of an elliptic function with simple poles has 
now been effected in two ways, radically different. If the sole purpose 
is to have such a function to study, there can be no doubt that it is 
simpler to construct the function by means of doubly infinite series 
than to invert an integral. But, as we have seen, the construction and 
the inversion do not really solve the same problem: one process is not 
an alternative to the other. The direct process discovers a function 
with assigned quarterperiods; in the inverse process the function is one 
for which given parameters play in the end the part of the critical 
values ff^. In the one case, /^, fj^ are implicitly determined from 
(U;,, in the other case, ojg, are implicitly determined from /^, 

It is important to remark that in each case the primary object is 
the function fjz itself; any evaluation of parameters associated with 
the function is incidental. As we have said, the determination of ojg, 
from fg, is not unique. This is not because the function fj;^ is not 
unique: the relation 

OO 

Ar.1 C 

J ^ 

w 

determines w as one definite elliptic function, not as one or other of 
a group of elliptic functions ; it is because the lattice to which the 
function fjz is attached can be constructed from any primitive pair 
of its periods. The points at which fjz has the values /^, or in other 
words the solutions of the two equations 

•402 fj(ilg,, (x)g ojg, cVf^) — fgy fj(Q;^, cx)g cDg, o) 
in Qg, are 

•403 Q.g = (2ml+i)^^7+(2w^l+4nl)ca^, 

= (4m2+2w2)cu^+{27i2+l)aj,,. 

This is therefore the solution of the pair of equations 
•404 fj(Q,; -£2,-Q„Q„Q,) = /„ fj(fl,; = A 

if the lattice built on is geometrically identical with the lattice 

built on ojg, ojf^, that is, if 

•405 (2mi+l)(2/2,2+l) — (2mi+4w.i)(4m2+2n2) = ibl- 

u 


4767 
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The significance of the sign in the last condition was investigated in 
the first section of the introduction. Applying 0-14 as a criterion to 
•403--405, we see that 

8‘41. The pairs of quarterperiods such that the function 

is identical with the function ii{z; —cx)g—wj^,cx)g,oj^) 
and that rotation from Qg to is in the same direction as rotation from 
cOg to are given by 

•41i Q.g — (2^1+ 1)^17+ 

= {^m^’\-^n^)o}g+(2n^+l)ojj,, 

with the condition 

• 4 I 2 (2mi+l)(2n2+l)— (2mi+4%)(4m2+2n2) == 1, 

the pairs such that the functions are identical and that rotation from 
to is in the opposite direction to rotation from Wg to cof^ are given by 
the same pair of formulae with the condition 

• 4 I 3 (2mi+l)(2n2+l)— (2mi4-4ni)(4m2+27i2) — 1 . 

It follows from the way in which the formulae have come into our 
work, and it can be verified immediately by elementary algebra, that 
the aggregate of pairs of numbers given by -411 with the condition *412 
can be constructed from any one of its members by precisely the same 
formulae subject to precisely the same condition. For this reason the 
aggregate is called automorphic, and because there is no ambiguity of 
sign in *412 the aggregate is said to be definite. The aggregate given 
by the same formulae with the less restrictive condition '405 also is 
automorphic: it too can be reconstructed from any one of its members 
with the same formulae and the same condition. The aggregate formed 
with the ambiguous sign is said to be extended from the definite 
aggregate. 

There are many types of automorphic aggregate, but since we are 
dealing with only one problem we shall not attempt a general definition. 
If the formulae *403 are understood, the aggregate can be said to be 
conditioned by *412 or -405. Alternatively we can speak of the definite 
aggregate and the extended aggregate generated by *403. 

Every pair of complex numbers belongs to one and only one definite 
automorphic aggregate with the generating relation -411, and to one 
and only one extended automorphic aggregate with the same generating 
relation. Each aggregate, though it has an infinity of members, is 
determined by any one of them. 

If the ratio of cjg to is real, cog and are real multiples of one 
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complex number ca, and every pair of numbers determined by formulae 
such as *403 is a pair of real multiples of co. Conversely therefore, if 
there is one member of the aggregate for which the ratio of to 
is not real, there are no members for which the ratio is real: either the 
aggregate degenerates completely, or it has no degenerate members. 
We are not concerned with degenerate automorphic aggregates. 

We must be on guard against supposing that because the condition 
•405 is resolved into the exclusive alternatives *412, - 413 , the extended 
automorphic aggregate is the sum of two aggregates of different kinds, 
a ‘positive’ aggregate conditioned by -412 and a ‘negative’ aggregate 
conditioned by * 413 . Geometrically, the mistake is clear enough: the 
aggregate of pairs of quarterperiods for which rotation from ojg to 
is in one direction is just the same kind of aggregate as that in which 
rotation is in the reverse direction. Analytically, the fallacy lies in 
overlooking that whereas *403 and *405, or -4:1^ and *412, define an 
aggregate in relation to one of its members, describing as we may say 
the internal structure of the aggregate, •41^ and *413 define an aggregate 
by a relation of its members to an external term: -413 is not satisfied 
if m^, mg, 712 are all zero, and a>^, do not constitute a member 
of the alleged ‘negative’ aggregate. As they stand, *411 and *413 give 
us no reason to suspect that the aggregate which they define is auto- 
morphic. To determine the internal structure of this aggregate, we 
must find the relation of the member to some member of the 

aggregate itself. Since *413 is satisfied by = 0, — 0, m 2 = 1, 

72-2 = fhe pair 2aj^—oj^ belongs to the aggregate conditioned 
by * 413 , and if we write 


dig = COg, di^ = 2(X)g—(0,, 

the generating formulae become 


(4m2+ 672-2+ — (2^2“!“ 

that is, 

= (2mi+l)a5^+(2mi+4ni)d>;„ Qj, = (4m2+2^2)^(7+(2^2+l)^2i» 


where 


rhi = 3mi+47ii, 


^2 = m2+ 2712+1, 

Reciprocally, 

m^ — 3mi+47ii, 
mg = mg+2wg+l, 


z= — 2mi“37ii, 
W2 = —72-2—1. 

= — 2mi— 3^1, 
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and therefore the condition that are integers is equivalent 

to the condition that are integers, and since identically 

= (2mi+l)+2(2mi+4Wi), = —(2m^-\-^n-^), 

4m2+2n2 = (4m2+2n2)+2(2n2+l), 27^2+l = —(2^2+1), 

the ‘negative’ condition 

(2mi+l)(2w2+l) — (2mi+4/ii)(4m2+2ri2) = —1 
becomes the ‘positive’ condition 

(2mi+l)(2n2+l) — (2mi+4ni)(4m2H-2^2) == 1- 

That is to say, the internal structure of the aggregate determined by *411 
and *413 is expressed by a condition of the form -412. The aggregate 
determined by *411 and *413 is a definite automorphic aggregate, definite 
in the same sense as the aggregate for which the positive sign is chosen 
from *405. The extended aggregate is composed of two mutually 
exclusive definite aggregates. 

The poles and zeros of iiz form in the z plane lattices which exist 
independently of the notation by which the function is studied, but 
the notation is governed to some extent by the uses to which it is to 
be put. To take the simplest example, neither iOg nor can be used 
as a symbol for a zero of f j z. If cOg and are to be replaced by another 
pair of quarterperiods without the meanings of fg and being changed, 
•403 and -405 give the conditions to be observed. 

8*42. If the function i]z is given, the pairs of quarterperiods cjg, 
with which it can be associated form an extended automorphic aggregate. 

The fundamental existence theorem of the inversion problem can 
now be put succinctly: 

8*43. If b^ and c^ are unequal and neither of them is zero, the pair of 
equations 

'43i_2 CO/,, Oig, CO/,) = h, f j(co/,; — co,,— co/,, Wg, co/,) = c 

is soluble, and the solutions compose a single extended automorphic 
aggregate. 

In '42 and *43 we recover in the automorphic aggregate the unique- 
ness which one pair of quarterperiods can not display. Of course it is 
always possible to secure verbal uniqueness in the solution of any 
problem by speaking of the aggregate of solutions rather than of an 
individual solution, and we need not even assume that the problem is 
soluble if we remember that logically an aggregate may have no mem- 
bers, but there is much more in *42 and -43 than a verbal trick: the 
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aggregate has been shown not to be nul, and its structure has been 
discovered. 

The significance in the analytical theory of the geometrical inter- 
pretation of the distinction between the two conditions -412, -413 was 
seen on p. 59: 

8*44. If the function i]z is given, the pairs of quarterperiods cjg, 
for which the signature of (— a>;^, co^, is -\-i compose a definite 
automorphic aggregate, and the pairs for which the signature is —i com- 
pose the complementary definite aggregate. 

That is to say, for every member of the first aggregate, 

•406 fg = ig,, = ihg, h, = if,,, 

and for every member of the second, 

•407 fa = -ig,, Qu = -ihg, h, = -if,,. 

The two definite aggregates of -44 together form the extended aggregate 
of -42. 

We have broken the aggregate defined by *403 and -405 into two 
halves by taking a definite sign in *405. There is another line along 
which we can divide this aggregate. Let us require the function denoted 
by g]z as well as the function denoted by {]z to be unaltered. Since 
gj and are to have the same value in every specification, their ratio 
is always the same, and is either i for all pairs of quarterperiods or —i 
for all pairs of quarterperiods. Hence the aggregate is necessarily 
definite. Also fj^, gj^, and the ratios hfjfj^, hgjgf^, have the same values 
for all pairs of quarterperiods. Hence hp hg are unaltered, and the 
third function hj z is unalteredf. 

8-45. If two of the three functions f]z, g]z, h]z are given, the third 
function is determinate, and the pairs of quarterperiods ojg, with which 
the set of functions can be associated compose a definite automorphic 
aggregate. 

The values of which satisfy the equation 

hj(a^; —a)g—wj„ojg,wj,) = hg 

are given by Qg = (4m+l)a>^+2na>,,, 

and therefore in *403 the number m^ is even if hj z is unaltered; because 
gj z also is unaltered, rig is even, and 

8*46. The aggregate of pairs of quarterperiods Wg, ojf^ such that the three 
functions fj(2;;f2), gj( 2 :;ti), hj( 2 :;Q) are identical with the three functions 

t More simply, if we introduce derivatives, hj z = — tj ^/gj z. 
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f]{z;oj), gi{z;oj), hj( 2 :;co) is the definite automorphic aggregate generated 
by the pair of relations 

= (4m'+l)a;^+47i'a>;^, = 4m"ojg+{4n"+l)ojf^ 

with the condition 

(4m'+l)(4ii"+l)— = 1. 

8*5. To modify -43 to concern one complex variable, not a pair of 
variables, we may write 

•501-503 ^ = T, = (k(r), ^ = k. 

iKw*;— c 

The pair of equations •43i_2 then replaced by the one equation 

•504 — h, 

and the pair of formulae *403 by a single formula 

.606 T ^ (2 mi+I)T+ (2mi+4ni)^ 

(4^2 + 2^2 )t -(- ( 27I2 + 1 ) 

By an automorphic aggregate we now mean an aggregate of values of 
one complex number. Examples of automorphic aggregates in one 
variable are the aggregates generated by -505 with coefficients subject 
to one or other of the conditions -412, *405, the aggregate being definite 
in the one case, extended in the other. If the aggregate is definite, it 
follows from -41 that its members lie all on one side of the real axis. 
The generating relation and condition being given, every complex 
number belongs to one and only one definite automorphic aggregate, 
and to one and only one extended automorphic aggregate; an unde- 
generate automorphic aggregate has no real members. 

Translated into terms of one variable, -45 becomes 

8*51. If P is finite and neither 0 nor 1, the equation ^(r) — h is soluble 
and the solutions compose an undegenerate extended automorphic aggregate. 

In other words, 

8*52. If is finite and neither 0 nor 1, the equation <^(t) = k is an 
automorphic equation with one and only one solution. 

It is to be remembered that the function ^(r) is a defined function of 
T, involving no parameters whatever. 

If the inversion problem is attacked as the problem of satisfying the 
conditions = 6, = c, the fundamental theorem to establish is *62. 

The function <f>{r) has the property, easily verifiable, that its value is 
unaltered by the substitution *505 if the coefficients are subject to the 
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condition ‘405; for this reason the function itself is called automorphic. 
That the equation ^(r) ~ ik is automorphic is almost trivial; the diffi- 
culty lies in proving that it has a solution. 

From a slightly different point of view, the theorem *52 asserts that 
if the variable r is subject to no restrictions except that it is not to 
be purely real, there are no finite values except 0, 1, and —1 which 
the function ^(r) does not assume. Essentially this is a theorem on the 
correspondence established between the two complex variables t, A;. by 
the relation ^(r) = k. It is a theorem of exactly the same kind as the 
theorem we have proved in Chapter VII regarding the correspondence 
established between w and I by the relation 

00 

r dw j 

J Vi2(M>) 

W 



IX 


FUNCTIONS AND INTEGRALS WITH REAL 
CRITICAL VALUES 


9'1. If 6^ and c* are real, consideration of the possible reality of quarter- 
periods falls into three cases. 

(i) If 6* > c® > 0, with 6 > 0, the integral 


00 

J 


du 




is real, and the integral 


00 


dv 

+ 62 )(i; 2 +c 2 )} 


is imaginaryt; thus, in the notation of 6-4 and 6*5, j8 has a real value 
and oc an imaginary value. 

(ii) If 62 > 0 > c2, with c = 6 > 0, (/ > 0, the integral 


00 

J 


du 


is real, and the integral 


I V{(«' 


i dv 


2-{-62)(v2 — gr2)j. 


is imaginary; has a real value and y an imaginary value. 

(iii) If 0 > 62 > c2, with b — ip, c iq, q > p > 0, the integral 


OO 

/ 


du 


is real, and the integral 


^{(u^+p^Ku^+q^)} 

i dv 

p^)(v^-q^)] 


/ VP- 


is imaginary; a has a real value and y an imaginary value. 


f Throughout this chapter, and again in Chapter XVII below, it is important to 
remember that ‘ imaginary ’ is not synonymous with ‘ complex ’ ; an imaginary number is 
a complex number whose real part is zero, and to call such a number purely imaginary is 
redundant if emphatic. A complex number can be called pure if it is either real or 
imaginary. 
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Thus in all cases the system includes one real quarterperiod and, as 
might have been inferred from 6*84 and 6*85, one that is imaginary. 

The three cases are not as distinct as they have been allowed to 
seem. If fl have the real values C, — then gf, hj have the real 
values — C, B, and since 

•101 n+gl+hj = 0 , 

gr|, have the real values A, —A, where 

•102 a + B+C = 0; 

that is, gl, g} have the real values A, —(7, and hJ, have the real 
values Bj —A, Of the three real numbers A, B, C subject to *102, the 
one which is algebraically greatest is necessarily positive, and the one 
which is algebraically least is necessarily negative. If then A > B >C, 
the pair of numbers A, —C belongs to case (i); if further JS > 0, the 
pair of numbers B, —A belongs to case (ii) and the pair of numbers 
Cy —B to case (iii), while if 5 < 0, the pair of numbers C, —B belongs 
to case (ii) and the pair of numbers By —A to case (iii). That is to 
say, the three cases must occur together, one of the three primitive 
functions f j Zy gj Zy hj z satisfying the conditions associated with each 
case, and it is the simultaneous occurrence of the three cases in the triplet 
of inseparable functions with which we are really dealing. If the triplet 
possesses this property, then the system has a real and an imaginary 
quarterperiod. 

That the converse is true follows immediately from the definition of 
If cof has a real value oj and cog an imaginary value ia>', 

•103 §){x+iy) 

. V' ( _: \ ). 

{x-\-iyY ^ \{(a;+ 2 mco)+i( 2 /+ 2 na >')}2 (2ma>+2ina>')^/ 

If 2 / = 0, the first term and the terms for which n = t) are real, and the 
terms for which n ^ 0 can be added in conjugate pairs; if a; = 0, the 
first term and the terms for which m — 0 are real, and the terms for 
which m 0 can be added in conjugate pairs: 

9-11. If pz has one real and one imaginary period y then pz is real if 
z is either real or imaginary. 

In particular, and (pcogy that is, and Cg, are real, and since 
IS realy and so also are the differences which are the 
squares of the critical values of the primitive functions. Hence 

4767 Y 



154 


JACOBIAN ELLIPTIC FUNCTIONS 


9*12. A system in which the squares of the critical values of the primitive 
functions are all real is a system which has one real quarterperiod and one 
imaginary quarterperiod. 

9*2. In our direct investigation into the inversion of the integral I(w), 
we have identified the particular integrals a, j8, y with the quarter- 
periods o}p a)g, ojf^ and the function w{I) with f j I. To allocate the 
integrals differently is to permute the symbols a, j8, y, but to permute 
the symbols oj^, Wg, would be to deny the notation of which these 
symbols form part. To put the matter differently, the six functions 

gj(z;y,a,iS), h]{z;^,y,(x), 

gj(z;^,oi,y), hj(z;y,^,a) 

are identically the same function of z, but such a collection of symbols 
as g]{z;o)f^,a)pajg) is literally a contradiction in terms. 

If then we are to translate the results of -1 into results concerning 
a set of functions in which co^ is real and ojg imaginary, it is the func- 
tional symbol which is different in the different cases, corresponding 
in each case to the part played by a : in (i), a is imaginary and coincides 
with o}g\ in (ii), a is complex and coincides with in (iii), a is real 
and coincides with oj^. 

9*21. If ix)f is real and ojg imaginary ^ then fg andfj^^ are both imaginary^ 
gf and g^ are both real, hf is real and hg is imaginary. 

We can render these results almost self-evident by locating more 
completely the real values of pz. We suppose as above that Wf has 
a real value oj and that cx)g has an imaginary value iw\ we do not 
assume that the real numbers co, co' are positive, for we have presently 
to make comparisons in which this restriction would have to be re- 
moved. 

One period parallelogram for the function pz is now a rectangle of 
which one side extends along the real axis from 0 to 2a> and one along 
the imaginary axis from 0 to 2icu'. By the midlines of the rectangle 
we mean the lines x = cx) and y — co', which cross at right angles at 
the midpoint co+icu', which is — 

Since eg, e^ are real, two formulae typified by 0*79, namely 
•201 {pz-ef}{p{z-^o)i)-e,} = (e„-e/)(e, -e,), 

•202 {pz-eg}{p{z+a}g)-eg} -= (e,-eg){e^-eg), 

imply that if pz is real, so also are p{z+a)) and p{z+ia)'). Hence 

9*22. If pz has two pure periods, then pz is real along the midlines 
of a period rectangle. 
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It is convenient to denote the four points 0, co, ico', cu+ico' now by 
J, F, O, H, and to call the rectangle of which these points are the 
vertices the fundamental rectangle. The function pz is real at every 
point of the perimeter of the fundamental rectangle, and if z describes 
this perimeter continuously in the direction J OHFJ, the value of pz 
varies continuously from — oo to +oo, being dominated by — 1/y^ on 
the imaginary axis near the origin and by l/x^ on the real axis near 
the origin; hence pz assumes every real value at least once on the peri- 
meter. If Zi, Z 2 are two incongruent points where pz has the same 
value, z^-\~Z 2 ^ 0, and therefore \{Zi-{-Z 2 ) is congruent with 0 or with 
a halfperiod of pz\ but if z^, z^ are two points on the perimeter of the 
fundamental rectangle, \(z^-\-Z 2 ) is either inside the rectangle or on 
the perimeter and can not be zero or a halfperiod unless z^ coincide 
at a corner — in any case \{z^-{-z^ is not zero or a halfperiod if z^, z^ 
are distinct, and pz does not assume any value more than once on the 
perimeter. Hence 

9*23. As z describes the perimeter J GHFJ of the fundamental rectangle, 
pz increases steadily through all real values from —00 to -{-oo. 

Incidentally we have established the inequalities 
•203 < ej, < e^, 

which taken with ef-{-%-\-<^h — b imply that Cf is positive and e^ nega- 
tive, and therefore that in the case under consideration pz is positive for 
all real values of z and negative for all imaginary values of z. 

Since pz = pz^ implies z ~ we can complete *22 from *23: 

9*24. If pz has the pure periods 2a>, 2ia>', then pix+iy) is real if x is 
a multiple of cd or y of a>', but not otherwise. 

To subtract c^, or e^^ from pz does not affect the monotonic pro- 
perty expressed in *23 but brings the zero to a known point. Hence 

9*25. On the perimeter of the fundamental rectangle, the squares of the 
functions i]z, g]z, h]z are everywhere real; i]z is real along FJ and 
imaginary along FHGJ; gj z is real along GHFJ and imaginary along 
GJ; hj z is real along HFJ and imaginary along HGJ. 

On the perimeter, each function has only one zero and only one 
infinity, and these are the points which divide the real stretch from 
the imaginary stretch. Hence there is no change of sign along a real 
stretch or along an imaginary stretch, and the signs which the function 
has near the origin persist along the two stretches. Near the origin each 
function is dominated by the term Ijz, which is positive for positive 
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real values of z and negatively imaginary for positively imaginary 
values of %. The sign of x along JjP is the sign of co, and the sign of 
y along JGi^ the sign of a>'. 

9-26. The real values of f j z, gj z, hj z along the 'perimeter of the funda- 
mental rectangle have the sign of (o, the imaginary values are negatively 
or positively imaginary according as o> is positive or negative. 

The results of *25 and *26 can be extended immediately to the whole 
set of elementary functions. To the function pqa:, where p, q are two 
of the four letters j, f, g, h, there correspond two points P, Q which 
are two of the four points J, P, O, H. 

9*27. The function ^qz is real with a definite sign along one of the 
stretches into 'which the points P, Q divide the perimeter of the fu'ndamental 
rectangle, imaginary with a definite sign along the other of these two 
stretches; the function is purely real or imaginary if x is a multiple of oj 
or y of oi , but not otherwise. 

Near the point Q the function resembles II{z—Zq) or —II(z~-Zq), 
and of the two sides of the rectangle which meet at Q, one is parallel 
to the real axis and the other is parallel to the imaginary axis. The 
real stretch for the function pqz is the stretch PQ which includes the 
former of these sides, the imaginary stretch the stretch PQ which 
includes the latter. If Q is J, P, or (?, the pole is necessarily positive, 
but H is —CO and is a positive pole of jh^ and a negative pole of fh^ 
and ghz. Hence the two functions fh^, gh.z are real and have the 
opposite sign to x—Xjj at points near H on the line y = y^f, on the 
line X = Xji these functions are positively imaginary for small positive 
values oiy—yjj and negatively imaginary for small negative values of 
y—yji- In each of the other ten cases, the function has the same sign 
as x—Xq near Q on the line y — yQ and the opposite sign to iiy—yg) 
near Q on the line x ~ Xq. So far the determinations are independent 
of the signs of co and ou', but the signs of x—Xq and y—yq on the 
perimeter depend on the signs of co and co' as well as on the position 
of Q. Results are most easily read from a diagram. 

9*3. Combining *25 and '26 to determine the nature of the six critical 
values, remembering that the values of i]z and g]z at H are — /^ and 
we see that if w and are positive, fg is negatively imaginary, 
fj^^ is positively imaginary, is real and positive, g^ is real and negative, 
hf is real and positive, and hg is negatively imaginary. Thus gflfgt hgjgj^, 
fj^jhf are all positively imaginary, and since the square of each of these 
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fractions is —1, the fractions have the common value i. If the sign 
of is changed, the three critical values that are real change sign 
together, and if the sign of w' is changed, each of the imaginary critical 
values is replaced by its negative. That is, in agreement with 1*66, 

9*31. According as co^loj is positive or negative, 

S'/Z/ff = Kl9h = hlh, = i 

or 

*^^2 9flfg “ ^gl9h “ fhl^f ~ 

The relation between the three real constants gf, gj^, hf is 
9-32 gl-^r^ - gj. 

To put the results of -31, *32 differently, let b, c, d be the positive 
square roots of the positive real numbers ^f—Cg, c^—eg, Cf~-e^\ then 
•301 62 _ c2+d2, 

identically, the tliree real critical values are given by 
•302--304 g^ = g^^ = =pc, hf — -Aid, 

the upper or the lower signs being taken according as a> is positive 
or negative, and the three imaginary critical values are given by 

•305-307 fg Tib, hg = Tic, fj, = ±id, 

the upper or the lower signs being taken according as co' is positive 
or negative. 

It will be noticed that •302-*307 restrict the values possible simultaneously to 
the critical values. Naturally gj z and hj z must have the same sign at F, if they 
are real along JF, for they have the same approximate form near J and no 
change of sign takes place. They are distinct functions, and there is nothing in 
our previous work with which this result seems to clash. But and gj^ are the 
critical values of the same function gj z, and the qualitative restriction, that these 
values must have different signs, needs explanation. It is quite possible to define 
a function with real critical values that are both positive; in fact it is quite 
possible to arrange for h and c to be the critical values of the very function gj z 
with which wo are dealing. And there is no fallacy in the proof that the function 
has both a real and an imaginary quarterperiod. But what is implied by •302-*303 
is that a choice of a real period and an imaginary period to constitute a primitive 
pair for the fvmction is incompatible with a choice of critical values with the 
same sign; the point —Wg is the corner opposite to the origin in the parallelo- 
gram (x)f, ojfi, and therefore if Wg is on the imaginary axis, cof and are on lines 
equidistant from that axis and the values of gjz on these lines have opposite 
signs. Without changing the function gj^ or the quarterperiod o) we can take 
ojh “ 0 J-\-i(x)' and secure gf = 6, = c, but now a>^ = — 2a) — ico' and neither cog 

nor oJh is purely imaginary. 

If we refer to the conditions imposed in 6^3 and 6*6 on paths from which the 
integrals a, jS, y are made definite, we see that the first of these paths and its 
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reflection in the origin divide the plane into two distinct parts, and that the 
paths to 00 from 6, c lie wholly in the same division. If 6, c are real, with 6^ > c^, 
we can satisfy these conditions whether or not h and c have the same sign, but 
the proof that a can bo real depends on using one half or the other of the imaginary 

axis itself as the path of integration from 
0 to 00 , and this particular choice is impos- 
sible if the signs of h and c are different. 
That is to say, if the signs of h and c are 
different, the transformation in ‘Ifi) is 
impossible and we have no reason to 
expect a primitive pair of quartorperiods 
of the form ct>, what wo have now 


A/ 

/ 

/C 


V =7(!,/-c/b* 


B 


Ik' 

Fig. 29. 

learned is that in this case such a pair can not in fact exist. 


We can write down both m and m' in terms of 6, c, d from any one 
of the functions gj z, hj z. The immediate theorems are 

9'33i_3. Expressions for as integrals are 


00 00 00 


r du 1 

r du 


J yl{(^^ + b^){U^+d^)y J 

n u 

1 ^{{u^-b^){u^-c^)y J 

1 ^J{(u^+c^)(u^—d^)y 


9‘334_6. Expressions for ± 0 )' as integrals are 


00 

r dv 

00 

r dv 

00 

r dv 

J 4(v^-b^){v^-d^)y . 

b 0 

1 y{('>’^+b^){v^+C'^)y 

1 

J ^J{(v^—c^)^.v^+d% 

C 

The implied equahties between integrals are made obvious by a pre- 

liminary substitution = 

--U,v^= V. 


Since the integrals 



ib 

b 

d 

r dw I 

dw 

r dw 

J ^J{{w^+b^){w^+d^)y J 
0 0 


J ^J{(w^+c^)(w^—d^)} 

ic 


are combinations of an integral in *33i_3 with an integral in each 

of them has a value ±ca for an appropriate path in the complex 
plane. It follows from the investigation in Chapter VI that a path which 
does not surround any of the branchpoints is appropriate in this sense, 
and therefore that we may take the first path along the imaginary 
axis, the second path along the real axis, and the third path to the 
origin along one axis and away from the origin along the other axis. 
The first two paths pass through branchpoints, and although the sub- 
stitution has the same form along the whole path, the radical is real 
on one side of the branchpoint and imaginary on the other side; on 
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Full lines indicate real values, broken lines imaginary values, of tho function. 
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the third path the substitution changes form at the origin. Thus we 
have expressed in the three forms 

d b 

r dv r dv 


0 

c 


J V{( 62 -« 2 )(c 2 _« 2 )}+» 

0 c 

^ d ^ 


du 


u^)(u^—c^)y 

du 




and to -SS^.g we can add 


9*337_9. Expressions for integrals are 


b c c 


r du j 

f du j 

du 

J ^{(b^—u^)(u^—d'^)}' J ^J{(b^—u^)(c^—u^)y j 

d 0 0 

9-33io-i2- Expressions for integrals are 

d b 

C dv C dv 

.J{(c^--u^){d^-\-u^)y 

d 

r dv 

0 c 

1 V{( 62 - 1 ; 2 )(,; 2 _c 2 )}’ 

0 

1 ^{{c^+v^)(d^-v^)y 


The formulae -SSg, -SSg for w come from ‘SSg, *383 by the substitutions 
of bcju, cdju for u, and the formulae -SSiq, *33i 2 for a>' from *334, *333 
by the substitutions of bdjv, cdfv for v. 

Interchange of c with d interchanges the sets of formulae for co with 
the sets for oj\ This was to be anticipated, for if pqs; is a function 
with quarterperiods oj, iw\ then pqi^ is a function with quarterperiods 
ioj, oj\ To put o)\ ioj into the parts of cvg involves minor adjust- 
ments equivalent to a change of sign of one quarterperiod, but sub- 
stantially the change is from a system in which the critical values 
^ which these values are 6, d, c. 

Detailed descriptions of the behaviour of the twelve elementary func- 
tions are better incorporated in diagrams than tabulated or formulated, 
and a set of diagrams for positive values of co and a>' constitutes 
Figure 30 . Lines along which the function is real are continuous, lines 
along which it is imaginary, broken. Zeros and infinities are indicated, 
and critical values are inserted, with the notation of • 302 -- 307 : 6, c, d 
are positive real numbers definable as gp —gh, hp Barbs show the 
direction of algebraic increase, and therefore the values along a stretch 
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between a zero and an infinity are positive or positively imaginary if 
the barbs point from 0 towards oo, negative or negatively imaginary 
if the barbs point from oo towards 0. 

The diagrams are extended to cover a complete period parallelogram 
of each function. All that is necessary for this extension is to remember 
that a direction of increase is unchanged at a zero or an infinity, since 
the zeros and infinities are all simple, but is reversed at a critical point 
which is neither one nor the other. For the functions f j z and gj z we 
naturally choose as period parallelograms the rectangles 2co, and 
4a>, 2ico'; for hjz no rectangle is available, but by choosing 4a;, 
— 2a;4-2ia>' as the primitive pair of periods we secure that the funda- 
mental rectangle JFHO is included in the period parallelogram. 

9-4. We can express *27 as a property of the transformation w == i^(\z 
rather than of the function pqa:: 

9-41. In the transformation w = i^q^z, there is a point to point corre- 
spondence between the perimeter of the fundamental rectangle in the z 
plane and the pair of half-lines bounding a definite quadrant of the w 
plane. 

This theorem prompts us to ask, before turning to the classification of 
real integrals, if the transformation associates points inside the rect- 
angle with points belonging to the quadrant. 

The lines x = mco, y — nco' dissect the z plane into rectangles each 
of which is congruent geometrically with the fundamental rectangle; 
we will call these rectangles cells. Each of the period parallelograms 
2a;, 4ia;' and 4a;, 2ia;' is dissected into eight cells. The period parallelo- 
gram 4a;, — 2a;+2ia;' of hj z is dissected into six cells and four triangles, 
and the triangles have to be associated in pairs to form regions equi- 
valent to two more cells. For our immediate purpose we can however 
avoid even verbal conventions by recalling the distinction between a 
period parallelogram and a parallelogram which is a primitive region. 
The rectangle 4a;, 2ioj' is not a period parallelogram for hj z, for 2ioj' 
is not a period of the function. But the triangle (0, 2ia;', — 2a;+2ia;') is 
congruent with the triangle (4a;, 4a;+2ia;', 2a;-f-2ia;'), and therefore the 
rectangle 4a;, 2ia;', like the period parallelogram 4a;, — 2a;-|-2ia;', isf 
a primitive region for hj z: of any set of points z-\-mAct)-\-n{ — 2a;-l-2ia;') 
congruent for the function, this rectangle contains one and only one. 

t The reader is invited to consider why both the rectangles 2a), 4ta)' and 4a), 2ia)', 
which are period parallelograms for fj z and gj z, are primitive regions for hj z, whereas 
the first is not a primitive region for gj z or the second a primitive region for fj z. 
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Thus we can say that each of the twelve elementary elliptic functions 
has a primitive region consisting of precisely eight cells. 

’’Zco+Zio)^ lia/ 



We can repeat for the interior of a cell the argument used in *2 
regarding the perimeter of the fundamental rectangle. If Z 2 are 
inside the same cell, then ^( 251 +^ 2 ) inside that cell and is of the form 
where h, k are integers and rj real numbers 
between 0 and 1. Hence is of the form 2(h-\-^)a}+2{k-\-7])ico' 

and is not of the form 2ma)-\-2ni<o' with integral values of m, n, 
and therefore the values of pq^^^, pq^jg are not equal: 

9-42. Two points at which pq^; has the same value can not be inside 
the same cell. 

Again, from *27, no points inside any cell give either real or imaginary 
values to pqa:; it follows that if z-^, Z 2 are inside the same cell, the arc 
in the w plane corresponding to an arc z^Z 2 which lies wholly in the 
cell is an arc which joins w^ to w^ without crossing either the real axis 
or the imaginary axis, even at infinity: 

9*43. If Zy^, Z 2 are in the same cell of the z plane, then w^, w^ are in the 
same quadrant of the w plane. 

Now let w^, W 2 , w^y w^ be points one in each quadrant of the w plane, 
and, for r = 1, 2, 3, 4, let K ^^e two points in a primitive region 
of pqz which satisfy the equation pqz = w,,. Of the eight points so 
defined, *42 implies that two for which r is the same are not in the 
same cell, and *43 implies that two for which r is different are not in' 
the same cell. Hence the eight points are in eight different cells, and 
since the primitive region consists of eight cells, there is one and only 
one of the eight points in each cell, 

4767 V 
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Since inside their several quadrants, are independent, 

it follows that 

9*44. Each quadrant of the w plane is associated by the function pqs: 
with a pair of cells in a primitive region of the z plane. 

As a corollary, 

9*45. If Z 2 is inside the same cell as 2 j, the second point in any primitive 
region at which pq z has the value pq z^ is inside the same cell as the second 
point at which pq^z has the value pqz^. 

In other words, the function pqz couples the eight cells composing a 
primitive region in four pairs. Different functions with a common 
primitive region may couple the cells differently. 

We can now absorb *41 into a much more complete theorem: 

9*46. If one quarterperiod is real and one imaginary^ the transformation 
w ~ pqz establishes a point-to-point correspondence between a rectangle 
and its perimeter in the z plane and a quadrant and its boundary in the 
w plane. 

On the perimeter of a rectangle there are four exceptional points, the 
four corners. On the boundary of a quadrant there are only two excep- 
tional points, the origin and the point at infinity. Since the angles are 
all right angles, the transformation remains conformal at the two 
corners oj^ in the 2 : plane since these correspond to 0 and 00 in the 
w plane, but there must still be two points where the correspondence, 
though definite, is not conformal. In the 2 : plane, these are two corners 
of the rectangle; in the w plane, they are points on the boundary, with 
no geometrical peculiarity. 

9*47. The transformation of a rectangle into a quadrant by means of 
the functional relation w ~ pqz is conformal except at the points Wi 
which are zeros of pq^z in the z plane and the corresponding points pqa>^, 
pq in the w plane. 

We anticipate three types of function: if the singularities in the w 
plane are both on the real radius of the quadrant, the function is 
coperiodic with gj z, if one is on the real radius and one on the imaginary 
radius, the function is coperiodic with hja;, and if both are on the 
imaginary radius, the function is coperiodic with f j z. This is the classi- 
fication of *1, from another point of view. 

9*5. In discussing the evaluation of real integrals we suppose that 
CO and co', determined from given positive constants 6, c, d such that 
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62 _ by any of the equivalent formulae in *33, are chosen to be 

positive, and that elliptic functions are constructed with oj for the first 
quarterperiod and ico' for the second. The radicals in the integrals are 
all taken to be positive. 

If X is the value of the real integral 

CO 

r dt 

then t = gjx. Even with the restriction to real values the functional 
equation alone does not determine x when t is given, but since the 
integral is to be real we are supposing t'^b. As ^ decreases from oo to 
6, the value of the integral increases steadily from 0 to oj; that is, 
0 a; a>, and in this range the function gj x is monotonic and can 
not assume any value for more than one value of x. 

The differential equation 

{dwjdzY == 

satisfied by gj z is satisfied by the coperiodic functions hf 2 , jg z, f h z 
also, and we see from Figure 30 that as x increases from 0 to co, hfa; 
decreases from — 6 to — 00 , jgx increases from 0 to c, and fhx decreases 
from c to 0. 


9*51. The equations 

= hfa^g = —^2 

xmih the condition 0 ^ x ^ oj determine x^, x^^ as singlevalued real func- 
tions of ti, ^2 range 6 < and x^, X 2 so determined are the values 

of the integrals 


\ 


dt 


r dt 

J 


9*52. The equations 


f h x^ = ^3, 




with the condition 0 ^ x ^ oj determine x^, x^ as singlevalued real func- 
tions of ^ 3 , ^4 for the range 0 ^ ^ ^ c, and x^, x^ so determined are the 
values of the integrals 

c t, 

dt 


I ^/W-?)(c^-tT J V{(6^ 


_^2)(c2__^2)y 


0 

There are four elementary functions associated with the equation 
{dwjdz)^ — {w^-\-c^){w'^—d'^y, 
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hjx decreases from oo to d and gfa; decreases from —d to — oo, as x 
increases from 0 to co. Since igx and jhrr are imaginary in this range, 
—iigx and — i jhx are real; in real terms, these functions, of which the 
first decreases from c to 0 and the second increases from 0 to c, satisfy 
the equation {dtjdxf = 

9‘53. The equations 

hja;6 = ^5. gfa;* = — <8 


with the condition 0 < a; < co determine x^, as singlevalued real func~ 
tions of ^5, Iq for the range d ^ t, and x^, Xq so determined are the values 
of the integrals 


oo 

/ 


dt 




9*54. The equations 


fga;^ = 


r dt 


jhrrg = its 


with the condition 0 ^ a: < cu determine x^, x^ as singlevalued real func- 
tions of <7, <8 for the range 0 ^ ^ c, and 0^7, Xg so determined are the 

values of the integrals 

e U 

C dt C dt 

j J w-m^)y 

t, 0 

There remain the functions for which the differential equation is 
(dwjdz)^ = (w^-{-b^)(w^~{-d^). 

As X increases from 0 to a>, f j x decreases from 00 to 0, and jf x decreases 
from 0 to — 00 , Since hgx and ghx are imaginary, — ihgx and — ighx 
are real; the first decreases from b to d, the second decreases from —d 
to —6, and they both satisfy the equation 

{dtjdxY = (b^-t^)(t^-d^). 

9*55. The equations 

fj^9 “ j^^lO “ ^10 


with the condition 0 ^ x ^ co determine Xg, x^q as singlevalued real func- 
tions of tg, tiQ for the range 0 ^ t, and Xg, x^q so determined are the values 
of the integrals 


r dt 

J ~^{{t^+bm^+d^)y 


^10 


/ 


0 


dt 
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9*56. The equations 

hgXii = ghxi2 = 

with the condition 0 < a: < oj determine as singlevalued real func- 

tions of ^ 11 , <12 f<^ range d ^t ^ b, and x^, Xi 2 so determined are the 
values of the integrals 

dt r dt 

d 

In real terms, the undegenerate integral 
f dt 

J 4±it^-m^-Q)y 

in which we may suppose t positive, takes one of six essentially distinct 
forms. If P, Q have positive values q^, with 0 <q < p, the character 
of the integral is different in the three ranges (0,g), (q,p)i (p,oo); if P 
is negative and Q has the positive value the ranges (0,q), (g, oo) 
need separate consideration; only if P and Q are both negative is there 
no subdivision. For each of the six forms there are two standard 
integrals, for the fixed limit of integration may be taken at either end 
of the range to which t is confined. Thus a set of twelve functions, 
closely allied analytically, but differing in detail in the real domain, 
is naturally associated with this problem of integration. 

The sum of the two integrals associated with the same range of values 
of <, if the variable limits coincide, is on the one hand the integral over 
the whole range of values of <, and on the other hand the difference 
between the smallest and the largest values of x, which in every case 
is CO. In this way each of the six pairs of formulae -Sl-'SG is bound 
up with one of the formulae 7 _ 9 . 

It is particularly to be emphasized that the formulae of this section 
are read, without suppressed algebra, from the diagrams composing 
Figure 30. An alternative set of formulae is based on the consideration 
of values along the imaginary axis. On this axis the functions, written 
as functions of iy, are functions of the real variable y. The formulae 
are derivable from those already given by the interchange of co, c, f 
with ct>', d, g and the substitution of iy, for x, t in the functional 
equations. For example, the value y^ of the integral 

dt 
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is determined by 

and the value of the integral 

d 

r dt 

i-t 

is determined by 

gfiy^ = -<v, 0 < 2/7 < o'. 

Although it is sometimes it and sometimes —it that replaces t, there 
is no ambiguity in any individual formula, and it is simpler to refer 
to the diagrams than to a set of rules. 

Again the expressions for the quarterperiod can be recovered, but 
the point that should now be clear is that one formula for co and one 
for co' can be read from each of the diagrams in Figure 30 without 
subsidiary analysis. The variable in the integral is t or it for a> according 
as the function with which the diagram deals is real or imaginary along 
the real axis, and is t or it for cu' according as the function is imaginary 
or real along the imaginary axis. The limits of integration are marked 
on the axes. The factors in the radical are where ir, 

±5 are the critical values, real or imaginary, marked on the diagram, 
and these factors become t^—s^ or —t^—r^, —t^—s^ according 

as the variable is t or it. Automatically the radical absorbs if necessary 
a factor i and is real within the range of integration. In this way the 
diagram for hf^; gives the formulae -SSg for co and -SSn for ca'. The 
whole operation is far simpler to perform than to describe. Each of 
the six expressions for each quarterperiod is implicit in two diagrams, 
and two diagrams which give the same formula for one quarterperiod 
give different formulae for the other. 


9-6. A formula expressing one of the elementary functions in terms 
of another is a substitution reducing one of the standard integrals 
to another. For example, the relation jf^fj^; ~ —g^hp that is, 
jfzfjz— —bd, expresses that the transformation t^ = bd/t^Q converts 
the first of the integrals in *55 into the second. Similarly, 

gfz 

and writing tgz — it^, g]z = t^, we have the transformation 
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which converts the first integral in *54 into the first integral in -51. 
Verification is immediate, but it is from the functional side that the 
transformations can be foreseen most readily. 

In the same way, the equality of alternative expressions for the same 
integral, by means of a function of x and by means of a function of iy, 
depends ultimately on the identity 

pq(2;;(x,j3,y) Apq(A 2 :; Aa, A^, Ay), 
which, for A ~ i, gives 

pq(2:;6o, ictj', — 60 — ioj') — --co\ 

To arrange the periods on the right as — 6o', icu, a>'— ico involves only 
an interchange of f with g, if either of these symbols occurs, and the 
minor adjustments necessary when the sign of is changed are obvious 
in each individual case. 


Table IX i 

Relations between functions of z ivith quarterperiods co, ioj\ —oj—io)' 
and functions of iz with quarterperiods co', ico, —co'—ioj 

fjz = igjiz }fz - - tig iz hgz - - —ihfiz ghs: — —ifhiz 

gjz ifliz hfz == ihgiz fh^: = ig^iz 

hjs: : ih\iz gts: — i^giz igz = —igiiz jhs; = —i]h.iz 

9*7. We have said that the classical inversion of the elliptic integral 
presented none of the theoretical difficulties which we have found 
serious, the reason being that the integrals involved were real functions 
of real variablesf. Although we have taken the general solution of the 
inversion problem for granted in the present chapter, it is interesting 
to discuss the restricted problem. The difficulty is rather in discovering 
what has to be proved than in constructing proofs, and explanation 
tends to be in language too deliberately elementary. 

Given two real numbers co, co', we can construct from them a system 
in which the first two quarterperiods are oj and ia>', and we find as in 
•2 and *3 that the critical values gj, —g^, hf are real numbers with the 
same sign satisfying the condition gj — g\-\-hJ. The question is whether, 
if h, c, d are given real numbers with the same sign satisfying the con- 
dition 6^ = c^-f there necessarily exist two real numbers co, cd' such 
that 6, c, d play the parts of g^, —gj^, h^ in the system constructed on 

I Strictly speaking, functions and variables that are imaginary in the sense in which 
we are using the word were immediately brought into the analysis; the double periodicity 
could not otherwise have been discovered. But the freedom of the complex plane was 
not conferred on the integrals, and it is this freedom, not the formal substitution of it 
for ^ in a real integral, that demands a new discipline. 
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o), ioj\ There is no loss of generality in supposing b, c, d all positive, 
for we change their common sign by changing the sign of one of the 
numbers cd, to'. 

We follow the argument which in 5-5 we could not press to a con- 
clusion. From the given positive real numbers 6, c, d subject to the 
condition 

•701 62 ^ 

we calculate the positive real numbers to, to' by the formulae 

00 00 

0 71 - r - r 

’ J ^j{(t^+bw+d^)y J 

0 0 

chosen from *33. With the real number to as to^ and the imaginary 
number ito' as to^ we construct a system of primitive functions, and in 
this system the critical constants 6^ have definite positive real 

values which satisfy the condition 

•702 fff = gl+h}. 

Can we identify these values with b, c, d^ 

Suppose first that 6 has the fixed value 1; then ‘711 defines a relation 
between the real variables co, d, and -712 defines a relation between the 
real variables co', c. If c, d are subject to the condition 

•703 c2+d2 = 1, 

they both lie between 0 and 1 and one increases as the other decreases. 
As d decreases from 1 to 0, co increases steadily from to oo; as c 
increases from 0 to 1, co' decreases steadily from oo to It follows 
that as c increases and d decreases, the ratio of co to co' increases steadily 
from 0 to cx), and acquires any given value for one and only one pair 
of values of c and d\ for this pair of values, co and co' as well as the 
ratio of co to co' are determinate. In other words, if co and co' are given, 
the conditions 


J 


dt 

W+W^} 


Aco, 




are satisfied by one and only one set of positive real values of A, /x, v. 
If now we substitute tlX for t in the integrals, we find that 
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9*72. The equations 

CO 

dt 




J 


V{(<^+A2)(<2+AV)} 


Oi, 


OC 

J 


dt 


V{(<^+A2)(<*+AV)} 


are satisfied by one and only one set of positive real values of A, p, v, 


and since these equations are identical with *701, •71i„2 with A, fi, v 
written for b, cjb, dfb, it follows that, for given positive real values of 
CO and co', the relations •71i_2 with the condition *701 are satisfied by one 
and only one set of positive real values of b, c, d. Since the relations are 
satisfied on the one hand by the set of values b, c, d from which co and 
co' are calculated, and on the other hand by the set of critical values 
^/, — hf in the system of functions with co^ = co, co^ = ico', the 
identification of the original constants with the critical values is 
complete: 

9-73. Given three positive constants 6, c, d, none of which is zero, satis- 
fying the condition b^ = there is one and only one system of elliptic 

functions in which the quarterperiod o)^ has a real value co, the quarter- 
period co^ has an imaginary value ico', and the critical values g^ g^^, h^ 
are 6, ~c, d; the values of co and co' are given by 


J ^/{W+^+dT ^ ~ J ^i^+hW^)}' 

0 0 

This theorem does not include *12, for it does not deny the possibility 
of a system with real critical values but without pure quarterperiods ; 
we could not expect to disprove such a possibility without entering 
the complex field. But in the majority of applications the restricted 
theorem is sufficient, without* the general theory completed in the last 
chapter and used to establish *12, to justify the introduction of elliptic 
functions when they are required. In particular, the real integrations 
in *5 need no deeper foundation. 
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10*1. In the study of elliptic integrals and functions, standardization, 
reduction to normal forms, naturally pla 5 ’^s a part. From a practical 
point of view, if a function is to be used in numerical work it is always 
worth while in the long run to reduce the number of independent 
parameters if this can be done by trivial transformations: we do not 
tabulate \og^x and sinaa:: as functions of two variables, although we 
are prepared to tabulate log^oo: as well as \og^x and sin as well as 
sin a;. In theoretical work, when there is a question of functional 
dependence on parameters, a reduction which makes available the 
methods of the theory of functions of one variable may be the first 
step to a solution: we have glanced at an illustration of this use of 
reduction in connexion with the inversion problem. 

By substituting Xw for w, we replace the integral 

dw 

w 

by a constant multiple of 

dw 

where bx = b/X, Cx = c/A, and A is arbitrary. In particular, by a trivial 
modification we can deal with an integral involving only one parameter 
c/6 instead of with an integral involving two that are independent. 

From the point of view of the elliptic functions, the change is asso- 
ciated most simply with the periods. The identity 

pq(z; a, P, y) = Apq(A 2 ; Aa, Xp, Ay) 

implies that the detailed behaviour of an elliptic function depends on 
the ratios rather than on the values of the quarterperiods, 

or, to put it graphically, on the shape of a period parallelogram rather 
than on its size and orientation: except for a constant factor, the dis- 
tribution of values of the function is governed by position relative to 
the cardinal points. To multiply the three quarterperiods simul- 
taneously by A is also to divide the six critical values simultaneously 
by A. 


i 
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We can say that among all the triplets a, j8, y subject to the condition 
a+jS+y = 0 and having the same shape, we are free to select one; we 
agree upon a normalizing factor A, and the triplet Aa, AjS, Ay is then 
the canonical triplet of shape a: ^:y. The factor A must be homo- 
geneous of degree — 1 in oc, j3, y, and the choice is otherwise arbitrary: 
we could take A = 1/a and secure a unit quarterperiod; we could take 
A = 7r/2a and assimilate the functions to the circular functions by pro- 
viding a real quarterperiod possibly if the theory had originated 
on the functional side, one of these selections would have been made. 

It was in fact the development of the theory from the side of the 
integrals which determined the normalizing factor and the canonical 
functions. The first integral to be inverted was Legendre’s integral 

r dx 

0 

and although the functions associated with this integral can not have 
the symmetry and the formal simplicity of the functions associated 
with an integral in which the radical has the more general form 
their importance now is far more than historical. 
The choice of functions and parameters in current use was determined 
by the lines along which the subject actually developed, and the choice 
can not be made to appear in every respect natural when the whole 
subject is approached in another way. But our object is to exhibit the 
classical results in a functional setting, and this requires the use of 
the glassical notation. Only it is to be remembered that, as soon as 
we have found how to fit the notation into our scheme, we are dealing 
with functions of complex variables, and the parameters we use, what- 
ever their traditional origin,' are subject only to such restrictions as 
prevent functions or integrals from degenerating. 


10*2. To reduce the integral 

w 

r dw 

0 

to the form of Legendre’s integral, with 0 <k if0<c<6, we 
substitute w = cx, and the relation 


•201 


V) 


dw 





172 


JACOBIAN ELLIPTIC FUNCTIONS 


becomes 

0 

with k — cjby u == bz. That is to say, since -201 is equivalent tow = ]gz 
in a system in which — b, = —c, 

10*21. Legendre's relation is equivalent to 

kx = —jgu 

in a system in which g^ = g^^— —k. 

Since it was by the inversion of Legendre’s integral that Jacobi intro- 
duced the elliptic functions with which his name is associated, we 
therefore say that 

•203. A set of quarterperiods wj, a>^, is a Jacobian set if g^ == I . 

In other words, admitting a constant multiplier instead of determining 
the specific function gj z by its residue, 

10*22. The pair of quarterperiods cuy, o)g determines a Jacobian lattice 
if an elliptic function with simple zeros congruent with Wg and simple 
poles congruent with the origin has its residue at the origin equal to its 
value at coy. 

Or, replacing the function by its reciprocal, 

10*23. The pair of quarterperiods a>y, cog determines a Jacobian lattice 
if an elliptic function with simple zeros congruent with the origin and 
simple poles congruent with Wg has its derivative at the origin equal to its 
value at coy. 

To verify the form of the condition in *23, we remark that 
jg'O = limjgzgjz = jga>;gia>^, 

whence the condition gry = 1 is equivalent to jg'O = jg^y- 

If a, jS, y is any set of quarterperiods, then gj(Aa; Aa, A/S, Ay) = 1 if 
and only if A — gj((x; a, j3, y). That is, 

10*24. There is one and only one Jacobian set of quarterperiods similar 
to any given set, and the normalizing factor of the set wy, cOg, is the 
critical value g^. 

The Jacobian triplet is the unique representative of the class of 
similar triplets to which it belongs. In general the normalizing factor 
A is complex and the Jacobian parallelogram Aa, Aj8 differs in orientation 
as well as in size from the parallelogram a, jS which it represents. For 
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example, if a = ia>', j8 = o), where co, co' are real, then gj iy is imaginary, 
and if — 2a>' < 2/ 2a>', the sign of gj iy is opposite to that of y, and 

iyg\iy is real and positive in that range; in particular, is real 
and positive whether co' is positive or negative, and the rectangle is 
turned through a right angle, negatively or positively, as well as brought 
to the right size. If a is real and j3 imaginary, gj x is real with the same 
sign as a; if —2a < a; < 2a, and a;gj a; is real and positive in that range; 
in particular, a is real and positive, implying if a is negative that the 
rectangle is turned through two right angles. Since every rectangle is 
congruent with some rectangle whose sides are along the real and 
imaginary axes, we have proved incidentally that 

•204. If cDy and o)^ are at right angles, the first member of the corre- 
sponding Jacobian set of quarterperiods is real and positive and the second 
member is positively or negatively imaginary according as rotation from 
(x)f to ojg is positive or negative. 

Briefly, 

10*25. If a Jacobian parallelogram is a rectangle, its first side is along 
the positive half of the real axis, 

10*3. Legendre expresses the fundamental elliptic integral in the form 

0 

as well as, with x = sin <^, in the form 

X 

0 . 

which we have been using. The angle ^ is called the amplitude of the 
integral F{<j>), but in spite of this terminology the functional relation- 
ship is not seen as a dependence of (f> on The crucial step was 

taken when the relation 

•303i u = F{<f>) 

was treated as a relation 

•3032 ^ == amt4. 

Circular functions of with which Legendre’s pages abound, became 
sin am cos am and so on, and the radical ^(1— Aj^sin^^), which is 
d<l>ldu, became d a,m u/du, abbreviated by Jacobi to Aamt^. 

Gudermann introduced a more compact notation, writing sn-a, cnu 
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for sin am 24 , cos am 24, andf dn24 for A am 24. Any exposition that is to 
facilitate access to the subject must deal with Jacobi’s functions and 
conform to Gudermann’s notation and its accepted extension. 

That sn 24 is an elliptic function, a multiple of jg24 in the Jacobian 
lattice, we already know. In symbols, -21 can be written 

•304 sn24 = jg Wjg'^ == {l/?/i)jg^ ; 

the value of Qf is implicit. It follows that cn24, dn24 are multiples of 
the copolar functions fg24, hg24, and these also are therefore elliptic 
functions. To prove this directly is to repeat the arguments of 1*2: 
the functions are doubly periodic functions with simple poles at the 
poles of sn 24 , and it has only to be shown that their zeros are not 
branchpoints. Alternatively we may utilize the general theory. If 
pq z is an elementary elliptic function satisfying the equation 

•305 {dwjdzY = {w^—b^){w^—c^), 

then pq^; 2 :— 6^, pq^^;— are the squares of the elementary functions 
copolar with pqa:. To replace pqa: by a constant multiple /4pq2: is to 
replace *305 by the equation 

li^dxjdzY = (a:^— /aV), 
which may appear in the form 

{dxjdzY = {KX^—^){'kt^—y))y 

where /c, A are any two constants such that kX = 1//^^. But ^ 

Tj = A/x^c^, and the factors kx^—^, Aa;^— are necessarily multiples of 
pq^ 2 ;— 6^, pq^^;— c^. It follows from the equation 

(dx/du)^ = (l-x^)(l-k^x^l 

which is implied by the integral relation *302, that cn^, dn^u are 
multiples of fg^24, hg224, that is, that cn24, dn24 are multiples of fg24, 
hg 24, one way round or the other, and since cn 24 == 0 when sn 24 = 1 , 
it is cn24 which is a multiple of fg24 and dn24 which is a multiple of 
hg 24 . The constant multipliers are determined by the values at the 
origin: since cnO — 1 and dnO = 1, 

•306 cn24 = fg24/fgO = — (l/^-^)fg24, 

•307 dn24 = hg24/hgO = — (l//^)hg24. 

If o)^ is real and co^ imaginary, the functions fg24 and hg24 are real 
between aog and imaginary for real values of u and in particular 

t Also tn u for tan am u, but this symbol is completely superseded by the equivalent 
symbol sc w in Glaisher’s systematic notation; see *4 below. 



INTRODUCTION OF THE JACOBIAN FUNCTIONS 


176 


at the origin; fgujigO and hgujhgO are real if u is real, but rather 
than describe a real function of a real variable in such a manner that 
an imaginary factor has to be removed, we describe the functions 
directly in structural terms, and including in one description the original 
function snu and the functions cnu, dnu we can say that 

10-31. The Jacobian elliptic functions snt^, cnu, Anuare the functions 
constructed with a Jacobian set of quarterperiods coy, a>^, to have simple 
poles congruent with and simple zeros congruent with the origin, with 
iOf, and with respectively, and to have unity for leading coefficient at 
the origin. 

We have followed history in introducing snw from Legendre’s integral, but 
whatever the lattice it is not surprising to find jg^/jg'O as a canonical function. 
For theoretical purposes, a function is dominated by its infinities; hence the 
choice of f j z, with a pole at the origin, for a primitive function. But for applica- 
tions, and especially for calculations, infinities are to be avoided in favour of 
zeros: a canonical integral has 0 rather than oo for a fixed limit, the corresponding 
function has the origin for a zero rather than for a pole. And if the standard is 
to be set at the origin, we shall concern ourselves not with the residue at the 
pole which we have been at pains to avoid, but with the coefficient at the zero 
which we have located. If the origin is a simple pole it is natural to introduce 
the factor which causes a function to resemble 1/z; if the fimction is a simple 
zero we arrangef for the function to resemble z. To this end we may apply 
a constant factor either to the function or to the independent variable: if j/r( 2 ) 
is a function which resembles zfX near 2 = 0, then Ai/r(z) as a function of z 
resembles z, and ^(Aw) as a function of u resembles u near u — 0. We may say 
that having chosen the canonical fimction as jg z/jgco/ in order to secure the 
value 1 at a>/, we have still in hand a factor A to be chosen so that jg(Aw)/jg(Acu/) 
resembles u; this unique factor is the normalizing factor which produces the 
Jacobian lattice. 

We now introduce an expressive notation J for a Jacobian parallelo- 
gram, writing the three quarterperiods oj^, co^, as K^, K^, K^, and 
using Kg, as we have hitherto used wp as an alternative symbol for 
zero. In this notation sni^, cn^^, dnit are functions with zeros con- 
gruent with Kg, with K^, and with K^, respectively, and the three 
functions have poles congruent with K^. But whereas in the earUer 
chapters pqz is rendered specific, its structure being implicit in the 
notation, by its form near its own pole cu^, the Jacobian functions are 
rendered specific by their forms near the origin. This change is marked 
by the change of symbol for the independent variable as weU as for 
the quarterperiods. And we have to remember that whereas a>^, 

t As we adopt circular measure to secure the condition sin 0^6. 

I The reader must be warned that this notation is not in the literature of the subject. 
I would call it new, had I not been using it in lectures since 1925. 
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are subject to only the one condition = 0, the Jacobian 

quarterperiods are subject to the characteristic condition 

10*32 = 1 

as well as to the condition 

•308 K^-\- — 0. 

It is sometimes convenient to write for that is, for —K^i, 

to facilitate comparison with classical formulae. 

The three quarterperiods in a Jacobian set play distinct parts. In 
the characteristic condition *32, corresponds to the function that 
occurs, and is the argument. Precisely because the three parts are 
distinct, there is nothing artificial in ignoring one of the quarterperiods 
in a specification. If a, ^ are the values of we say that the 

Jacobian system has the basis a, )8, leaving the value of which is 
— a— j8, to be inferred. 

A set of quarterperiods is Jacobian only with a definite allocation 
of parts: if the triplet a, j8, y is Jacobian in this order, there is no reason 
to suppose that it is Jacobian in any other order. In symbols, *24 
becomes 

10*33. The Jacobian triplet similar to cop Wg, is given by 

Kc = 9t^l> K„ = g,Wg, Ka = gf(^h- 
To permute a, p, y among the parts cDp cOg, cuf^ is to bring each of the 
critical values of one system a, jS, y in turn into the part of Qp Each 
permutation has its own normalizing factor as well as its own alloca- 
tion, and the six permutations give rise to six different Jacobian trip- 
lets. The significance of this multiplicity will appear in 13*4. 

10*4. Having indicated our right to the classical notation, we now 
reverse the deductions and treat *31 not as a theorem but as the defini- 
tion of the functions to be studied. The advantage of this course is 
that we can develop the theory of the functions in complete generality, 
that is, for complex values of the parameter, without assuming the 
solution of the inversion problem, while the simple theory of inversion 
for a real parameter, as given in 9*7, will justify in the end the uses 
to which the functions are commonly put. Logically we could have 
dispensed with preliminary analysis and laid down our definitions dog- 
matically, but the set of letters s, c, d, n is a queer one to impose 
without explanation, and it is better to incur the cost of a little repeti- 
tion. In repeating *31 as a definition we incorporate the notation for 
the quarterperiods. 
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10*41. The functions snz^, cnu, dnu are defined as the elliptic functions 
constructed with a Jacobian set of quarterperiods K^, to have simple 

poles congruent with and simple zeros congruent with the origin, with 
and with K^, respectively, and to have unity for leading coefficient at 
the origin. 

Thus 

10*42^^3 8n'0 = l, cnO = l, dnO = 1. 

Also, because| the lattice is Jacobian, 

10*43 mK^ = \. 

The whole theory of the functions is implicit in *41 and *43. 

Jacobi’s three functions are standardized functions with a common 
pole at and zeros at K^, K^, K^, just as the primitive functions 
defined in 1*2 are standardized functions with a common pole at and 
zeros at cjp And the Jacobian functions, like the primitive 

functions, are best understood as belonging to a set of twelve functions, 
each choice of a zero and a pole among the four cardinal points pro- 
viding one function. The typical function of the complete set has a zero 
at Kp and a pole at K^, and the standardizing factor is chosen in every 
case in relation to the origin, where the leading coefficient is required 
to be unity; with this condition we denote the function by pqt^. 

Thus ^(iu, ^nu, sdt^ have simple zeros at the origin, and the quotient 
of each of them by u tends there to 1 : 

•401 sqte~t6. 

The reciprocal functions cs^^, nst^, dsu have simple poles at the origin, 
and the product of each of these by u tends there to 1 : 

•402 psur^lju; 

in fact these three functions are the primitive functions of the lattice, 
in the sense of our earlier chapters. If the origin is neither zero nor 
pole, then 

•403 pq0 = l. 

The utility, if not the importance, of the set of twelve functions was 
first seen by Glaisher, who introduced^ the nine functions which com- 
plete the set by defining ns-u as l/sn-i^, sci^ as snulcnu, and so on, 

t Logically, the relation *43 can not be regarded as a characterizing property of a 
Jacobian lattice, since the notation assumes already that the lattice is Jacobian; the 
characteristic property must be expressed as gj cu/ — 1. But as regards the Jacobian 
functions, nothing more is to be learnt mathematically from one way of expressing the 
result than from another. 

t Messenger of Mathematics, 11 (1882), p. 86. 
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regarding the notation purely as mnemonical. That the functions we 
have defined satisfy the relations 

•404-*405 pqi4qpu = l, pqi^qrti == pri^ 

and are therefore in fact Glaisher’s functions, follows immediately from 
Liouville’s theorem. No constant factors other than unity now occur, 
because the functions are all standardized at the same point: the leading 
coefficient at the origin is 1 for every function. Glaisher constructed 
the set from Jacobi’s functions, the three functions with a pole at 
but the set can be reconstructed by the same rules from any triplet 
with a common pole or a common zero: if the primitive functions csi4, 
ns?^, ds24 are regarded as fundamental, Jacobi’s functions are given by 

•406—408 mu — ljnsu^ cni^ = cst^/ns^^, dnu — dsulnsu, 

or if we begin with the three functions scu, sni^, sdu which vanish at 
the origin, we have 

•409—410 cnu — ^nu/scu, dn-u = &nul&du. 

The set of Glaisher’s functions, unlike the set of elementary functions 
defined in 2*1, is wholly lacking in symmetry. A formula may be 
typical in its algebraical structure of a group of three or more formulae, 
but the constants in one formula can seldom be obtained from those 
in another by mere transliteration. 

Each of the elementary functions built on the Jacobian lattice is 
a constant multiple of the corresponding Glaisher function, and in a 
sense the factor is known, for it is the leading coefficient of the ele- 
mentary function, as given in Table II 2. But the coefficients in this 
table are given in terms of the critical values of the earlier theory. If 
we propose to translate theorems from Chapters I-IV into theorems on 
Glaisher’s functions, we shall have to relate the parameters as well as 
the functions to the Jacobian system. It is usually better to apply the 
methods of the general theory than to translate the results. 
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ll’l. Many of the arguments used in the first part of the book are 
unaffected by the presence of constant factors in the functions con- 
sidered, and lead to theorems that are true of the Jacobianf functions. 
If arguments are repeated, they will be given succinctly. 

Since the function pq(— w) has the same poles and the same zeros 
as pqt^, one function is a constant multiple of the other. If the origin 
is neither a zero nor a pole, the functions have the same value there 
and everywhere: pqt^ is an even function. If the origin is a simple pole 
or a simple zero, 'P^i—u)j^qu — 1 as -> 0, and the constant value 
of the ratio is —1: the function ^qu is odd. 

ll'll. The three functions sct^, snt^, sdu and their reciprocals are odd 
functions; the three functions onu, dnu, cdu and their reciprocals are 
even functions. 

If K( is a step from a zero to a pole of the function pq u, the product 
pqt^pq(i^+^<) no poles and is therefore a constant; hence 

pqt^pq(w+Ai) = pq{t^+A;)pq(t4+2A;) 
for all values of u, and therefore 

pq(u+2Ki) = pqu: 

1 1 • 1 2. Any step from a zero to a pole of the function pq u is a half period 
of the function. 

In particular, 

11-13. The step K^^from K^ to K^is a halfperiod of pqt^. 

If K^ is any one of the three numbers X^, the function pq(i6+ 2X^) 

has the same zeros and the same poles as pqi^, and pq(t^-l-2X^)/pqtt is 
a constant which can be equated to pqX^/pq(— X^) if X^ is neither zero 
nor pole and can in any case be equated to 

w-H)pq(t4— X^) 

Whether pq u is even or odd, and whether it is a value or a limit which 
we find, the constant is either — 1 or 1, and therefore each of the numbers 

t Usually I speak of the twelve functions as Jacobian, for to attach Glaisher’s name, 
to the exclusion of Jacobi’s, to nine of the twelve would be to exaggerate Glaisher’s 
contribution to the theory of the subject. If it is necessary to discriminate, sn w, on ti, 
dn u may be described as Jacobi’s functions. 
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2K,, 2K,, 2Ka is a half period if not a period of pq From *12 it follows 
that one of these numbers is a period, and since pq u has only one pole, 
and that a simple one, in the parallelogram 2Ky^, it follows that 
not more than one of the numbers is a period; thus one of the three 
is a period and two are halfperiods: 

11*14. Of the three numbers K^, the one which is equal to a step 

from a zero to a pole of pq u is a half period of the function, the other two 
are quarterperiods. 

If a halfperiod, pqt6pq(ifc4--^Q) is constant; if Jf^is a quarterperiod, 
pq('i^+2^^) = — pqt4. It is easy to confirm the latter result by a direct 
examination of the ratio p(\{u-{-2Ki)jpc\u in the different cases. 

If the function pqi^ is odd, one of the symbols p, q is s and the other 
belongs to a halfperiod; if the function is even, p, q are two of the 
symbols c, n, d and belong to quarterperiods, while the third of these 
symbols belongs to a halfperiod. 

Since differs from by 2K^^, which is at least a half- 

period if it is not zero, 

11*15. The sum is a halfperiod of the function pqu. 

This form of the result, with the identity 

•101 — 0 , 

is the clearest analytical explanation of the grouping of the functions 
with respect to periodicity: the four terms can be split into pairs in 
three ways, and each pair is associated with two functions. 

The natural classification of the twelve functions is shown in the 
following scheme: 


Table XI i 


Poles and periods of the twelve J acobian functions 


Periods 2Kf., 

Periods 4^^, 2X„, 
Periods 4:K^, 2Ka 


Pole K, 
csu 
nsu 
dsu 


Pole 

s,cu 

dew 

new 


Pole Kn 
dnw 
snw 
cn?/ 


Pole Ka 
ndw 
edw 
sd w 


The double stratification was perceived by Glaisher, but it is perhaps 
fair to say that he did not quite understand it, for he uses the phrase 
^groups having the same denominator’, taking this denominator to be 
one of Jacobi’s three functions snti, enu, dni^ and attaching no func- 
tional significance to his notation. He observes, without offering an 
explanation, that formulae relating to the group csw, nsi^, dsw are 
sometimes simpler in respect of literal coefficients than formulae relating 
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to other groups. The reason is, that in this group alone the factor 
which renders an elliptic function specific when its poles and zeros are 
assigned bears the ^ame organic relation to each of the three functions. 

The recognition of the congruences of points at which a function pq u 
has a common value, or in other words the solution of the equation 
pq^ = pq«, is implicit in the table of periods and poles. If the func- 
tion is an even function, a and —a are distinct solutions of the equation, 
and every solution is congruent with one of these. For example, the 
general solution of 

•102 cnu — cna 

is 

•103 u — 

or in terms of and 

•104 u == with even; 

the general solution of 
•105 dn^^ = dna 

is 

*106 u — 2mK^-\-^nK^^^a. 

If pqi^ is an odd function, and 2Kj. is one of the halfperiods, the sum 
of the two poles is congruent with and distinct solutions of the 
equation are a and 2K^—a, Thus the general solution of 

•107 sni^ — sna 

is 

•108 u — 4:mK^-\-2nKf^-{-a or u — {4m-\-2)Kc-\-2nK.^—a. 

11-2. We have explained in 10-1 that the effect of standardizing the 
elliptic integral is that only one parameter remains. The constants in 
the elliptic integrals are the critical values in the corresponding system 
of elliptic functions, and we have in effect asserted that the mutual 
relations between the Jacobian functions depend on a single constant. 

Since pq(i/+2^/) is equal to pqt^ or to — pqt4 according as is 
a halfperiod or a quarterperiod, 

•201 pq2('2^-|-2iQ) = pq^-z^ 

in either case. That is, pq^i^ is doubly periodic in 2K^ and 2K^, and 
since there is only one pole in a period parallelogram, the principal part 
of the expansion of pq% near consists of a single term 
a linear term B^l(u—K^) which would supply a residue can not occur. It 
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follows that if pqt^, rqu are copolar functions, the functions (pq^ii)/^^, 
{TqH)IAr have the same principal part ll(u—Kq)^ near the common 
pole, and their difference, a doubly periodic function everywhere finite, 
is constant: 


11*21. The squares of any two copolar J acobian functions are connected 
by a linear relation with constant coefficients. 

The relation is known if two pairs of corresponding values of the related 
functions are known; the relation between pq^i^ and ic^u is expres- 
sible as 


11*22 


pq^i6 xo^u 
pq%'^xq^K], 


= 1 . 


Since the functions are known at or near the origin, only one other 
point need in fact be examined, but we can not write down a general 
formula if we introduce the origin with no regard to its functional rela- 
tion to the two functions which are to be connected. The relation *22 
is equivalent to 


•202 

and therefore 


pqfu rq^ _ ^ 


•203 : rq^^^. 

If the pole is not the origin, the value of the constant C in *202 is 
1/^p— 1/^^, and *22 implies similarly that 
11*23 qp2i;+qr2ir^ = 1, 

provided that the common zero is not the origin. For a function psi4 
with a pole at the origin, the principal part of ps^t^ there is l/i^^; hence 
for two functions psi^, qst^, the difference ps^i^— qs^i^ is constant, and 
this may be evaluated either at or at Kg. 

11*24 ps^^^— qs^i^ = —qs^Kp = ps^iT^. 


11*3. The three original Jacobian functions are copolar and the linear 
relations between their squares are generally regarded as expressing 
cn^t^ and dnH in terms of sn^?^. Since simultaneously at the origin 

•301 sn^4 = 0, cnu = 1, dn^ = 1, 

we have cn^t^ = 1— 6sn%, dn^i^ = 1— csn^t^, 

where 6, c are constants. Since also cnt^ = 0, sni^ = 1 simultaneously 
when u == the constant 6 is 1, and we have 
11*31 cn^i^ = 1— sn^, 

11*32 dnH = 1— csn^i^, 
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where c remains as the one parameter involved in the algebraic rela- 
tions between the functions of the system ; when we speak of the para- 
meter, it is c that we mean. If we put the relations *31, -32 into the 
form of *22, we have 

•302~*303 — 1, csn^i^+dn^i^ = 1, 

and we recognize that these relations depend on the specific values of 
cnJTg, dniTg, and sniT^, while 1/c is identified with sn^iT^: 

11-33 c — 

The relation between and dn^^ is 

•304 dn^i^ = c'+ccn^i^, 

where c' defined by 

11-34 c' = 1-c 

is the complementary parameter of the system, identifiable also from -304: 
11-36 c' - dn^iT^. 

From -304, 

•305 cn^-K^ = —c'/c. 

We can find the identities similar to -31, -32, *304 for the other pairs 
of copolar functions without returning to first principles. Dividing 
•31, ^32 by sn^t^ we have 

•306--307 cs^i^ = ns^ie—l, ds^i^ = ns^t^— c. 

If we divide -304 by sn^i^ we obtain not the relation between cs^t^ and 
ds^t^ but the homogeneous relation 

•308 ds^i^ = c'ns^i^+ccs^, 

and it is from the homogeneous relation 
•309 — c'sn^+cn^t^ 

that the relation 

•310 ds^u = cs%+c' 

comes by mere division. We therefore add the homogeneous identity 
at each pole, and set out the complete scheme of formulae as follows: 

Table XI 2 

cs^w + 1 = cs^w + c' = ds*w ds*w + c = na^u c ca^u + c' ns^ti = ds*u 

ac^u + 1 = nc^u c' ao^u -f- 1 = dc®w c' no^u + c = da^u c sc*w + dc^w == no*w 
8n*w + cn*w =1 c + dn^u = 1 c cn*w + c' = dn*w c' sn*w + cn*w = dn^w 
c' sd*w + cd*w =1 c sd^w + 1 = nd*w c cd*w + c' nd^w = 1 sd^w cd^w = nd^w 
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To understand the individual formulae in Table XI 2, we must 
recognize those which are not homogeneous as identities of the form 
•22. For this purpose we must be able to determine, otherwise than 
from the formulae themselves, the squares of the critical values of 
Glaisher’s twelve functions, in terms of the constants of the system. 
There is no difficulty in writing down the required values of ns^i^, nc^tt, 
since zero and infinite values do not concern us. But if, for 
example, we consider cdu as cnujAnu, we can not write down cd^if^, 
one of the constants wanted in the determination of the relation 
between and nd^u. Knowing that cd^u and nd^i^ are simulta- 

neously unity at the origin, we have 
•311 (nd^K^—l)cd^u = nd^K^—nd^u, 

and since nd^K^ — 1/c', we can infer cd^X^^, but we might as well find 
the relation between cd^u and nd^i4 from the relation between cn^u and 
dn^i^ as write it down in the form *311. 

There is however another line of argument. We can evaluate cd^u 
as cn^ujdn^u even at the common pole if we know the principal 
parts of the functions cn^^^, dn% there. In other words, although we 
can not pass directly from the six critical values of one copolar triad 
to the six critical values of another, we can pass directly from the 
twelve leading coefficients of one copolar triad to the twelve leading 
coefficients of another. 

If the principal part of sn^ near is the leading coeffi- 

cient of sn^i^ at is Now the product sn'z^sn( 2 ^+A^^J has no poles, 
and therefore has a constant value, whence 
•312 

u ->0 

But, as -> 0, (snu)/u 1, UHn{u-\-K^^) -> a^; hence 

^ mK^mK'a, 

and the leading coefficient of sn% at is 1/c. It follows from *31, *32 
that the leading coefficients of dn^u at are —1/c, —1. 

The leading coefficients of cnu at and of dnu at are values 
of the derivatives cn'w, dn'u, but without anticipating the discussion 
of derivatives we can find the squares of these leading coefficients by 
repeating the argument we have just used. The products 
cn u dn u dn{u-\-Kf) 

are constants, and therefore 
•313 Qn(u-\-Kf)(m{u—K^) = cniC^, 

•314 dn(u+Kf)dn(u—KJ = dnX;.; 
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as we have just seen, as -> 0 

-> 1/c, ^ — 1; 

hence, from *305 and *35, 

•315-316 cr)?(u+K^) ~ cV, dn2(^^+ir^) ^ -cV. 

Thus the scheme of leading coefficients for the squares of Jacobi’s 
original functions is as follows: 

Table XI 3 


AtK, 

At K, 

AtK„ 

AtKa 

1 X 

1 

1/c^ 

1/c 

1 

c'x 

-Ijc- 

— c'lc 

dn®u 1 

c' 

-1 + 

— c'x 


In each row, the product of the coefficients at the zero and the pole 
is equal to the product of the other two coefficients. 

With Table XI 3 in front of us, we can write down the corresponding 
scheme for any other copolar triad. The scheme for the functions with 
a pole at the origin is remarkably simple: 

Table XI 4 


AtK, 

At K, 

AtK,, 

At 

CS^W 1-r 

c'x 

-1 

— c/ 

ns^ti 1 -r 

1 

cx 

c 

1 r 

c' 

— c 

— cc'x 


In this scheme, for a reason which we shall discover in the next section, 
the coefficient at a zero is the product of the other coefficients in the 
same column. 

We can read from either of the tables XI 3, XI 4 the square of any 
critical value pq and so we can write down any required relation 
between the squares of two copolar functions immediately in the form 
of *22. Further, the square of any one of the twelve Jacobian functions 
can be expressed rationally in terms of the square of any other: 

11*36. If Ki is neither a pole nor a zero of pqt^, then 

pq^u _ rt^u—rt^Kp 

pq% ~ Tt^u—Tt^Kq * 

11*4. The square of pqi^ is a function (f){u) of the second order with 
2K^y 2K^ for periods and with the one pole which is double; 
the derivative (l>'(u) is therefore of the third order, with for a triple 
pole. The points where the function has the same value as at 
a given point a are the points congruent with a and the points con- 

4767 B b 
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gruent with —a; two of these points coincide, that is, a is a double 
root of the equation (f>(u) = <^(a) and therefore a root of the equation 
(l>'{u) = 0, only if 2a ~ 0, that is, if a is congruent with one of the 
four numbers Of the four numbers, is a triple pole 

of (f>'(u), and therefore each of the other three is a simple zero. Express- 
ing (f)'(u) as 2pqi^pq'i^ and removing the pole and the zero of pqi^, 
we see that 

11*41. The derivative pq'i^ has double poles congruent with and 
simple zeros congruent with the two cardinal points other than and K^. 

It follows from *41 that 

11*42. If Kj., Kf are the two cardinal points other than iQ, the 
derivative pq'u is a constant multiple of rq u tq u. 

For a function squ with a zero at the origin, the values of sq'ii and 
of vqu, tqt4 at the origin are all 1, and the constant factor is 1: 

11*43 sq'u — rqutqu. 

For a function psi^ with a pole at the origin, psi^ ~ l/u, and therefore 
ps'i^ ~ —l/u^ while rstitsi^ ~ l/u^: 

11*44 ps'?^ = — rs^^tsi^. 

If the origin is neither a pole nor a zero, we have 
*401 pq% = 1— qs^iT^sq^ii, 

and therefore 

11*45 pq'i6 = —qs^KpSqurqu = ps^if^ sq ^ rq 

where rqi^ is the third function copolar with pq^ and sq 2 ^; the coeffi- 
cient in *45 is supplied by either of the Tables XI 3, XI 4. 

We tabulate for reference the coefficients in the twelve derivatives; 
the functional contribution to the complete formula for pq'^ is supplied 
by the two functions with which pqu shares a column in the table. 

Table XI 5 

cs'w = — lx Hc'u — 1 X dn% = — cx r\d'u = c x 

ns'w = — lx dc'w = c'x sn'w = lx cd'w == — c'x 

ds'w = — 1 X nc'u 1 X cn'u = — 1 x sd'w = lx 

It must be remembered that this table gives the expression of pq'ti 
as a function of Uy not the form of pqt^ near the zero The lead- 
ing coefficient of pqt^ at is the product of the entry in XI 5 by 
rqJKptqJKp. If the entry against pq'u in XI 6 is ±1, then 

pq'2-i^ = vc^tc^Uy 
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and the leading coefficient of at is the product of the values 
there of and this is the property of Table XI 4 noticed in 
the last section, and we see that in Table XI 3 it is possessed by sn^i^ 
and cn^i^ but not by dn^. 

The classical formulae in differentiation are in the third column of 
Table XI 6: 

11*46i_3 m'u — cn'^^dn^fc, cn'i^ = — sni^dnu, dn'u = —c^nuanu. 

These formulae can be regarded as a set of simultaneous differential 
equations which with the set of initial conditions 

snO = 0, cnO ~ 1, dnO = 1 
determines completely the set of functions sn^^, mu, dn^^. From this 
point of view it is clear that 

11*47. There can not be more than one set of Jacobian functions with 
a given parameter c. 

To prove however that there is a set of Jacobian functions for an 
arbitrary value of c, that is, that the set of functions determined from 
the set of differential equations is necessarily a Jacobian set of which 
c is the parameter, is to meet all the difficulties of the inversion problem. 

11*5. Addition of a quarterperiod transfers the poles and zeros of 
one Jacobian function to the poles and zeros of another. If 2iQ is 
a period of pc\u, addition of Ki interchanges poles and zeros, and 
pq(u-\-Ki) is a multiple of qp-i^. This is the theorem by which we 
established the periodicities of pq^^ and of which we used particular 
cases in compiling Table XI 3: sn(i^+X^„), cn(?^+A^i)> dn(ii+iQ.) are 
multiples of ns if, ncif, ndif. If is not a period of i^qif, the zero 
and the pole A^+iiQ.of pq(if+A^) are congruent with the two 
cardinal points other than and For example, sn(if-f^c)> 
cn(u-\-K^), dn(if+A^) s^re multiples of cdif, dsif, sc if. 

The functional change is obvious geometrically in each particular 
case. Symbolically we may say that in replacing pq(if+iQ) by rmif, 
that is, by rm(if-t-if 3 ), we interchange t with s and we must interchange 
at the same time the other two of the four symbols s, c, n, d. But to 
ascertain the constant factor we must be able to compare the two 
functions pq(if+iQ), rm if at some one point. Most simply, if 

pq(if+A^) = Arm If, 

then A is the leading coefficient of pq u at iQ. The square of any such 
coefficient is determinable from either of the tables XI 3, XI 4; what 
we have now to consider is the determination of the coefficient itself. 
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As before, we can write down the leading coefficients of any one of 
the twelve functions if we know them for one copolar triad. The 
leading coefficient of at the zero is the value of pq'ifp, and is 
given by Table XI 5 in terms of the values rqJST^, tqK^ of the two 
functions copolar with pqi^. Also the product of the leading coefficients 
at and is given in terms of values by an argument that is now 
familiar: this product is 

limpq(i^+X^)pq(te+A^), 

w ->0 

and since is a step from zero to pole and from pole to zero, 

the product pq(w+^^jt})P^(^+^g) is independent of u and can be 
evaluated directly. If pqu is an odd function, either or is zero, 
and since = 0, the product is expressible as 

pq/r,.pq(— X;), that is, as — pqiiL,.pq If pq-z^ is even, neither nor 

is zero and we may take A;. = 0, jiutting u = —K^ 

we have, since is now a halfperiod, 

Pq(^+A"^)pq(^+X^) -= pq0pq(2Ag+A^) ^ -pq A,pqA^, 
and the result is the same as before: 

11*51. The product of the leading coefficients of the Jacobian function 
pq u at the zero and the pole is the negative of the product of the 
values of the function at the other two cardinal points. 

It follows that to form a complete set of leading coefficients we 
require only the values of each of the three members of one triad at 
the two cardinal points where that function is neither zero nor infinite. 
Taking the original Jacobian triad snu, cnu, dnu, we have by definition 

•501--503 snAc = l, cnO = 1, dn0 = l; 

the constants unidentified are snA^, cnA^, dnA^, of which only the 
squares are known: 

•504--506 sn^A^ = 1/c, cn^A^ = — c'/c, dn^A^ = c'. 

As we shall see in the next section, the values of sn A^, cn A^, dnA^ 
are not only unidentified but unidentifiable: without altering the para- 
meters c, c', we can alter the basis and replace any one of these con- 
stants by its negative. What we must do therefore is to accept these 
values, or a set of constants rationally equivalent to them, as funda- 
mental constants in the theory. 

Since ns^A^ = c, dn^A^ = c', we have in effect first to choose definite 
square roots of c and c'. The choice is governed by the consideration 
that in the classical case of a positive real first quarterperiod and a 
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positively imaginary second quarterperiod, the functions chosen are to 
become the positive square roots of the positive real numbers c, c'. In 
the language of Chapter IX, the real values of an elementary function 
on the perimeter of the fundamental rectangle all have the same sign. 
It follows that in the classical case snu, which resembles u and is there- 
fore positive for sufficiently small positive values of w, is positive when 
u = and dnUy which has the positive value 1 at the origin, is 

positive when u = K^, Accordingly ns(Ag+iiL^) is chosen for one con- 
stant, dn Kq for another, and we write 

1I*52i_ 2 jfc = ns(A'^+irj, ¥ 

thus defining the constants known as the modulits, h, and the complex 
mmiary modulus, k\ With these definitions, 

•507-509 c = P, c' = ¥\ ¥+k'^ = 1. 

Since the condition == 0 is essential to *51, we have to 

notice specially that 

•510 ns == —k. 

There remains the critical value cnK^, whose square is now expres- 
sible as In the classical case, there are positive real values of 

cn u along the line from the zero towards the origin iQ, and therefore 
the imaginary values along the line from towards which 

makes a negative right angle with the line from towards are 
negatively imaginary; in particular, since ¥ and k are positive, 
cn{Kc+Kj^) = —i¥jk, and since gylu is an even function, cnJ?^ has 
the same value. We write therefore in general 

11-53 cniQ = cn(iLc+iL^) = —vk'jk, 

where 

11-54 1. 

Always v has one of the two values i, — i, but for some bases v has 
one value, for other bases the other value, and we can not dispense 
with the symbol. 

We can now complete the set of leading coefficients, using •402, * 463 , 
and -51: 

•511—513 sn'O = 1, cn'Ag = — snA^dnA^ = —¥, 
dn'A^ = == —v¥, 

and therefore, since 

sn A^snA^ = —Ifk, cnAgCnA^ = —vk'jk, dnA^dnA^ = ¥, 
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•51 implies that near 

1/^ j ^ 

•514--516 snu^ — cnu^ dnu'^ 

u—K^ u—K,, 

In collecting the leading coefficients of the original Jacobian func- 
tions into a table we include a column for the point that is, 
since it is to this point more often than to that classical results 
refer, and since in the case of real moduli this point becomes important 
as the fourth corner of the fundamental rectangle. 

Table XI 6 

Leading coefficients of Jacobi's functions 



AtK, 

At a; 

At 

At Ka 

AtK'a 

sn u 

lx 

1 

Ijk^ 

-l/k 

\lk 

Cl\U 

I 

-k'x 

-vjk^ 

-vk'lk 

— vk'lk 

dnn 

1 

k' 

— U-r 

X 

i 

vk'x 


To see more clearly the significance of u, let us look at the table of 
coefficients for the functions cst^, ns^^, dsu, the primitive functions 
of the Jacobian system; the table is constructed from XI 6: 

Table XI 7 

Leading coefficients of the 'primitive J acobian functions 



AtK, 

AtK, 

AtK^ 

AtlQ 

CHU 

1- 

— k'x 

— v 

vk' 

nsiu 


1 

kx 

-k 

dsif 

Ir 

k' 

— vk 

vkk'x 


This table includes the six critical values of the primitive functions; 
in the earlier notation we have 

•517--519 gf — 1, hg = dsX,,^ = —vh, ff^ = csX^ “ vk', 

•520-522 fg=-csK„^—v, gf, = = —k, h^ = dsK^==k\ 

These values satisfy the relations 

^ = = A ^ ^ 

fg 9h 

Thus the constant u, which is definable by 
11-55 scK^ = v, 

is the signature of the set of quarterperiods K^, K^, K^, according to 
the definition in 1-6; we call it the signature of the basis K^. 

11 -56. The signature is -\-i or —i according as minimum rotation 
Kj, -> is positive or negative. 
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In the theory of the elementary functions constructed from an 
arbitrary set of quarterperiods, the explicit use of the signature is 
slight, since the product of one critical value by the signature is express- 
ible as another critical value, and the six critical values though inter- 
dependent are all of the same standing. In the Jacobian theory, 
equality of standing and symmetry are sacrificed at the outset, and the 
signature becomes one of the insistent constants associated with a basis. 

If the leading coefficient of pq^i at the pole is the quotient 
(pqi^)/a^ is the elementary function, in the sense of Chapter II, con- 
structed from the quarterperiods K^. The set of elementary 

functions is therefore as follows: 

Table XI 8 

fiu = CHU jfw = —k'Hcu hgw “ udnM ghw = —vk'ndu 

g]u — n^u Mu = — jgti kimu ihu = kcdu 

= dsii gfw — —k'wGU i'gu — vkcnu ihu —■ vkk'sdu 

This table, which may be otherwise compiled from Table II 2 and the 
set of critical values •517-*522, shows the substitutions by which 
formulae concerning the elementary functions become formulae in the 
theory of Jacobian functions. 

11*6. Since the conditions which render the Jacobian functions 
specific when their poles and zeros are known are conditions at the 
origin, the functions themselves depend only on the distributions of 
poles and zeros, not in any way on the pair of quarterperiods chosen 
for the basis of the system. Hence the parameter c, which is the con- 
stant value of ns^^4— ds^ii, is uniquely determinate. But the constants 
k, k\ V required for the complete scheme of leading coefficients of the 
functions are in a different category. Their squares c, c', — 1 are deter- 
minate, but when the constants are defined as nsX^, dnX^, scX^^ it is 
with respect to the particular set of quarterperiods in use that they 
are unambiguous, and their relation to the system of functions is still 
in question. 

Supposing the system of functions to be given, we may attach the 
symbol to any point at which sni^ = 1 and the symbol to any 
pole of snu, provided only that the pair of quarterperiods is 

then a primitive pair. That is to say, from *108, 

11*61. // a, j8 is one basis of a set of Jacobian functions, the general 
basis of the same set is given by 

• 61 i _2 = 2m2 0i-\-(2n2+l)P 
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with the one condition 

•6I3 ( 4 mi+l)( 2 w 2 +l)-- 4111^2 == ±1- 

Since 2a is a halfperiod and 2j8 is a period of ns-z^, 

== ±ns(a+j8) according as is even or odd; 
since 2a is a period and 2j3 is a halfperiod of dni^, 

= ±dn a according as is even or odd; 
since 2a is a period and 2j3 is a halfperiod of sc-i^, 

soK^ == ±scj8 according as ng is even or odd. 

In other words, if with the basis a, the values of fc, k', v are a, a', t, 
then when are given by -Gli, -Gig, 


•601 



according as mg is even or odd, 

•602 

k' = 

±a' 

according as n^ is even or odd, 

•603 

V = 


according as n^ is even or odd. 


These alternatives are independent, for the condition -Gig is satisfied 
by 9^2 == 0, = n^m^ and by Tig = — 1, = —n^m^, whatever the 

values of and n^. Hence for a given set of functions, the eight 
possibilities latent in the set of equations 

•G04-G0G k^ = c, = c', ^ -1 

are all realized. For a particular choice of and we may ask 
which square root of c is playing the part of k, which square root of 
c' is playing the part of k', and whether i or — i is playing the part 
of Vj but the answers depend on the choice of and we can change 
the answers by changing the basis. 

In ’Gig, the sign on the right is positive or negative according as n^ 
is even or odd; hence u is t or — t according as the transformation from 
a, jS to is direct or reverse. This is in agreement with 0-14. We 

can in fact conclude from the simple arguments of the present section 
that /or a given set of functions the sets of quarterperiods for which 
sc is i are those for which the rotation is in one direc- 

tion and the sets for which sc^C^ is — i are those for which the rotation 
is in the reverse direction, but we can not teU which direction is asso- 
ciated with sc = i, which with sc —i. If is real and positive 
and is imaginary, then between the origin and cnu is real and 
positive and snTi is positively or negatively imaginary according as 
is positively or negatively imaginary; thus in this case sc-fiT^ is i or — i 
according as rotation from to through a right angle is positive 
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or negative, and -56 is proved for this case without the analysis used 
in Chapter III. Since i is an absolute constant, the association of the 
value of scA"^ with the direction of rotation can not vary from one 
Jacobian system to another, and we could in fact appeal to continuity 
and identify the v of 1*606 with the signature retrospectively from *56. 

There is a temptation to remove the signature from the formulae 
connected with Jacobian functions by including the condition sc = i 
in the definition of a Jacobian basis; the pair of conditions 

•607-608 snA^=-l, scK^^i 

is attractively complete. As we have seen, the second condition is a 
restriction not on the functions with which we deal, but only on the 
period systems with which we work. If a, ^ is a Jacobian basis, so also 
is a, — j3; the Jacobian functions constructed on the two foundations 
are identical, and one of the two values sc^, sc(— j8) is i and the other 
is —i. Since ns(a4-i3) and ns(a— j3) are equal, k has the same value on 
each basis, and so also has k', which is dn a. Thus to impose the con- 
dition scA^ = i means only that of the two potential bases a, j8 and 
a, — one is accepted and one rejected. If a, j8 is an acceptable basis, 
the general basis for the same set of functions is given by the sym- 
metrical pair of formulae 

•609 A^ = {4m^+l)oc+2n^p, A,, = 2m^cx+(4n^+l)p 

with the condition 

•610 l)(4n2+ 1)— = 1, 

which is now definite since the expression on the left can not be equal 
to — 1 for any integral values of m^, 

The question is of course purely one of convenience in vocabulary 
and notation. If the change is made, the theorem that will be lost is 
the first part of 10-24: it will no longer be true that every set of quarter- 
periods cuy, is represented by a Jacobian set geometrically similar 

to it. We shall be able to assert only that of the two pairs of numbers 
gfOjf, gfOjg and gfO}f, —g^w^, one is a Jacobian basis and the other is 
not; we shall then define the set of quarterperiods (a, — j3, — a-fj8) as 
the complement or conjugate of the set (a,j3, — a— jS), and instead of 
saying that gfOi^p necessarily a Jacobian basis and insisting 

that its signature may be either i or — i, we shall have to say that 
gfOig is either a Jacobian basis or the conjugate of a Jacobian 
basis. The duplexity removed from the value of sc A^^ reappears in the 
procedure of standardization. 
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The alternative vocabulary might be introduced in another way. 
The proof that in the system of elliptic functions constructed on the 
set of quarterperiods cug, coj^y the fractions Qfjfg, hgjgj^y fjh^ have 
a common value v whose square is —1 is simple. Also if is kept 
fixed at a value a and Wg is changed from j8 to — j8, then gr^, hf are 
unaltered and /^, are replaced by their negatives, and therefore 

V is replaced by — u. It follows that by taking 

ail 

•oil OJf = Oi, == p 

2 ' 

we have a set of quarterperiods for which the signature is automatically 
given the value i. Thus we could define the Jacobian basis corre- 
sponding to (jj^y cogy by 

•612 K^ = gfa)f, K^ = Xg,oyg, 

% 

that is, by 

•613 “ 9f^Jy == 

and secure the definite identity scK^ = i without attempting the com- 
paratively difficult interpretation of the alternatives v = iy v = —i. 
It will have been established that of the two sets of quarterperiods 
(ocypy — a— j3), (a, —jS, —a+^) one is geometrically similar to the Jaco- 
bian set which represents it and the other is not, and the transformation 
formulae •609, -610 will follow from the condition scif^^ = i as before. 

The obvious criticism of this course is that there is no merit in 
evading an interpretation; the only question can be whether there are 
advantages in postponing it. The content of our theorems will not be 
entirely preserved: we shall not know in advance that rotation in a 
basis defined by -612 is necessarily positive. From -610 we shall learn 
that rotation in equivalent bases is in the same direction, but we shall 
have either to appeal to continuity or to develop sooner or later analysis 
equivalent to that in Chapter III if we are to compare directions of 
rotation in bases that are not equivalent. 

There is no doubt that in practice we need to replace the pair of 
quarterperiods ojg by the similar pair g^cof, g^o^g without knowing 
whether rotation from cjf to cOg is positive or negative; if we are to be 
debarred from the Jacobian notation in the latter case, we shall have 
to introduce a notation to indicate that the normalizing factor g^ has 
been used. That is, if K^y were defined by •612, we should presently 
be writing g^ ojg = with e defined as 1 or — 1 according as gr^ g^ co^ 
was or was not a Jacobian basis in the restricted sense: an adaptable 
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€ would replace an adaptable u, and the notation would be no less and 
no more complicated than before. 

After all, when we have said that the restriction imposed by the 
condition scK^ — i would be imposed on the period system but not 
on the function, is not that an overwhelming argument against im- 
posing the restriction ? Should the pair of equations K^= ol, ^ 

mean more or mean less than that the set of functions constructed on 
the basis a, j 8 is the Jacobian set for which sn a = 1 and j 8 is a pole ? 

11*7. We have seen at the beginning of *5 that the effect of the 
addition of quarterperiods is to be read from a table of leading coeffi- 
cients. Thus from XI 7 we have an almost equivalent table: 

Table XI 9 

Addition of quarterperiods in the primitive Jacobian functions 

cs{u-\-Kc) ” —k'HCu ns(w~{-i^c) — dcu cls(?/ + /irc) = k'ncu 

q^(u-^K^) ~ —vdnu ns(w+/C,j) == kimu ds(i^-f^n) — —vkcnu 

cs(u-\-K^) = vk'ndu ns{u-\-Kfi) ~ —kcdu + — vkk'sdu 

C8(u\-K'f) = —vk'ndu + — kcdu d8(u-\-K'f) — vkk'^du 

The similar table for Jacobi’s original functions can be written down 
either from XI 6 or from XI 9: 

Table XI lo 

Addition of quarterperiods in Jacobi's functions 
8n{u-\-Kc) — cdu cn(u-{-Kc) — —k'^du dn(w-[-^c) k'wdu 

8n{u-\-KJ^) -- (l/k)n8u cn(w + X„) = ~(vlk)dHU dn{u-\-KJ^) — —vchu 

sn(w4-/Q) = -~(l/k)dcu cn(w+^d) ” —{vk'lk)ncu dn(w + Krf) = —vk'scu 

+ — (1/A;)dcii cn(u-\-K'f) — —(vk' lk)ncu dn(u+K'^) — vk'scu 

An individual function pq(t^+Xi) is found more readily from XI 9 than 
from XI 10 , since there are no fractional coefficients in the former table, 
but it is to the formulae in the latter table that historical interest attaches. 

11 - 8 . Since pq'u is a multiple of rq u tq u, and rq^w, to^u are multiples 
of pq^i^— pq^X;., pq%— pq^iQ, the function pqtt satisfies a differential 
equation 

•801 (dxjduY — X{x^—fJi)(x^—v), 

where A, ft, v are constants determinable from Tables XI 5, 2 . In 
particular, Xi “ cstt, X 2 = ns it, 0:3 = dsit satisfy the equations 
•802 (dxjdu)^ = 

•803 (dxjdu)^ = {xl—l)(xl—c), 

•804 (dxjdu)^ = (xl-\-c)(xl--c'). 
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Instead of referring again to Tables XI 5, 2, we can utilize XI 9. The 
function pq(w+^/) satisfies the same differential equation of the form 
•801 as 'pqu, and if pqti satisfies -801, the function (pqi^)//c, where k 
is a constant, satisfies the equation 

•805 K^dxjdu)^ = A(k:V— / x)(/<:V— v). 

The complete set of expressions for the squares of the derivatives is 
as follows: 


Table XI ii 


X 

(dxjduY 

X (dxjduY 




C8U 

{x^+\)(x^ + c') 

sct^ c' x'^)(\ -\- x^) 



nsu 

(x^— l)(a;^ — c) 


c) 



dsw 

(x^~{-c)(x^ — c') 

new (c' x^ -\- c)(x^ - 

-1) 




X 

(dxjduY 

X 


(dxjduY 


dnu 

(l-a:2)(a;2-c') 

ndw 

(1- 

-c'x^)(x^-l) 


sn?^ 

(l-x2)(l-c.r2) 

cd w 

(1- 

—cx^) 


cn^i 

(1 — f 

sdw 

(1- 

-c'x^){l-\-cx^) 


The coefficient A in *801 is 1 for a primitive function; hence if 
pqt^ == {Ts{u-^Kq)}/K, the coefficient of in the entry against pqi^ in 
this table is k^. But if rs(t^+/<^) = K^qu, then is the leading coeffi- 
cient of TS^u at Kq, Thus the coefficient of x^ in any entry in XI li 
is the corresponding entry in XI 4. Also the constant term against 
pqi^ in XI 11 is the coefficient of x^ against qpt^. 

From Table XIii we derive the details of the fundamental theorems 
connecting the functions of Jacobi and Glaisher with elliptic integrals. 
To demonstrate the results is only to repeat the arguments of 5-1 and 
5-3 in each case. As before, if c and c' come from a known system of 
functions, the equivalence of the functional relation with the integral 
relation is proved without difficulty; ’it is when c and c' are given first 
that the problem of inversion is acute. 


1L81. If the radicals resemble x^ towards infinity on the paths of 
integration, the relations 


• 81 i „3 Ui — j 

Xi 


dx 

^{(x^+ij(x^+c')y 


Uo 


GO 

/ 


Ua 


dx 


CO 

J V{(^' 


dx 

^-i){x^-c)y 


are equivalent to 

= csi^i, ^2 = ns-U2» 


V{(x*+c)(a:2— c')} 

x^ = ds u^. 
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11*82. If the radicals have the value 1 at the origin, the relations 


•82i_3 


= J; 


dx 


^{(i+x^)(i+c'x^)y 


Xt 


dx 


^{{i-z^)(i-cx^)y 


U 


12 


Xu 

J 


dx 


^{(l+cx^)(l-c'x^)} 


are equivalent to 

x^ — sctt4, x^ = snUg, Xi2 = sd-^ig* 
11*83. The relations 


*83i_3 u^ 


J V{(*' 


dx 


2-l){a:2-c)}’ 




J Sfi'x 


dx 


^+c)(x^-i)y 


u> 


1 

_ r 


)} 


are equivalent to 

x^ = dci^5, x^ = ncwg, x^ — dni^7, 
and the relations 


•83. ft u. 


* J W 


dx 


-\-cx^)(i—x^)y 


u. 


a7io 


dx 


V{(x2-l)(l-c'a;2)}’ 


_ r 

““ “ J ^i^^(r-cx2)} 


are equivalent to 


x^ == cni^9, — iidWio> ^11 == cd%i. 

If to the variable u in any of the formulae in these three theorems 
we give the value we have from Table XI 7 a limit of integration 
by means of which this quarterperiod is expressible as an integral. 
Since some of the limits of integration involve k and k' , we use P, k'^ 
instead of c, c' in the integrands also. It is to be remembered that the 
variables and parameters are complex, and that the paths of integra- 
tion in *81, *82, *83 are arbitrary. 

The set of formulae we obtain for K^, from *81, *82, *83 is both 
redundant and in a sense incomplete. On the one hand, dcu gives the 
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same integral as nsu, and as mu. On the other hand, the integrals 
given by ds u and nc u are 

00 00 

C dt C dt 

i<f 1 

the distinction between these is trivial, and if they are both to be 
recorded, the equivalent form 


r dt 

kfik 

must be added, although this is not provided by any of our twelve 
formulae. With this extension, the ten distinct formulae for become 
sixteen; if we allow the possible changes of this kind to be made 
mentally, the ten become six. Further, the substitution of l/t for t, 
equivalent to the use of qp'i^ instead of pqt^, is trivial, and if the 
possibility of this substitution also is borne in mind, four integrals 
remain: 



If is substituted for -u in *81 or -82, each limit of integration either 
has the signature v for an explicit factor or is 0 or oo. By substituting 
±:vt for X we transfer the factor v from the limit to the entire integral. 
In *81 the radical has then to resemble towards infinity and the 
substitution x — —vt removes the negative sign; in *82 the determining 
value of the radical is not affected by the substitution and we put 
X = vt. In *83 the limits of integration do not involve u, but for the 
sake of comparison we can introduce v as a factor of the integral 
by reversing one of the two factors in the radical. These changes 
having been made, the discussion is exactly parallel to that leading 
to -84: 
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11*85. For each of the integrals 


•85 


1-4 


00 

f 

0 

1/k 


dt 




1 

J V{(1- 




dt 

t^){\-k'H^)y 
dt 

\j{(\-fl)(t^-k^)} 


V{(1+A:'2<2)(1- 

0 ' k 

there are paths of integration such thxt the value of the integral is KJv, 

The classical integrals giving and are *842 and *852: 

11*86. If Kf. = K and ~ vK\ there are paths of integration such 
that 

,QA V f TTf C dt 


..J 




In the simple theory in which k and k' are real and therefore it is 
possible, as we have really shown in 9*7, to take for K and K' the real 
values obtained by treating the integrals in *84 and *85 as integrals 
along the real axis, the interpretation of the similarity between the 
two sets of integrals, and in particular between the two integrals in 
*86, is immediate: K' is the same function of k' as K is of k. But in the 
general theory we are not yet in a position to make this comparison, 
for we have established no relations between paths of integration. 

Among the integral expressions for are two, namely, those given 
by ncu and cn w, in which one limit is 1 and the other has v for a factor. 
It is impossible to eliminate v from the formal expression of such an 
integral, and if we replace the integral by the difference between two 
integrals from 0 or by the difference between two integrals to oo, we 
can be doing nothing but putting the integral into the form A-\-vB. 
The expressions obtainable for in this way are identifiable im- 
mediately with forms of —K^—K^ derivable from *84 and *85, and 
nothing is gained by deriving them from *81, *82, *83. The simplest 
formal expressions are 

00 1 

C dt C dt 

0 0 

and if 0 < A:' < 1 the formal simplicity of these integrals is a trans- 
parent illusion. 
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12-1. The Jacobian system of functions generates a profusion of addi- 
tion theorems, and the total lack of symmetry in the system renders 
general theorems hard to express and tends to deprive general formulae 
of their utility. For the construction of isolated results it is often better 
to return to first principles than to attempt a substitution. 

For a first example of a general method, let us find a formula for 
cn(i^+^) by Liouville’s process. As functions of u, the functions 
cn('u-|-ij)+cn(i4— i;), Qr\{u-\-v) — on{u—v) 

both have four simple poles, the two poles of cn(i^-|-i;), which are 
—v-\-K^ and — and the two poles of oxi(u—v), which are 

v-\-Kn and Of these four poles, —v-\-K^ and v-\-K^-\-2Kc 

are zeros of cnt^— cn(i;— and and —v-{-K^-\-2K^ are zeros 

of QXiu—Qn{v-\-Kf^), that is, being a halfperiod, of cnt^+cn(i^— A^). 
Thus the four poles are the zeros of cn^t^ — cn2(^;— A^J. Again, the zeros 
of cn(t4-(-v)-|-cn(t4— i;) are the solutions of the equation 
c,n{u-\-v) = Qn{u—v-\-2Kf,), 

and by 11*104, since the difference between the two arguments does 
not involve u, these are the points for which the sum 2i^-f-2Agis of the 
form 2mA^+27iA^ with m-\-n even; the points required are A^ and — A^, 
which are zeros of qhu, and A^ and A„ + 2Ap, which are poles of cnw. 
Similarly the zeros of cn(u-\-v)—cn(u—v) are the solutions of the 
equation cn(u-\~v) ~ cn(u—v) and are identified as zeros of cn'u. Thus 

•101 cn(M+i;)+cn(«— ?;) = 

cn^u—cn^v—lL„) 

•102 cn(u-i-v)—cn(u—v) = , 

cn^u—cn^v—K^) 

where A, B are independent of u. Putting = 0 in *101 we have 

A — cn^;sn2(^;— A^); 

letting u -> 0 in *102, we have, since cn't^ ~ —u, 

R — _an2/«,_ir o- cn(i;4-t^)--cn(2;— __ v \ 


-sn2(v— A^)lim 

u-^ 


= — cn'z;sn2(i;— A^). 


Hence 


cn(i^-|-v) = 


(cn u cn v—cxi'u cn'?;)8n2(?;~ A^) 
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From Table XI lo, 

ns2(t;— = csn^Vy cs%v—K^) = — dn^v, 


whence 

cn^um\v—Kn)~-cs%v—KJ = l+C8n^v{cn^u—l) == 1— csn^t^sn^v, 
and we have a classical formula 


1211 


cn(t^+!;) = 


cn u cn v—cn'u cn'v 
1 — c sn^t^ sn^^; 


12 * 2 . 

denote 


To illustrate another process, let (f>(u) denote dn^i^ and let F{w) 

1 ^(«) f («) . 

1 <f>{v) <l>'(v) 

1 <f>(w) <j>'{w) 


This function F(w) of w has the periods 2^^, 2K^, and is of the third 
order with a triple pole at it has obvious zeros at u and v, and 
therefore a third zero at 2Kj^—u—v. But 

•201 <^'(^) == 2dnwdn'wy 


and therefore 


•202 {<f>'(w)}^ = 

where A, fx, v are constants whose actual values we do not need. Hence 
the equation F{w) — 0 implies that (f){w) satisfies an equation 


•203 


1 <l>{u) <f>'{u) 1““ = X{<f>(u)—<f>(v)}H{t—iJL)(t—v), 

It 0 I 


and since this is a cubic equation, its roots are (l>{u)y <f)(v)y 

The product of these three toots is therefore a constant multiple of 

and it follows that dn{u-\-v-]-K^) is a constant multiple of 

{<^(u) — <f>(v)}dn udnv' 
that is, a constant multiple of 

dn u dn'i;— dn v dn'u 
dn^t^— dn^v 


Since dn{u-i-K^) is a constant multiple of csii, the simplest inter- 
pretation of this result is that cs(t4+v) is a constant multiple of the 

4767 D d 
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fraction *204; when v = 0 the fraction becomes dn't^/(l— dn^it), which 
is cst^, and therefore the constant factor is unity: 


12-21 


cs(it+^^) = 


dn u dn'?;— dn v An'u 
dn^— dn^v 


If it is a formula for dn(i6+t;) that we require, we replace v by v—K^, 
Since dn(i;— is a constant multiple of csv, the numerator in -204 
then becomes a multiple of 

dn u cs'z;— cs v dn'u, 


that is, of — dn ^ ns V ds v—dn'u cs v 

and therefore of (dn u dn v-\-An'u sn v cn i;)ns2v. 

Thus dn(?^+^) is a constant multiple of 

dn dn t;— ( 1 jcyin'u dn'v 
(dn^i^— dn2(?;— * 

Substituting for dn2(i;--^^J, we have the denominator 

An^u sn^i;+cn^t;, 

that is, l—csn^i^sn^iJ, and since the fraction becomes 1 when u and v 
are zero, the constant factor is again unity, and we have 


12-22 dn(t4+^) 

another classical result. 


dn dn v— ( 1 /c)dn't^ dn'v 
1 — csn^t^sn^i; ’ 


12-3. Up to a point the argument of the last paragraph is perfectly 
general, for the values of the coefficients in the cubic equation -203 are 
not used. If pqi^ is any one of Glaisher’s twelve functions, and if 
(f){w) = pq^i/;, then (t>'{w) has a triple pole at iQ, and 4if^ is either zero 
or a period of <l>(w). Hence pq(i^+v+-K^) is a constant multiple of 

.3Q1 p q^pq'^-pq^p q'^ 

pq^i^— pq^v 

The function pq('z^4-iQ) is infinite at the origin, and is therefore a 
multiple of the primitive function which is coperiodic with pqi^; if 
then this primitive function is tsu, it follows that rs(t^+^) is a constant 
multiple of the fraction -301. Suppose that for small values of u, 

•302 pq(«+^Lg) ~ aju. 

Then 

•303 ]ira ^^^'^+^Q'^V^'(^r\-K,)-v q{v +K ^'m '(u+K^) ^ pq(«+.K ,) 

„_.0 pq2(«4-^g)— pq2(t;+Z3) 

1 

/■w — , 

u 
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On the other hand, 


•304 limrs(t^+?;+2^^) = T&{u-{-2Kq) 

V->0 



the negative sign occurring if 2K^ is a halfperiod of rs u, that is, if 
is not one of the two points K^: 


12*31. If is any one of the four functions coperiodic with the 
primitive function rs u, then 

pq u pq't;— pq v pq'^^ 


rs(iA+^) — it 


pq2|^— pq^i; 


the sign being positive if pqu is rsu or sr«^, negative if pqu is one of the 
other two coperiodic functions. 

This theorem, which gives four formulae for each of the functions 
cs('W-f-^), ns(' 2 ^+v), ds(i^+?;), and therefore for each of their reciprocals 
sc('w4-?;), sd( 2 ^ 4 -i;), is the simplest comprehensive addition 

theorem for Jacobian functions. As soon as algebraical combinations 
are formed and simplified, the constants c, c' enter and repetitions 
are rare. 

The expression pq^ipq't;— pqi;pq't^ is an awkward denominator. If 
•305 pq'2^6 — Apq%+i^pq^'2^+^) 

then 


•306 pq2?^pq'2i?— pq2|;pq'2^ _ (pq2^_pq2^;)(j,_;\pq2^pq2^j^ 

and we replace the reciprocal of the fraction in *31 by 

pq u pq'^^+pq v pq'ii 
V— Apq^i^pq^v 

the coefficients v, A being taken from Table XI ii. Since identically 

. 3 Q 7 qpjiqp^+^^v^u ^pqupq'v +pqvpq'u 

X—v qp^u qp^v 1 / — A pq V pq^i^ 

we record only one of a pair of formulae related in this way. 

12*32. Addition theorems for the functions with zeros at the origin^ are 
as follows: 

Qo I _ scusc'i;-l-sci;sc'i^ dniedn'z^+dR^^dn'i^ 

•5 1-2 ^o(u+v) - y„^.gc2^scV "" dn^S-? “ ’ 


. _ snttsn'v+snvsn't^ cd-ucd'v+cd vcd't4 
•323-4 mu + v) - ^ vzy»-cd2^ - 


•SVe 


sd(w-|-v) = 


sd u sd'?;+sd v sd'i^ 
i+cc'sd2|4 sd^v 


cn u cn'v+cn v cn'i/. 
c'-^con^ucnH 
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We can recognize the coefficients in the denominator of the formula 
giving sq(i^+t;) in terms of sqi^ and sqv and their derivatives. If 

•308 sq'^ = XBq^u-\-iJLsq^u-{-v, 

then putting = 0 we have v = l \ also 


•309 


A = lim 

u-^K. 


faq'uV 

\aq^j 


qs'^K-. 


12-33. For a Jacobian function squ which has a zero at the origin, 

, , V sqttsq'i;+sq vsq't^ 

8q(u+v) = y • 

1 — qs sq2-u sq^v 

If Kp, Kq, Kj, are the three cardinal points distinct from Kg, then 

•310--311 ps'ii == — qsi^rsi^, sq'i^ = pqwrqi^. 

We can therefore replace the derivatives in *31 by products without 
complicating the formulae if the functions differentiated have poles or 
zeros at the origin: 

12-34i_ 2 ps(i4+v) 


qs rs 2^ ps t; — qs i; rs ?; ps sp w qp i; rp v — sp v qp 2^ rp w 


ps22^— ps^v 


sp^2^“Sp22; 


Similarly from *33 
12-35 aq{u+v) = 

1 — qs'^iT^ sq22^ sq^i; 

and in detail from *321 3 5 

sc 2^ nc V dc 2;+ sc 2; nc u dc 2^ 
l—c'sc^u^cH 


12-36i 

12362 

12-36, 


sc(2^+2;) 


sn(24+2;) = 

sd(2^+^) = 


sn 24 cn 2; dn 2;+ sn 2; cn 24 dn 24 
1— csn224sn^2; 

sd 24 cd 2; nd 2; + sd 2; cd 24 nd 24 
l+cc'sd^sd^i; 


The classical formula in this set, and indeed the most celebrated addi- 
tion formula in the whole subject, is -362, the addition theorem for 
Jacobi’s first function sn24. 


12*4. If neither the zero nor the pole Kq is at the origin, then 
pqtt = av K^Ta{u-\-K^), 
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where is the one of the three points iST^, that is distinct from 


and We have therefore 


•401 


But 


pq(u+v) 


rsiipq t;— pqvrs u 
Ts^u — TB^Kq pq^v 


rs = — pst^qsi^ 


-pqi^qs^i/, 


rs^i^— rs^i^L^pq^a; = rs^i^— rs2if^(l+ps^ir^sq2|;) — qs^i^— qs'^Jf^sq^v. 


Hence 

•402 


= PWq^rqwsqw^ 
Pq( + ) I_qs'2/!:,8q2wsq2j; ' 


Expressing pq'w as — qs^iT^rq^sq?;, we have the comprehensive 
theorem 

12-41. If ^qu is a Jacobian function for which the origin is neither 
a pole nor a zero, then 

— pqwpq^-qs^^psq^rq^isqvrqv 
^ ' Y-qs'^K^sqhtsq^v 

which includes the classical formulae 

cn cn t?— sn w dn sn V dn V 
1— csn^^sn^^; 

dn w dn V — c sn cn sn V cn V 
1— csn^i^sn^v 


12-42i 

12-42o 


cn(t^+i;) = 
dn(w+v) 


Alternatively, replacing rq^^sqi/^ in -402 by — sq^A^pq'i^, we have 
the numerator expressed purely in terms of one function and its 
derivative: 


12-43. // pqi4 i5 a Jacobian function for which the origin is neither 
a pole nor a zero, then 


pq(w+i;) -- 


pq pq i;— sq^Ap pq'i^ pq'i; 
1 — qs'^jfiT^ sq2|4 sq^t; 


This is the theorem of which -11 and -22 are cases; the denominator 
can be written 


1 — sq2 Ap qs^ 1 — pq^w) ( 1 — pq^v) . 


By adding a quarterperiod simultaneously to u and v we obtain 
from -43 other expressions for pq(t4+v) in terms of coperiodic functions 
of u and v. Two constant factors are involved, one for the functions in 
the numerator and the other for those in the denominator, but it is 
simpler to adjust a factor to the whole fraction by putting u and v zero 
than to attend to the first of these factors. The complete set of explicit 
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formulae follows. The classical formulae for cn(t^+v) and dn(ti+v) 
reappear. 


Table XII i 


nc nc V -f nc'^^ nc'v 
\— c ' hc^u 

cn w cn V + cii'ii Gn'v 

(dn^i^ dn^t; — c')/c 
ds'i^ ds'v + fls u ds V 
cs% Q^^v—c' 
sd't^ 8(1'-?^ sd w sd 
(l — c'nd^und^v)lc 


dc(u-\-v) 

dc 1 / dc V -|- ( 1 lc')dc'u dc'v 
l — c' sc^u 

sn't^ sn'i; + c' sn sn t; 

{dn^udn^v — c')/c 
ns'i/ ns'i; -f c' ns w ns v 
cs^u ca^v—c' 

cd u cd y + ( 1 /c')cd'w ad'v 
(l—c' nd^ii i\dH)lc 


dn(u4-^) 

dn w dn ( 1 lc)dn'u dn't> 
1 — c sn^u sn^v 
nd w nd v — ( I /o )nd'i^ nd'y 
(l~ccd^u cd'^v)/c/ 
c»'u cs'w — ccsu cs V 
ns^uns^v — c 
sc'u sc'v — CSC use V 
(dc^w dcH — c)lc' 


cn(t^ + i;) 

cn u cn V — cn'u cn'v 
l—c sn^ii sn^?; 
sd't^ sd't; — sd u sd v 
(1 - ced^ucx\^v)lc' 
ds'u ds'i; — ds ti ds v 
ns'^uns^v—c 
nc ui\ev~ nc'u nc'v 
(dc^u dc^c- c)/c' 


cd(w + «^) 

cd cd ?) — ( 1 lc')ed'u cd'v 
1 +cc'sd^t^ sd-*?; 
dc w dc V — ( 1 lc')dc'u dc'y 
c + c'nc^t6 nc^i? 
ns'u ns'i; — c'nsu ns v 
ds^w ds^v 4- 
sn'?i sn'?; — c' sn u sn v 
cen^u cn^tj-j-c' 


nd(i^ + t^) 

nd u nd ( 1 /c)nd't^ nd'i^ 
14 cc'sd^i^sd^y 
sc'u se'v 4- c sc sc 
c 4- Tie'^u licH 
es'u cs'v 4- c cs w cs V 
ds^u (is**!; j-cc' 
dn dn V 4- ( 1 lc)diVu dn't; 

ccn*t^cn2t;4-c' 


If in any formula for pq(i^+v) we add a quarterperiod to one variable 
and not to the other, we obtain an addition formula in which u and v 
are arguments of different functions. There is a very large number of 
these mixed formulae, a few of which we have already used incident- 
ally, but although their origin is simple they are of no obvious intrinsic 
interest. An example is 


dn(?^+i;) = 


dn'i^ cs v—dn u ch'v 
dn^+cs^v 


which was virtually the link between -21 and *22. 

Another type of formula for the function pq(^-f z;) in which neither 



ADDITION THEOREMS 


207 


a pole nor a zero is at the origin comes from *31 by simple division. 
The denominators of ps('i^+^) qs(t^+i;) are effectively the same if 

ps(t^+i;) and qs(i44-^) are expressed in terms of copolar functions, as 
can be done in four ways, the choice of pole determining the functions 
that must be used. We have, if K^. is the fourth cardinal point, 

qs^i^— qs^?; = ps^i^— ps^i;, rp^t^— rp^i; = — ps2iSL,.(sp2|4— sp^i;), 

sq2|4— sq^v = — sq2iL,.(rq^— rq^t;), 


pr^— pr^i; = pq2ir^(qr%— qr^i;), 

and noting that a negative sign is introduced if ps('z^+^) is expressed 
in terms of qri^ or rqii, or if qs(u-]-v) is expressed in terms of prt^ or 
rp 2 ^, we have the general theorem: 


12*44. If Kp, Kq are two of the three points and Kj. is the 

third of these points, then pq(i^+^) expressible in the four forms 


*44i_2 


ps u ps'iJ— ps V ps'-z^ 
qs u qs'i; — qs v qs'tt ’ 


ps^iT^ . 


sp sp'i;— sp i; sp'i4 
rp u rp' V— rp v rp't^ ’ 


*44. 


3-4 


sq2ii^,.^ 


rq^rq i;— rq vrq 21 ^ qrt^qr v— qri;qr 

* sq u sq'?; — sq v sq''?^ ’ ^ ’ pr pr' v— pr v pv'u ’ 

There are six functions to which this theorem is applicable, but since 
the fractions, unlike those in *31 and *32, retain their structure if 
denominator and numerator are interchanged, there are only twelve 
distinct formulae in a complete explicit set. 


12*5. From *31, substituting for the derivatives, we have 

12-51 i«(«+.) + qa(.+.) = P»«5”+P'"l»», 

rs'«^-f rs?; 

or in an elegant form, due for Jacobi’s functions to J. J. Thomson, 

. ^ pr(i^-f r)-f qr(ii+^) pr qr ^;-l-pr qr 

sr(i^-f-^) sTU-{-srv 

Addition of to v gives on reduction 
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13*1. One row of poles and zeros, regularly spaced along a line, is very 
like another, and a system of parallel rows of this kind forming a 
latticework can always be compared in general terms with a system 
associated with a particular Jacobian function. The differences, for 
example, between the pattern formed by the poles and zeros of scu 
and the pattern formed by the poles and zeros of snw are quantitative, 
not qualitative. We have to remember however that in the Jacobian 
theory shape can not be divorced from size. The normalizing factor is the 
key to every problem of fitting a Jacobian function into a given frame. 

Suppose that we do wish to interchange, while retaining geometrical 
similarity, the parts played by the first two quarterperiods. We have 
a system in which = «, = j8. We can not postulate a system in 

which Kf, = j3, == «, for we have no reason to think that such a 

system exists. But we may legitimately postulate a system in which 
Ag : == : a, or in other words postulate a factor fju such that (/ujS, /xa) 

is a Jacobian basis, and we can investigate the relation of the system 
in which A^ = /xjS, A^ = /xa to the system in which A^ == a, A^^ = jS. 

It is convenient to introduce a comprehensive notation to be used 
in the various transformations which we are about to study. We write 
V for the new variable fxu, and for the quarterperiods of 

the functions of v, with as an alternative symbol for the origin ; we 
use b, 6' for the parameters, h, h' for the moduli, and t for the signature, 
of the Jacobian system with basis In each of our problems we 

take a relation between the basis and the basis A^, A^, and 

we infer relations between b, b' and c, c', or if possible between A, h\ i 
and k, k', v, and also between functions constructed on the one basis 
and functions constructed on the other; we find also the ratio of v to u, 
that is, the normalizing factor fx. 

Throughout this work the table of leading coefficients, XI 7, is 
invaluable. 

13*2. Our first problem is defined by the pair of formulae 

•201-202 H, = = ,xA„ 

implying at once 
•203 


Hd — flKdy 
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and, since the direction of rotation is reversed, 

•204 t -= — u. 

The relation between the two systems is symmetrical. 

Functions for which the origin is neither a zero nor a pole can be 
identified by their structure, since the value at the origin is unity in 
each system. Thus 

•205--206 QXiv = nou, dn?; = dci^. 

But sn V, which has the zeros and poles of sc u, is given by 
•207 sn?; = fxsou, 

since the relations sn ^ scu u must be consistent with v == fiu. 

We have now only to take u and v at cardinal points to obtain from 
•205, *206, *207 relations between the constants of the systems. 
Explicitly, since sn //^ — 1, and u — corresponds to we have 

from -207 

13*21 jji — V, 

From -206, 

13-22. A' = dnH, = dcK„ = k, 

and it follows that reciprocally 
•208 h = k\ 

a relation which we can verify in the form 
•209 h — — ns^^ = —vd^K^i. 

Since sn v is an odd function, the relation 

^n{yLU\h) = iiHo{u\k), 
with fjL^ — —1, is equivalent to 
•210 sn(m;A) == i8c{u;k) 

whether /x is i or —i, and since cnv and dnv are even functions, the 
relations -205, -206 are equally independent of the signature. The rela- 
tion between the parameters is 

13*23 b = c', 6' = c, 

and since it is the parameters rather than the moduli which charac- 
terize a system, we express the conclusion in terms of parameters: 

13*24. If b = c', then 

•24i_ 3 sn(m, 6) — i sc(i^, c), cn(m, 6) = nc(t^, c), 

dn(iu,b) — dc(?^, c). 

E e 


4767 
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This theorem describes Jacobi's imaginary transformation in the form 
that is customary, but the nature of the transformation as a sheer 
interchange is made more evident if attention is focused on the set of 
functions with the origin for a zero: 

13 * 25 i .3 sc(m, 6 ) = isn(?^,c), sn(m, 6 ) = i^(i{u,c), 

sd(m, 6) — isd(i^,c). 

It need hardly be said that although we use the accepted name for the 
transformation, we do not think of as a real variable and iu as an 
imaginary variable. 

If we write 

•211-214 = = Hr, = iH\ 

thus defining K' , H' in terms of the signatures of the bases to which 
they belong, the initial conditions ‘201, *202 become, on account of the 
value of /X, 

•215-216 H ^ K', H' =: K, 

This is the theorem foreshadowed on p. 199: 

13*26. If oLy vS is a basis with signature v in the Jacobian system in 
which the parameter and its complement are a, a', then S, ta is a basis 
with signature l in the Jacobian system in which the parameter and its 
complement are a', a. 

Instead of reversing the signature we may take the initial conditions 
in the form ultimately the same functions are 

found, for a, — is always an alternative basis to a, j8, but we have 
now Hfi = /x(A"^+2iQ.), and since cardinal points in the one system no 
longer correspond to cardinal points in the other system, the com- 
parison of relevant values of the functions is much more troublesome. 

13*3. We consider next the transformation in which the first and 
third elements change parts. Again the signature is reversed, and the 
initial conditions are 

•301-303 Ha ^ 

*304 t = — V. 

The functional relations can be taken as 

•305-*307 cnv — dn^^, dnv = cnUy sn«; = jjL&nu, 

implying 

13-31 /X = nsA^ = —ky 

13-32 h — = — (l//x)nsiLg == \jky 
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•308 A' = dnH^ = cnK^ = —vk'jk, 

13*33i_2 b - 1/c, b' = -c'Ic. 

As before, the sign of fx is eliminated in the end, and the result takes 
the form: 

13-34. If b = l/c and k^ ^ c, then 
•34i_3 sn{ku,b) — ksn(u,c), cn(ku,b) = dn(i^, c), 

dn(ku,b) = cn(i^, c). 

With an alternative triplet, 

Hc(ku,b) — A:sd(i^, c), Hn(ku,b) = ksn{u,c), Hd(ku,b) = ksc{u,c). 

The transformation described in -34 is known as Jacobi's real trans- 
formation. Its importance in the restricted theory is that by connecting 
a modulus greater than unity with a modulus less than unity it enables 
all investigations in which the modulus is real to be conducted with 
the useful limitation 0 < A: < 1. 

13-4. The transformations considered in the last two sections can be 
combined and repeated, and they generate a group of transformations. 
To understand this group, we have only to think of the Jacobian 
functions as derived by means of a normalizing factor from the ele- 
mentary functions constructed on an arbitrary set of quarterperiods 
ojy, ojj^. The normalizing factor and the parts played by the in- 
dividual elementary functions in the unsymmetrical Jacobian scheme 
depend on the assignment of parts among the quarterperiods, and there 
are six Jacobian sets which differ only in factor and notation. The 
possible Jacobian bases are 

•401-402 K\ = g, oj,, Kl = Kl ^ /„ a>„, = /„ a>/; 

•403-404 A® == hgUig, Kl = K* = Kf, = g^w^-, 

•405— ^406 A® ~ fh<^hi — fh^/'y ~ hfOj/, Kl =- 

After each standardization, the twelve Jacobian functions are constant 
multiples of the twelve elementary functions constructed on coy, a>^, 
and therefore the Jacobian functions in one set are constant multiples 
of the Jacobian functions in any other set. 

A transformation determined by a condition 

is a transformation which connects two Jacobian sets that are derivable 
from one and the same elementary set. Hence no combination of such 
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transformations can take us outside the group of six sets with a common 
origin, and the totality of these transformations is a group in the 
mathematical sense. Symbolically, let ^ denote the transformation of 
•2 and the transformation of *3, and denote the six Jacobian sets 
for the moment by the affixes in the scheme •401--406. The trans- 
formations are symmetrical; f effects a passage between 1 and 2, 
between 3 and 4, and between 5 and 6; JT effects a passage between 
1 and 4, between 2 and 5, and between 3 and 6. Writing J for identity, 
we can express the dependence of the six sets on set 1 by the formulae 
i3-4ii_g 2 = /I, 3=-/jri, 4-:jn, 5 = jr/i, 

6 = /JT/I jr/jTl. 

The symmetrical or invalutionary character of the two Jacobian 
transformations is expressed by the formulae 
•407-408 /2 = Jf'2 

If we reverse the formulae •41j_g we have 

i3-4i7_i2 1 = ./I = /2 = jf;/3 = jr4 == /jr5 - /jt/o = jr/.:r6. 

To find the dependence of the set m on the set n, in terms of the trans- 
formations f , JT, we have only to substitute the expression for 1 in 
terms of n as given in ^he expression for m in terms of 1 as 

given in •41i_g and to reduce by suppression of 

The factor by which one Jacobian set is transformable into another 
is a ratio of the normalizing factors by which the two sets are derivable 
from a common origin. These normalizing factors are given in the first 
place as critical values in the elementary set, but if the problem is the 
transformation of a Jacobian set, the ratios of the normalizing factors 
must be found in terms of the constants of the set to be transformed, 
or, to put the determination differently, the elementary set must be 
identified temporarily with that Jacobian set. Thus if the first set is 
to be transformed, the transforming factors 


h'V ^2^ /^6 

can be regarded either as the quotients by gf of the six normalizing 
factors 

or as the values in the first set itself of the constants 


nsiT^, csiC^, dsZ,, 

and we have 


13*42jl_0 = 1, — V , — vk , — k , vk \ k \ 

We recognize the values of /Xg and found already in -21 and -31. 
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The signature of set m is the constant sciiTj^; the six values are 
therefore 

fii sc /X 2 sn /X 3 sn K^i, ^4 sd sd sc ; 

thus 

13*43i_ 8 = u, — u, u, —V, V, — u, 

as is directly obvious. The modulus is the value of the 

six values are therefore 

ns Kfi cs K^i ds K^. ns cs ds 

H'l /^2 /^3 /^4 /^5 /^6 

giving 

13*44i_g k^^^ = k, k\ —vk'lk, l/k, 1 /A:', vkjk'. 

The complementary modulus k'^ is dn K^\ to which the transforming 
factor is irrelevant, and the six values are 

dnK^, dcK„, cdK^, ndK^ -, 

that is, 

13-45i_g k'^ = k\ k, l/k, -vk'jk, vk/k', 1 /A:'. 

Since the transformation J' applied to the basis replaces the 

signature i; by — u, we may write == —v; similarly jTu = —v. The 
set of six signatures corresponding to the six Jacobian bases is generated 
from any one signature by the pair of operators JT regarded as 
operating on v itself. 

There is no similar generation of the modulus k, for while JTA: = 1 /A:, 
the complementary modulus k' is not determined uniquely by A:, and 
J^k is ambiguous. If we treat the operations as performed simul- 
taneously on k and A:', then J^(k,k') = (A:', A:), but JTA:' is —vk'jk and 
there is still an ambiguity. If however we adjoin the signature, and 
operate on the set of parameters (A:, k\ v), we have the rational trans- 
formations 

•409-*410 ^{k,k',v) — {k\k, — u), J^(k,k\v) — ( 1 /A:, — vk'jk, — v), 

and now the group of six sets of parameters is again derivable rationally 
from a single member by the two generators. 

Much simpler is the case of the parameter c. We have 

•411-412 /c =: 1-c, JTc = 1/c, 

and these two operations generate the complete set 
13*46i,g = c, 1 -c, -(l-c)/c,l/c, -c/(l-c), l/(l-c). 
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Now if a, j8, y, 8 are any four numbers, the anharmonic ratio (ajS, yS)l s 

a — y /a — 8 

a number depending on the order in which a, p, y, 8 occur. There are 
twenty -four permutations of a, j3, y, 8, but since identically 

{(Xp,y8) — (^a,8y) = (yS, ^ (8y,^a), 
not more than six of the ratios can be distinct. Also 

(ay, ^8) 1 — (a^,y8), (a^, 8y) = l/(a^,y8). 

Hence if c is the value of one anharmonic ratio of a, ^8, y, 8, then 
Jf'c are values of other anharmonic ratios of the same four numbers, 
and every number generated from c by combinations and repetitions 
of the two operators is an anharmonic ratio of a, j8, y, 8. Since 

the group of operators generates from c a set of six numbers which are 
in general all different, this set is precisely the anharmonic set to which 
c belongs, and regarded as operators on a single variable, generate 

the anharmonic group. 

13-47. Each set of Jacobian elliptic functions belongs to an anharmonic 
group of six sets. The group is generated from any one of its members 
by combinations and repetitions of Jacobi's two transformations, and the 
parameters of the six sets are the members of an anharmonic set of numbers. 
The six Jacobian sets are derivable from one and the same set of elementary 
elliptic functions by the use in turn of each of the critical values as a 
normalizing factor. 

The complete set of transformations is given explicitly in the fol- 
lowing table, where each column consists of the same function in its 
six different forms, and each row contains the three primitive functions 
belonging to the same Jacobian set. 


Table XIII i 


The anharmonic group of sets of primitive J acobian functions 


Ci>(u,c) 

ikdi^(iku, — c'/c) 
kds(ku, 1/c) 
ik' n^(ik'u, 1/c') 
k'cs(k'u, —cjc') 


c) 

ics(iu,c') 
ikcs(tku, —c'/c) 
kns(ku, 1 /c) 
ik' i\ii{ik'u, 1/c') 
k'dH(k'u, —cjc') 


ds(w, c) 
ids(m,c') 
ikn'^(ikn, —c'lc) 
kci^(ku, 1/c) 
ik'cH(ik'u, 1/c') 
k'ns{k'u, ~clc') 


If one member of an anharmonic set of numbers is real, the six 
members are all real, and in general one and only one of them satisfies 
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the condition 0 ^ c The only cases in any sense exceptional ar6 

those in which the inequality takes one of its limiting forms c = 0, 
c = then two members of the set coincide, but the value which 
satisfies the condition is still unique. Omitting the case c = 0 which 
implies a degenerate set of functions, we can say that Jacobi's trans- 
formations can be used to reduce any set for which c is real to de- 
pendence on a set for which 0 < c ^ and that the conditioned set 
is unique. 



When the variable c is complex, the two points c, 1— c lie on opposite 
sides of the line through c = | parallel to the imaginary axis, that is, 
the line |c| = |c'|, and of the two points c, 1/c, one is inside and one 
outside the circle \c\ = 1. Tlje circle |c— 1| = 1, that is, |c'| — 1, is at 
once the locus derived from the circle |c| — 1 by the substitution of 
1— c for c, and the locus derived from the line |c| = |c'| by the sub- 
stitution of 1/c for c. The two circles jc] = 1, |c'| — 1 and the line 
\c\ — |c'| divide the c plane into six regions such that if c is in one of 
these regions, the other five points in the anharmonic set to which c 
belongs are one in each of the other five regions; this is the anharmonic 
dissection of the c plane. To impose the two conditions 

•413-414 |cKl, |c'l<l 

is to confine c to two of the six regions, and to add the condition 

•415 \c\ < |c'| 

is to confine c to a single region, namely, the segment of the circle 
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|c'| =1 which lies on the same side of the line |c| == |c'| as the origin. 

In other words, if belongs to the same anharmonic group as c, 
the conditions 


•416-418 |c„| < 1, |c;„| < 1, |c^| < |c;,| 

provide c with a representative in a fundamental region. In general 
the conditions •416--418 determine uniquely, but if c lies on one of 
the boundaries of the anharmonic dissection, that is, satisfies one of 
the equalities 

•419-421 |cl=l, |c'|-l, |c|-|c'|, 


the anharmonic group consists of three conjugate pairs and the con- 
ditions •416--418 are satisfied by both members of one of these pairs; 
the two members coincide only in the case already noticed, when c has 
one of the real values — 1, 2, | and has the value The equalities 
•419--421 are all satisfied simultaneously at the points where the circles 
and the line intersect; the anharmonic group consists then of the two 
complex cube roots of —1 each taken thrice, and c has one of these 
values, which both satisfy the conditions imposed on c^: the case of 
triple coincidence is not an exception to the exception. 


13*48. The anharmonic group of numbers to which the parameter c of 

a Jacobian system belongs includes one member c^^ which satisfies the 

conditions , ^ ^ i 

kml < l^ml < 1- 


In general this member is unique, but if c satisfies one of the conditions 
|cl = 1, |c'| = 1, |c| = |c'|, then c^ may have one of two conjugate com- 
plex values, unless c has one of the three real values —1, 2, J, when c^ 
must have the value 

By describing c as a Jacobian parameter we both indicate the rele- 
vance of this theorem to our subject and avoid specific mention of the 
degenerate values 0, 1, oo. We can render c^ unique in all cases if we 
stipulate that in the boundary cases the imaginary part of c^ is to be 
positive, thus allocating to the fundamental region that part of its 
boundary which lies on the positive side of the real axis, but this 
stipulation has little functional significance. , 

The anharmonic group can be studied from the integral side. If in 
the relation 

dx 

. qt 

V{(a:2-l)(a;2-c)} 


•422 
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which is equivalent to x — ns u, we substitute y for x^, we see that 

13 * 49 . The relation 

.49 f '^y = 2 u 

J My-m-c)} 

V 

is equivalent to 

“^^2-4 y “ 2/— 1 — cs%, y—c = ds^u. 

A transformation in which ns^i;, cs^i;, ds^^; are multiples, in some 
order, of cs^ii, ds^i^ is a linear substitution y = kz-\-X replacing 
• 49 i by a relation 00 

Z 

In this substitution the values 0, 1, 6 of 2: correspond in some order 
to the values 0, c oi y, and 00 corresponds to 00. But h is the value 
of the anharmonic ratio (00 0 , 16 ), and therefore, since anharmonic 
values are unchanged by a linear substitution, is the value of one of 
the anharmonic ratios of the four numbers 00, 0, 1, c, while c is the 
value of the particular anharmonic ratio (00 0,1c) of the same four 
numbers. Hence 6, the parameter of the functions of v, belongs to the 
anharmonic group which includes c, the parameter of the functions of u. 

It is a simple matter to connect each value of 6 with the appro- 
priate linear substitution and with the appropriate relation between 
and but since only the squares of Jacobian 

functions are identifiable from •492_4, we can not expect to discover 
unambiguous relations between the functions themselves. Rather, the 
reason why the integral relation *491 is the simplest foundation for a 
theorem concerning a group of values of the parameter is precisely that 
the irrelevant distinctions between different bases for the same system 
are not explicit in this relation. 

13 * 5 . In the Jacobian transformations, the patterns of poles and 
zeros are those of the Jacobian functions themselves, modified only by 
a kind of rechristening. We turn now to some transformations in which 
the Jacobian patterns are first modified by combinations which have 
the effect of deleting some of the poles and zeros. 

The function dsu has poles with residue 1 at 0 and 2^^, and poles 
with residue — 1 at 2 K^ and 2 K^; the function cs u has poles with residue 
1 at 0 and 2JS^, and poles with residue —1 at 2 K^ and 2 K^, Hence 
the sum ds w+cs u has a pole with residue 2 at 0 and a pole with residue 

4767 y f 
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— 2 at and the difference dsw— cst^ has a pole with residue 2 at 
2Kq and a pole with residue —2 at Since the product ds^z^— cs^i^ 
is the constant c', the poles of one factor are the zeros of the other, 
and dsi^+cst^, which has periods has poles at 0 and 2K^ and 

zeros at 2Kc and 2K^^-\-2K^, 

A function with a precisely similar pattern of poles and zeros is the 
logarithmic derivative sn'i^/sni^, which has periods 2K^, poles at 
0 and K^, and zeros at and K^. The factor which converts the 
pattern of the latter function into the pattern of the former is 2, and 
therefore ds2i^+cs2i^, which resembles Iju near the origin, is identical 
with sn'w/snw. 

This result is easily confirmed from duplication formulae. From 
12-422, 12-42i, 12-362 we have, putting v — u, 


•501-502 ds2u 
and therefore 


An^u—c sn% 
2snucnudnu 


•503—504 ds 2t^+ cs 2u = 


cnudnu 


snu 


cs2u = 


cn^i^— sn^i^ dn^i^ 
2 snu cnudnu 


ds 2u—cs 2u 


c' snu 
cnudnu’ 


as required. 

Save that the residues at the poles are different, the arguments 
applied to the pair of functions dsii, csi^ apply also to the pair dni^, 
cnt^; the first of these has poles with residue —v at and 
and poles with residue v at and 3if,^+2iQ, the second has poles 
with residue —v/k at and 3K^-\-2K^y and poles with residue vjk at 
and K^-{-2Kc. Hence dnu-\-kcnu has a pole with residue —2v 
at and a pole with residue 2v at and dnu—kcnu has a pole 
with residue —2v at ^ with residue 2v at 3K^^-\-2K^;, 

Also dn^u—k^ cn^u has the constant value c'. Hence dnu-]-kcnu has 
periods 4iQ., 4:K^, poles at and 3A^, and zeros at K^^-\-2K^ and 
3K^-{-2Kf., while for dnu—kcnu poles and zeros are interchanged. 

We now recognize that the patterns of poles and zeros for the four 
functions 


dstt+csi^, ds 2 ^— cs-w, dnu+kcnu, dnu—kcnu 

are geometrically similar to the patterns for the four functions 
cs V, sc V, dn V, nd v 

if the quarterperiods in the two systems satisfy the relation 
•605 = 2K^.K^. 

If 


•606-507 = 2iiK^, 
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the transformation 


•508 V = ixu 

renders the functions of u constant multiples of the functions of v. 
The constant factors are given by comparison at suitable points: 

correspond, dsK^ = —vk, csif,, = —v, and the two systems have 
the same signature; also the origins correspond, and dnO = 1, cnO == 1. 
Thus we have the first four of the formulae set out in *51 below. 

If we write the relation *505 in the form 


•509 = 

we see that another set of similarities is implied: firstly, nsv+dsv has 
poles at 0 and 2H^ and zeros at 2H^^ and 2H^-\-2H^, forming a pattern 
similar to that associated with nsi^; secondly, Acv-\-h' ncv has poles 
at and and zeros at H^.-\-2H^ and forming a pattern 

similar to that associated with dc u. That is, the four functions 


nsv+dsi;, ns^;— dst;, dcv-\-h' ncv, dcv—h'ncv 
are multiples of nsi^, sni^, dct^, cd'i^ 

if u = w, where We are dealing with the same 

pair of quarterperiods 77^, as before, since otherwise there would be 
two distinct sets of functions with the same ratio for Hence 


2/xv = 1, 

and the transformations v = fxu, u = w are not the same. Writing for 
a moment w instead of v in the second transformation and retaining 
V in the first, we have v ~ jxu — fxvw, and therefore w = 2v. Thus, 
since u — implies 2v = H^, and nsH^ — I, dsH^ = h', and since 
dcO — 1, ncO == 1, we have a second set of formulae, completing the 
following theorem: 

13-51. In the transformation o — jiu which implies the quarterperiod 
relations jj- n zi v 

the following functional relations hold: 

•51 


•^1-2 


•51 


3-4 


dst^-j-cs-u = (l+^)csi; 
dnu+kenu ~ (1-f 7:)dnv 
ns2?;4-ds2t; = (1-|-A')nst^ 

•5l7_8 dc2v-|-A'nc2i; == (1-|-A')dct^ 

We have determined the factors in •51i_2 and •Slg.g without reference 
to the origin, since comparison there involves the factor /x. Making the 
comparison in and -515 we have 2fjL = (l+^)» = f • 


dsu—QSU = (1— A:)scv 
dnu—kenu = ( 1 — A:)ndv 
ns2t;— ds2v = (1— A')sni^ 
dc2v—h' nG2v — (1— A')cd^4. 
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13 * 52 . In the transformation v = fjiu with the quarterperiod relations 
= 2fjLKc, == the factor p is i(l+Aj), and moduli in the two 
systems are connected by the relation 

(l+h^){l+]c) - 2. 


Other relations between constants can be obtained algebraically from 
•52 or functionally by substitutions in the formulae of *51. We have 


*510-512 

,, 1—* j 

^ =i+i- = l 

(i-kv 
[ k'-) 

and in the other direction 


*513-515 

k - - 1 

i+h' \ 

i-h’Y 

T) ’ 


h^ = 


4fc 

(T+W 


k'^ = 


Ah' 

[i+h'r 


If in '515 we substitute u = v = JH,,, we have 


•516 

It is easily shown that 
•517 


ft = JK.. 

ns> \K, - -ft, 


and *516, necessarily consistent with *512 and *514, is an instance of 
an unambiguous relation between three square roots which can not be 
extracted severally. Similarly, 

•518--519 cs4^<, = A', F = cs Jf/g. 


The set of functional relations in *51 is in a sense complete, for if 
the required periodicities are to be preserved, poles can not be removed 
by additions and subtractions except in the combinations given in this 
enunciation. This is one reason for giving the full tale of eight relations. 
A second reason is that, although the relations are interdependent, the 
explicit dependence of individual functions in one system on functions 
in the other system is by no means obvious unless the eight relations 
are all in view. The relations are interdependent, but they are not 
deducible algebraically from any one of them without irrationalities, 
that is, without ambiguities that have to be removed by functional 
considerations. 

The transformation described in *51 is equivalent to a transformation 
of elliptic integrals discovered by Landen, and it is known by his name. 
The usefulness of the transformation in the elementary theory in which 
attention is concentrated on real values of the variables will be seen 
ill our concluding chapter. In the original view of the functional rela- 
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tionships which are now absorbed into the theory of elliptic functions, 
the function with amplitude (f> and modulus k is defined as 

0 

and a transformation is a relation between integrals corresponding to 
relations between amplitudes and moduli. From the later point of view, 
ii u = F((l>]k), V = F(x\h), the amplitudes (f>, x regarded as func- 
tions am(i^; fc), am(?;;A), but the transformation expresses the same 
correspondence of relations. In practice the relation between ampli- 
tudes takes a trigonometrical form, and therefore becomes implicitly 
if not explicitly a relation between Jacobian functions, since sin^, cos<^, 
d(l)ldu are identical with snt^, cnt^, dnu. 

The integral ^ 

f # 

0 

is not of the form of the integrals whose inversion has been studied, 
but the relation x — sin^ which converts this integral into Legendre’s 
form - 

r dx 

0 

is a familiar relation between complex variables x, cf), and the use of the 
relation u — F(<^; k) as a definition of as a function of u, with k para- 
metric, is entirely justified by the investigation in Chapters V-VIII. 
Alternatively, we may define the function am u by the pair of equations 

sin(am^6) — snt^, cos(ami4) = anu. 

The amplitude is indeterminate, by an arbitrary multiple of 27r, but 
a trigonometrical relation which does not involve submultiples of an 
amplitude is not ambiguous in any respect. 

To find the trigonometrical relation between the amplitudes ;j( in 
the Landen transformation we have only to eliminate dsi^ between -Slj 
and *512*, there results 

13*53 2cot<^ = (l+A;)cotx— (1— ifc)tan;(. 

For the determination of in terms of x we may modify this formula to 
(l+/c)(cot X— cot<^) = (1— fc)(cot(^-ftanx), 


that is, to 
•520 


tan(^— x) = A'tanx- 
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If (f) is given and x is required, we write instead 

cos<^ _ cos2x+A: 
sin (f> sin 2x 

implying 

•521 sin(2y— = A:8in<^. 

Thus we have the two equivalent forms of Landen’s theorem: 

13*54i. If the modulus and amplitude of the elliptic integral F{(j>]k) 
are given in terms of the modulus and amplitude of the elliptic integral 
F(x\ h) by the relations 

k — {l—h')l{l-{-h'), tan(<^— x) == A'tan^, 

then F{<f>\k) ~ (l-{-h')F(x’yh). 

13*542. If the modulus and amplitude of F(x\h) are given in terms of 
the modulus and amplitude of F((f>;k) by 

h' = {l—k)l{l + k), sin{2x—<f>) == fc8in<^, 

then F(x;h) = l(l+k)F{<l>;k). 


13*6. The Landen transformation doubles the ratio of to K^. It 
is therefore one of a set of six transformations, which fall into three 
reciprocal pairs. The transformation which doubles the ratio of to 
Kc is only the transformation of the last section read in the reverse 
direction. We do not however obtain a true comparison between the 
two transformations merely by interchanging u and v in the formulae 
already found, for if the transformation which implies = 2 / 1 /^^, 
= jxK^ is written as v = y.u, the transformation which implies 
— vHc, should be written as = w. Thus if we write 

V = 1/2/li in order to throw the conditions to be satisfied into the form 
we require, we must, as we have already noticed, replace 2v by v in 
order to present the transformation itself correctly. This done, we can 
interchange the two systems throughout: 


13*61. In the transformation v = y,u which implies the quarterperiod 
relatima 


the factor jx is moduli in the two systeyns are connected by 

the relation 


•61i (l+A)(l+4;') = 2. 

The functional relations are 
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•612-3 

nsi^+dst 4 = 

(1+A;')nsv 

mu—dsu = 

(1— A;')snv 

•614-5 

dcu-\-k' XiQu = 

( 1 +A;')dc«; 

dcu—k'ncu = 

( 1 — A;')cdv 

•Gig-? 

ds 2 v-\-c^ 2 v = 

(l-f-A)cs«^ 

ds 2 i;— 'Cs 2 i; = 

( 1 — A)sci^ 

*^^ 8-9 

An 2 v-\-hcn 2 v — 

(l-\-h)dnu 

dn 2 ^;— Acn 2 i; = 

( 1 — A)nd' 2 ^. 


The transformation in this form is sometimes called Landen’s second 
transformation. The trigonometrical form of the transformation, 
obtained by eliminating dsu between -Gig and -Gig, is 

•GOl 2csc<^ = (l+i')cscx+(l— ^')sinx. 

This relation is not susceptible to modifications corresponding to -520 
and -521, the reason for the difference between the two transformations 
in this respect being that the relation of the function amt^ to the 
system is not symmetrical as between the quarterperiods K^. To 
express the second Landen transformation in theorems parallel to *541 
and *542, it is necessary to introduce a hyperbolic amplitude d defined by 

•G02--G03 sinh0 — scu, cosh0 = nci^ 

or by 

e 

0 

The hyperbolic amplitude 0 is connected with the circular amplitude (/> 
by the relation 

•G05 cos (f) cosh 0 = 1; 

that is to say, (f) is the gudermannian of 9. 

If i/f is the hyperbolic amplitude of v, then 

•GOG 2coth0 = (14-fc')coth</f+(l— A^')tanh(/;, 

whence we have the two trigonometrical forms of ‘Gl: 


13-G2i. If k' — {l—h)l(l-\-h) and tanh(0— i/r) = Atanh«/f, then 
0 6 


I 


de 


(l+A) 


/ 


difji 

^(l+^i'^sinh^i/r)* 


yl(l+k'^8m\iW) 

u u 

13-G22. If h — (1— fc')/(l+i;') and sinh(2j/f— 0) = fc'sinh0, then 

0 0 
diff 


! 


J 


dd 

V(H-F2sinh20)* 


>y/(l+A'2sinh^0) 

0 0 
Another method of deriving -Gl from *51 and *52 suggests a simple 
means of completing the set of transformations. In *51 let us apply 
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to both the basis and the basis H^, Jacobi’s imaginary trans- 
formation. We have then bases jfiC', K'^ and such that 

•607-608 K iK- K : K,, ^ = H ,, : H,, 

and the relation 

•609 H,:H^ = 2K,:K, 

is equivalent to 
•610 

But the relation 

ds(u;k)-{-cs(u;1c) = (l-\-k)cB{v;h), 
which is -51 becomes 

dB(iu;k')-\-ns(iu;k') = (l-\-k)ns{iv;h'), 

and to say that, if = 2 , then this last relation is satisfied 

for all values of u, v such that v = l(l-\-k)u, asserts the same pro- 
position as that, if ( 14 -A )(1 + A:') = 2 , then the relation 

ds(w;fe) 4 - A:) = (l-\-k')m{v;h) 

is satisfied for all values of u, v such that v = ^(l-\-k')u; this is - 614 . 

Symbolically, if is the Landen transformation which doubles the 
ratio of to and ^ the Jacobi transformation which replaces this 
ratio by its reciprocal, and if (a,j 8 ) denotes the system with the basis 
= a, = j3, we can write 

•611-612 f(oc,p) - (i3,a), ^/(o.,i3) - (2)3, a), 

and therefore 

•613 (a, 2^). 

Fundamentally the last operation is f rather than since 

the effect of the first operation of ^ has to be reversed, but as the 
operator ^ is involutionary, and ^ are identical. 

Because of the differences in detail it is necessary to record in full 
the functional consequences of the other Landen transformations, but 
arguments need not be repeated. Poles may be removed, as in *5, or 
the first Landen transformation may be combined with the several 
transformations of the anharmonic group. Actually, knowing the 
character of the formulae to be found, we avoid almost all algebra by 
utilizing both processes. From Table XIII 1 we learn the substitutions 
to make in the formulae of -51, and from Table XI 7 we have then 
the coefficients which must be introduced if poles are to disappear. 
The results are set out in 
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13*63. In the transformation v = fxu which implies the quarterperiod 

relatt/Ons u ^ tt yz 

Hn == Ha == pKa, 

the factor /x is \{k-[-vk'), and moduli are connected by the relation 
•63i h = (k-vk'f. 

The functional relations are 


kcdu+vk' xvAu = {k-{-vk')QAv 
d8 2i;4-cs2i; = 
dn2v+Acn2v = {l-{-h)cnu 


nsu—c^u — {k—vk')snv 
kcdu—vk' ndu = {k—vk')dcv 
ds2i;— cs2«; == {l—h)ksdu 
dn2v—hcn2v = (l~h)ncu. 


13*64. In the transformation v fiu which implies the quxirterperiod 

relations tt rr tj O rr 

Hn — Ha — 2 /xA^, 

the factor [jl is h—vh\ and moduli are connected by the relation 
•64i k = (h-vWf. 

The functional relations are 

•642_9 dsw+csu == dsu—csu = (l~-fc)Asdt; 


dnu+kcnu = (1+A^)cnt; 
ns2v+cs2^; = {h-\-vh')mu 
hcd2v-\~vh' nd2v = {h-{-vh')cdu 


dsu—csu = (l~-fc)Asdt; 
dnu—kcnu = (1— fc)ncv 
ns 22 ;— cs2v = (h—vh')8nu 
hcd2v—vh'nd2v = (h—vh')dcu. 


13*65. In the transformation v = fiu which implies the quarterperiod 
regions 

the factor jx is h' -\~vh, and moduli are connected by the relation 
•65i k' = {W -\-vhY. 

The functional relations are 

•652-9 nst^-j-dstx — {l-{-k'){h')-^dBV nstt— dst^ = (1— A;')A'sdv 

dcu+k' ncu — (1+Aj')ncv dcu—k'ncu — (1— A;')cn 2 ; 

ns 22 ; 4 -cs 2 i; = {h+vh')csu ns2i;— cs2i7 = (h—vh')scu 

Acd2t;-|-u^'nd2t; = (h-\-vh')ndu hcd2v—vh'nd2v = {h—vh')dnu, 

13*66. In the transformation v ~ ym which implies the quarterperiod 
relations ^ _ 2,xir„ 

the factor fx is \{lc' —vk), and moduli are connected by the relation 
•66i h' = {k^ -\-vk)^. 
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The functional relations are 

• 662_9 nst^+cst^ — {k' —vk)QHV n^u—c^u = {k' -\~vk)BGV 

k' YLdu—vkQdu — (&'— i;A;)nd 2 ; k' nd.u-\-vk qAu — 

ns2i;+ds2i; = (1+A')(fc')“idst^ ns2i;— ds2v = (1— A')^'sd?i 

dc2i;+^'nc2i; == (l+A')nc^6 dc2^;— A'nc2i; = {l—h')Q.nu, 

While the set of six Landen transformations is in one sense complete, 
it is not mathematically a group, for repetitions and combinations 
provide an unlimited number of transformations of which no two are 
identical. If 3^ is the resultant of any succession of Landen transforma- 
tions, the inverse transformation is the resultant of the inverse 
Landen transformations taken in the reverse order, and the Jacobian 
system with basis a, jS belongs to a chain 

... («,i8) ^(oc,p) ... 

which is endless in both directions. For example, if Jjf' is still the trans- 
formation of *51, and therefore the inverse transformation of *61, 
there is a Landen chain 

•614 ... ... 

along which the ratio takes the values 

•615 ... a: 22^ oc:2p oc:^ 2oc:^ 2^ci:p .... 

This chain has, as we shall see, special importance for the evaluation 
of real integrals and real functions. 

13-7. In the practical problem of reducing an integral 

r dz 

J 

in which (^( 2 :) is a polynomial of the fourth degree to a standard elliptic 
integral, the distinction between real and imaginary is paramount, and 
this problem belongs to a later chapter, but there are theoretical con- 
siderations to which the distinction is irrelevant, by which this problem 
contributes to the understanding of the transformations of Jacobi and 
Landen. In the practical problem the coefficient of in ^( 2 ;) can not 
be ignored, since the whole character of the result may vary with the 
sign of this coefficient, just as, in a simpler case, the integrals 

r dt r dt 

J vo^j’ J 

are associated with functions between which there is very little re- 
semblance in the real domain. In the practical problem again we must 
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not suppose a polynomial to be decomposed into linear factors unless 
we are prepared to recombine conjugate complex terms. But in a 
theoretical investigation a constant factor V^q is removable by a trivial 
change in the variable, and we may take the function (f>{z) in the form 
{z—(x)(z—P){z—y){z~8), where, since a repeated factor renders the 
integral elementary, we may suppose the roots a, jS, y, 8 to be all distinct. 

The two standard forms of the elliptic integral which we shall use 
are those corresponding to the functions ns 24 and ns^i^, namely, 

CO 

dx Cdy 

^{(z^—l){x^—k^)y J ^{y(y—l)iy—c)}’ 

X y 

if u is the value of the first integral, then a: — ns 24, and with the sub- 
stitution = 2 /, the value of the second integral is 224. The funda- 
mental problem is the reduction of the integrand, and a transformation 
which affects only the constants of integration is unimportant. 

A homographic transformation 


• 701-702 


I 


•703 


z—v 


converts J dzl^(l){z) into a multiple of J dz' l^if){z'), where the zeros of 
ipiz') correspond under the transformation to the zeros of <^( 2 ;). The 
function iIj(z') is necessarily of the fourth degree unless one of the 
factors is removed from cf){z) by the denominator z—v, that is, unless 
V is one of the zeros a, j3, y, 8; formally, 00 on the one side then corre- 
sponds to a zero on the other side. Thus one transformation which 
converts J dz/^J(f)(z) into a multiple of the mtegral in 2/ is 


•704 


oc — y z — jS 
y — j8 a — Z^ 


where z ~ a, y are chosen to correspond to 2 / = 00 , 0, 1 ; since then 
the factor y—c must be provided by the factor 2 :— -8, the value of c is 
given by 


•705 


oc — y 8 — p 
y — P a — 8 


That is to say, c is the anharmonic ratio (ajS, y8). 

The only arbitrary element in this transformation is the choice among 
a, j3, y, 8 of the three zeros to play the definite parts allotted here to 
oc, j8, y. If the zeros are permuted in such a way that the anharmonic 
ratio is preserved, the same Jacobian system is being used, and the 
change is no more significant than the use of cosines instead of sines 
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in an elementary integration. Other permutations change the Jacobian 
system, but from *705 the only systems that can be introduced are the six 
systems composing one anharmonic group. 

It follows from the relation between the integral in x and the integral 
in y that one transformation for reducing the integral J dz|^J(|>(z) to the 
form *701 is 


13*71 

and that then 


a—y z — j8 
y — j8 oc — z’ 


13*72 P == (ai8,yS). 

But the reduction can be effected also by a homographic transforma- 
tion in which the linear factors x—l, x-{-l, x—k, x-{-k correspond to 
the linear factors z—ot, z—y, z—8. If the correspondence is in 

this order, the transformation is identified by the first three factors as 

13 73 = 

Aj+i 1—^ y~P 


and since x — —k corresponds to 2 : == S, the condition to be satisfied 
by the modulus k is 

That is, if 


•706 


l-k 


=^1 


then Z is a modulus of the system with which the integral J dzl^(j>[z) 
is associated by the transformation *71. We have seen in *510 that the 
ratio {l—k)l{l+k) is also the complementary modulus of the system 
derived from the system whose modulus is k by the first of the Landen 
transformations. To replace Z by a complementary modulus is only to 
permute a, j3, y, 8 in the transformation *71; identically. 


(a^,y8) = 1 — (ay,^8), 

and if 


13*75 

then J dzl\l(l}{z) is a 
13*76 


jS — y a. — z’ 

multiple of J dxl^{{x^ — l)(x'^—h^)}, where 

Jv^={ocy,m, h'^={a^,y8). 


We have now 
•707 


1-* 

l+jfc 


±h'; 
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the relation 
is equivalent to 


1-k 


l+k 

l^il/k) 

l + ilfk) 


= -h' 


and to change the modulus from k to Ijk is only to permute a, jS, y , 8 
in the transformation *73: 


13*77. An integral J dzl^<f>(z) in which (f>{z) is a polynomial of the fourth 
degree is reducible to the standard form J dxl^J{{x^—\){x^—k!^)] both by 
a homographic relation between z and and by a homographic relation 
between z and x. The systems of elliptic functions corresponding to a 
reduction of the first kind are derivable from the systems corresponding 
to a reduction of the second kind by Landen's transformation. 


If we take ^( 2 ) already as (z^—l)(z'^—k^), we have Landen’s trans- 
formation at once in the form 


13*78 


x^ = 


2 z—k 
\-\-k' z—V 


where x'^ == 00 , 0, 1 correspond to 2 = 1, A;, —1, and if x*^ = h^ corre- 
sponds to 2 = — fc, then 


•708 


^2 = - 
(1 + ^)2 


as in *512. But the origin and the details of the algebraical trans- 
formation are clearest if the problem is seen as a special case of a general 
problem. 



XIV 


INTEGRATION AND THE INTEGRATING FUNCTIONS 

14*1. The product of any number of functions belonging to the same 
Jacobian system is an elliptic function whose poles and zeros, of 
arbitrary multiplicities, are situated at cardinal points; such a function 
we shall call a general Glaisher function. 

If we treat a zero as a pole of negative order, or a pole as a zero of 
negative order, we may say that the typical function of this kind has 
poles of orders A, k, Z, m or zeros of orders —A, —k, —I, — m, at iQ, 
K^, where h, k, Z, m are any four whole numbers, positive zero or 
negative, subject to the condition 

•101 h-\-k-{-l-\-m = 0. 

We denote this function by s'*c*n^d"^i^, or by any variation in which 
the upper affix is replaced by a lower affix which then defines the order 
of a zero. One affix may be omitted, since it can be supplied from *101, 
and if a cardinal point is known not to be wanted the corresponding 
letter may be omitted. Thus in this notation can be replaced 

by pq^ti, whether n is positive or negative, and the function so denoted 
is the function (pqt^)^ already denoted in the same way. It is necessary 
to agree that pq^6 is abbreviated from p^q^i^, not from p^qi^^, and this 
is a natural convention. 

We can express the general function in terms of three functions at 
whichever of the four cardinal points we wish. For examj)le, in terms 
of the primitive Jacobian functions, 

•102 sc^n^d^u = cs^t^ns^ds^^^, 

and in terms of Jacobi’s functions, 

•103 — sn^ucn^udn^^u. 

The notation is particularly useful for the logarithmic derivatives of 
Jacobian functions; these are functions with simple poles at two of the 
cardinal points and simple zeros at the other two, and although they 
can be expressed as products in the elementary notation, this expres- 
sion is not unique and compels us to bear in mind that i^qurtu is the 
same function as ptt^rqu. We can now write, omitting one affix, 

sn'u — sn't^/sni^ = s^CidiUt^. 


•104-105 



INTEGRATION AND THE INTEGRATING FUNCTIONS 231 
With positive affixes only, there are six types of function, which. 


with 

an arbitrary constant factor included, are 

•106 

(i) 

h — m 

•107 

(ii) 

hA-k = m 

•108 

(iii) (7pAr't”*M, 

h = Z-j-m 

•109 

(iv) 

h-{-k-{-l ~ w 

•no 

(v) 

h-\-k ~ Z+m 

•111 

(vi) C'p/,qVt'"M, 

h = k-\~i~\~^’ 


A function of type (i) is a multiple of the power of the ele- 
mentary function ptt^. If in (ii). A: ^ 2, we can use a relation of the 
form — A-f-JBpt^^^ to express the function as a sum of functions 
of the same type with k diminished by any even number. Hence if k 
is even, the function is a sum of functions of type (i), and the same is 
true if h is even. Similarly if two of the three suffixes in (iv) are even, 
the function is a sum of functions of type (i), and if one is even and 
two odd, the function is a sum of functions of type (ii) with odd suffixes. 
But if, in (ii), h and k are odd, the function has ri'u for a factor, and 
the quotient involves qti^ only in even powers, that is, in such 
a way that they are expressible in terms of the function is the 
sum of terms of the form Cvt'^urt'u with n even. In (iv), with h, k, I 
all odd, terms of the form Crt^uxt'u are multiplied by an odd power 
of rt u. 

14*11. A function of type P/^q^t^^i^ or p^q^r^t^^t^ is the sum of functions 
of type CpV^'^u and functions of type C pt^upt' u, with m ^ 0. 

As for type (v), by the same argument if A or A; is even the function 
is the sum of functions of type (iii), and if both h and k are odd we 
can reduce one of them systematically and take provisionally as a 
standard type 

•112 (v') Cpj^(ipdt^u, A+l = lA-m, with h odd. 

The reduction of a function with two or more poles and one zero 
proceeds somewhat differently. The relation Avp'^u-{-Btp'^u — 1 be- 
tween functions copolar at is equivalent to 

P4r2t^ = Bpx^u+ApthjL, 

Hence the function pf;dV^u is the sum of multiples of the functions 
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repetition of the process is the sum of 

multiples of the functions 

for any even values of r, s. A single even affix does nqt now reduce 
the type of a function. If I and m are both even, we can take r == I, 
s — m, and the sets of functions -113, *114 become 

•115 p^_2t^'»-2ii,..., p2t2^^, 1, 

•116 p^r^i^, p^_2r^-2|4,..., p2r22^, 1, 

composed entirely of functions of type (i). If I is odd and m even, we 
can not eliminate the point by any choice of r in *113, but by taking 
r — l-\-l we convert this point into a zero; the two sets of functions are 

•117 Pm-3rit"‘-2i^,..., Pir^t^t^, pir^t^, 

•118 p^r^i4, P/_2r^-^i^,.“, Pir^-?^, p^r^-z^, 

of which the second consists of functions of type (i), the first of func- 
tions of type (ii) together with the one elementary function rpi^. 
Similarly, if I and m are both odd, we take r = Z+1, 5 = m-fl in *113, 
•114, and we have the two sets of functions 

•116 Pm-irit""^, Pm-arit^'-^t^,..., Pgfit^t^, rit^t^, 

•120 P/-ir^fi^j P/-3r^“^fi'2^>- -> P2r^tii^, rHiU, 

composed of functions of type (ii) with the elementary functions rt-z^ 
and tvu. Thus in every case a function of type (iii) is the sum of func- 
tions of types (i) and (ii), and •!! is applicable: 

14-12. A function of type p^^r^t^t^ is the sum of functions of type 
Cpt^u and functions of type Cpt^upt'u, with m ^ 0. 

Instead of examining the function of type (vi) as it stands, we may 
regard this function as the product by Pj^^fu of the function P/+;n^t"^^ 
which we have just dissected. In the sets of functions •115-*'120, each 
non-constant function has only one pole, and if K^. or iQ occurs as a 
zero, this zero is simple; moreover, p^r^t^ w in -119 and -120 is the only 
function in which the points Ki both occur as zeros. Hence if we 

multiply throughout by we obtain, except in this one case, 

either a function with not more than two poles and with for the 
only zero, that is, a function of type (i) or (iii), or a function with not 
more than two poles, with not more than two zeros, and with one of 
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its zeros simple, that is, a function of one of the types (i), (ii), (iii), (v'); 
the product may be p'q^r^tit^, of type (v'), q^r^titt, of 

type (ii), or of fypo (iv), but (v') remains the only type 

not yet considered. 

To deal with (v'), we write the function P/^qii^t^^tt as the product 
and multiply throughout -115, *116, -119, -120 by the 
factor p^qi^^. If is already either a pole or a zero, the resulting 
product has only one pole and is of one of the types (i), (ii), (iv); the 
functions in which does not figure are the constant in *115 and *116, 
and the functions in -119, *120, and in these cases the pro- 

duct is either the elementary function qp or a function, q^r^p^t^ or 
qitip^r%, with two simple poles and two simple zeros, a multiple of 
a logarithmic derivative. To include the logarithmic derivative in the 
formula of *11 and *12 we have only to allow m to take 

the value —1. Replacing ptt6 by our more familiar pqi^, we have the 
result: 

14‘13. The general Glaisher function is the sum of a number of terms 
each of which has one of the two forms Cpq^u, Cjiq^^-^upq'uy where C 
is a constant and m is zero or a positive integer. 

The remarkable features of this theorem are that each term involves 
only one of the twelve Jacobian functions, and that therefore negative 
powers are not invoked except in the case of the logarithmic derivative. 
The theorem is not to be confused in character with Liouville’s theorem 
on the expression of one elliptic function by means of a coperiodic 
function and its derivative. Liouville’s theorem requires rational func- 
tions, not merely positive powers, while in *13 different terms in the 
sum may involve different elementary functions, and the elementary 
functions are not all coperiodic. 

14*2. From *13, since pq"*~%pq'?^ is immediately integrable, it fol- 
lows that the problem of integrating the general Glaisher function rests 
entirely on that of integrating positive integral powers of the twelve 
Jacobian functions. 

For the function pq u there is a relation 
•201 pq'^u = Apq%+/xpq^tt+v, 

given in Table XI il, implying 


•202 

4767 


= 2Apq^i4+/xpq24. 
Hh 
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We have therefore, for any value of m, 

•203 — pq'-u) 

du 

— {(m— 1 )(A pq%+/^ pq^+i') + (2A pq%+i^ pq^)}pq"*"^i4 
= (m-f 1 )A pq^"+2|^+m/Lt pq"*'U+ (m—\)v pq"*-^'?^, 
from which follows a formula of reduction connecting the integrals of 

pqm+2^^ pq^t^, pq”*-2|^. 

With m = 1, -203 is identical with *202 and gives a formula for the 
integral of pq% in terms of the integral of pqi^; we can therefore 
evaluate the integral of any odd power of pq-i^ in terms of that of pqt^. 
With m = 2, the constant term v occurs in *203, but this term is in- 
tegrable and we can express the integral of pq%, and therefore the 
integral of any even power of pq u, in terms of the integral of pq^i^. 

14*21. The integral of the general Glaisher function is the sum of con- 
stant multiples of functions each of which has one of the forms 

pq^Uy pq^upq'u, u, logpqw, ^pqudu, ^pc^udu, 

where m is zero or a positive integer. 

We proceed to consider the integration of pqu and pc^u. 


14*3. The Jacobian function pq^^ can be integrated by means of the 
two functions copolar with it, combinations that serve this purpose 
being evidentf from Table XI 5. 


csw 

sew 


Table XIV i 


ns'w — ds'w 
nsw— dsw 

1 dc'w — k' nc'w 
k' ’ dc w— ^'nc w 


ds w— cs u 

nsw — — 

dsw— csw 

, nc'w— sc'w 

dew == — 

new— sew 


ds w 

new 


ns'w — cs'w 
ns w — es w 


1 de'w — Aj'sc'w 
k' ' dew — A;' sew 


- 1 enw-f-usnw 

dnw — - . 

V enw-fvsnw 


ndw 


V ed'w — vk' sd'w 
k' ‘ edw— uAj'sdw 


1 dn'w— A:cn'w 

snw - 

k anu—kenu 

1 dn'w + vk sn'w 
vk' dn.u ~\-vksnu 


edw = 


1 nd'w + k sd'w 
k * ndw+A;sdw 


sdw — 


1 A; ed'w nd'w 
vkk' ‘ A;edw+i;A;'ndw 


t See also the argument in 16*6 below. 



INTEGRATION AND THE INTEGRATING FUNCTIONS 236 


Signs can be altered in the numerator and denominator of any of these 
fractions if a negative sign is prefixed to the fraction. 

The expression for dni^ as a logarithmic derivative brings us back 
to the place of this function in Jacobi’s work, for if ^ is such that 
cos(f) = cnuy sin<^ = sntt, then 

== cni^+isni^, ie^^d<f>ldu = cn'i^+isnX 

formulae which together identify dn^^ with This alternative 

suggests that avoidance of radicals and auxiliary functions has perhaps 
been carried too far. If vc{u, tqu are copolar, pqi^rqt^/rq^ 

is of the form tq'ul^(Xtq^u-{-ix) and can be integrated in this form, 
the necessary constants being taken from Tables XI 2 and XI 5. For 
example, csi^ = —n^'u/dsu where ds^i^ = ns^u—k^y and therefore 
CQu = dilijdu if ifj is defined by A: cosh (/r = mu, ksinhip = — dsti; the 
alternative expression for csu, as —ds'ulmu where ns^ = ds^4"^^» 
leads to the same substitution. The following table gives substitutions 
which render the integrations immediate. 



Table XIV 2 



1 k cosh j/f = ns w i 

i ^sinh»^ = ~ds?^ 1 

csu = d^jdu 

f Ai'cosh^ = dsw 1 

1 A;'sinh0 = — csw 1 

nsw = dipldu 

f cosh l/r = 
. sinhi/r = 
dsw = 

= nsw 

= — csw 
= dtp/du 

i k cosh ifj ~ da u i 

1 A;sinh0 — k' mu 1 

A;' sew = dijjjdu 

1 cosh \fj ~ TiCU 1 

i sinh^ ™ sew ' 

dew == dijjjdu 

f cosh tp = dcu 
i sinhi/r = A;' sew 

A:' new = dijjjdu 

1 cos 0 “ cn w I 

\ sinip ~ snu ' 

dnw = difjjdu 

1 k' cosh 0 = dn w 1 

\ k'sinlrufj = —kenu 1 

ksnu = difjldu 

1 cos l/j — 

1 sin^ = 
kenu 

dnw 

A;snw 
= dxpjdu 

1 cos t/f = cdu 1 

1 sin0 = k'sdu ' 

k'ndu == difildu 

f cosh^ — ndw 1 

1 sinh0 = A^sdw 1 

A;cdw = dijjldu 

1 cos ijj = k'ndu 

1 sin^ = — A;cdw 
kk'sdu — dipldu 


14*4. The integral of pq% is not expressible in terms of Jacobian 
functions and more elementary functions, and we have to regard the 
integral as a function to be investigated. If the origin is not a pole of 
pri4, we write 

u 

•401 "Ptu = j pr^t^ du, 

0 

The function ps% has zero residue at the origin, and ps^i^— is 
regular near the origin: we write 
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u 

•402 Y&u — j du 

0 

defining a function such that Ps'tt = and that Ps^+V'^ -> 0 as 
u->0. We call the function Pqi^ the integrating function associated 
with pq u. 

The function Pqi^ is a function with simple poles at the poles of 
pqt^. If is the residue of pqi^ at a pole, the residue of Pqt^ there 
is — a|, which has the same value at every pole. Since every residue 
of pq^w is zero, Pq^^ is singlevalued. Since Pq'(— it) = Pq'it, the sum 
Pqit+Pq(— is a constant, which is zero whetherf or not the origin 
is a pole; that is, Vqu is an odd function. If is any quarterperiod 
of the Jacobian system, pq^(it+2i^^)— pq^it = 0, that is, 

Pq'(it+2iQ)— Pq'it ^ 0, 

whence Pq(it+2ir^)— Pqit has a constant value which is recognizable 
as Pq2ifi if the origin is not a pole, and as PqiT^— Pq(— that is, 
as 2Pq/iq, if is not a pole; if neither the origin nor is a pole, 
Pq2^^ — 2VqK^. Since the two differences 

Pq(tt+ 2Z^) — Pq u, Pq('Zt + 2ir^) — Pq u 

are constant, the function Pq-i^ is doubly quasiperiodic. The constants 
of quasiperiodicity are discussed in the next section. 

There are evident relations between the twelve integrating functions. 
From the relations between the squares of copolar Jacobian functions, 
given in Table XI 2, we have corresponding formulae. 

14‘41i_3 Nsw— Cs?^ = u, 

Dsi^— Cs 2 ^ = c'u, 

Nsi^— Dst^ cu\ 

14*4l4_0 Ncifc— Sci4 = u, 

T)qu—c' Scu — u, 

Dcu—c'Ncu = cu; 

14-4l7_9 Sni^+Cni^ — u, 

cSnt/.+Dn^ — u, 

J)nu~cCnu ~ c'u\ 

14*41i(^i2 c' ^Au-\-Qdu — u, 

Ndt^-— cSdi^ = u, 

cCdt^+^^'Nd'U = u, 

t It is to secure this result that Ps u is defined from the origin, although the integral 
from iCp would be an easier function to handle. 
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In addition *203, with m = 0, is a relation between and Qpi^; 
using Table XI il, we have the six formulae 
14-42 i_3 c'Sci^— C st^ = sc'ulscu, 

cSnu—'Nsu = sn'uj&nu, 

cc'Sdi^+Dsi^ = d&'ujdBu; 

14-424_e c Cn u~\-c' — nc't^/nc u, 

T)cu—cCdu — dQ'ujdcu, 

Dnu— c'Ndt^ — nd'u/ndu. 

The function ipq'ujipqu is not included in *21 among those required 
for the integration of the general Glaisher function, and in fact it is 
not essential if the integrals of i^q^u and qp^t^ are both available, but 
clearly the function is one which we should be ready to use. 

To the homogeneous relations between the squares of copolar func- 
tions correspond the homogeneous relations 

14*43i_ 4 cCs^-f c'Nsi^— Dst^ = 0, 

cSc w+Dci^—Nc^i = 0, 

Dni^— c'Sni^~Cn^4 = 0, 

Ndii— Cd^— Sdw = 0. 

For themselves these need hardly be recorded, but if we replace Pqu 
by Qp u throughout by means of *42, we have the relations 

14*444_4 Sc'Z^+Sni^+Sdt^ = sc^M^-z^, 

Csi4-fc' Cd?^-f-Cnt^ = — csid%%, 
cNdw— Nsu-f Nett = nd^s^c%, 
cDnit— c'Dcw-f Dstt = -—dn^c^s%, 
which are less obvious in the differentiated form. 

14*5. Since we can connect Vqu with Tqtt by a formula from *41, 
Tqtt with Qtit by a formula from *42, and Qt-it with Rtit by a second 
formula from *41, we can formulate a direct relation between the two 
functions Vqu, Rtit, that is, between any two of the twelve integrating 
functions. In other words, it is not untrue to say that the integration 
of even powers of the Jacobian functions requires the introduction of 
only one integrating function, and the traditional point of view is that 
to perform an integration is to express a result in terms of one function 
chosen as canonical. If it is anomalous to recognize that the original 
Jacobian triad sni^, enw, dnu is not properly understood except as 
a section of Glaisher’s interrelated dozen, and yet to insist on reducing 
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the dozen integrals to the algebraical minimum, again the tradition has 
determined the notation and permeates the literature. 

The integral from which elliptic functions derive their name, the 
integral giving the length of an elliptic arc, has the form 

J ^(a^cos^^-f 52sin2<^) defy, 

0 

that is, but for the factor a, 


J ^(1— Psin2<^) d(f), 


0 

where P = {a^—b^)la^, and this is Legendre’s first elliptic integral E((l>). 
When (f) is regarded as the function ami^ of the second integral u, 
defined by x 


J V(i- 


d<j> 

sin^c^)’ 


0 

we have >^(1— Psin^^) = d(l)ldu = dni^. 


and the first integral becomes 


u 

J dn% du. 

0 

It was therefore almost inevitable, historically, that this integral should 
become the standard integral of its kind, in spite of the leading position 
assigned to snu in the beginning. The integral is denoted by E{u), and 
we retain this definition, although of course abandoning any restriction 
on the parameter To express the twelve integrating functions in 
terms of Jacobi’s function E{u) is to relate each of them, in the manner 
already outlined, to the function Dnu. Logarithmic derivatives are 
expressed in the notation of •!. 


Table XIV 3 

Csw = —E{u) — CidiS^n^u 

Nsii = — E(u)-\-u—Cidifi^idu 

Dsw “ — E(u)-\-c^u—G^dy^^Tdu 

Sew — { — E(w)4-SidicWw}/c' 

Dew — — J5J(w)+w-f Sid^eWw 

New = { — i^(w)4-c'w-|-Sidie^n*w}/c' 

Dnw = E(u) 

Snw = { — E(u)-\-u}lc 

Cnw = {jSJ(w) — c'w}/c 

Ndw == {JS7(w)— csiejd%^w}/c' 

Cdw = {— ^(w)+w+csiCid'n^w}/c 

Sdw — {^(w)— c'w— csieidWw}/cc' 
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Generally speaking, there is no reason for preferring one of the twelve 
integrating functions to another, and we should use the functions 
appropriate to any investigation without supposing that a solution is 
unfinished if it is not stated explicitly in terms of E{u). 

The value of the difference V(\{u-\-2Kc)—V(\u is evident from 
Table XIV 3 in terms of E[2K^), a constant which is equal to 2E{K^), 
since neither the origin nor is a pole of dn^^. Writing E^ for E{K^), 
we have 

•501 Cs(i^+2^^) — Cs2^ = — 

•502 Ns('Z4+2iQ.)— N s2^ = 2(K^—Ec), 

•503 Sn(u+2Kc)—Snu = 2{K^—E^)jc, 

and so on. 

We must notice a distinction between the last six functions in XIV 3 
and the first six. In the last six we have 

•504-507 Dn2iQ = 2Dn = 2A^, Sn2A, = 2SnA;. = 2(A,-A,)/c, 

and so on. In the first six, we have CsA^ = — but 2K^ is a pole, 
Dc 2 Ac = 2(Ac— Ac) but is a pole, and so on; in no case are and 
2 Ac both available as arguments. This contrast reappears as a difficulty 
in the expression of Pq(t4+2A^)— Pq u. Since 2A^ is not a pole of dn 
E(2Kj^) is finite, but ^A(2A^J needs identification. The immediate solu- 
tion is to admit Dct^ as a second canonical function D{u), Correspond- 
ing to XIV 3 we have another table: 


Table XIV4 


Nsw = D(u) 

Dsw — D{u) — cu—nidiS^c^u 

Scu — {D{u) — u}lc' 

= D{u) 

New — {D(u) — cu}/c' 


Dnw — — D(w)-fw + Sidinic% 

Snw ~ {Z)(w) — Sidin'c^l/c 

Cnw = {— D(w) + cw-|-Sidin^c%}/c 

Ndw = {— D(w)+ w-f-c's^iiid'c^l/c' 

Cdw = {Z)(w) — c'sinid^c%}/c 

Sdw = { — £)(w)-f cw-j-c'Sinid'c%}/cc' 


Writing Z)„ for D{K„), we have now 

Cs K„ = D^-K^, Dn 2Z„ = 2{K„-D„), 
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while is a pole of Cs u and is a pole of Dn u, but 

•508-509 Sc2Z^ = 2Sciir, = 2(D^-KJIc\ 

•510-511 Dc 2K,, = 2l>cK^ = 2D^ 

and so on. 

If the quasiperiodicity of the function Yqu in the Jacobian half- 
periods 2Kc, 2K^ is expressed by the formula 

•512 Vq(u+2lKc-\-2mK^) — Pq 2 ^+ 2 ZA-f- 2 mB, 

the values of the constants A, B for the twelve functions are given 
as follows: 

Table XIV 5 


Moduli of quasiperiodicity of the integrating functions 


Csw 

-E,, -(K^-DJ 
Scu 

-EJc\ 

Dnu 

E,, {K,-DJ 
Ndti 

EJc\ (K^-DJIc' 


Nsw 

(K,-E,), A. 
T>cu 

(K,-E,h A 


Snw 

(K,-E,)jc, DJc 
Cdu 


(K,-E,)Ic, DJc 


Dsw 

-(E,-o'KJ, (D„-cK„) 
New 

-(E,-c'K,)lc', {D„-cK„)lc' 
Cnu 

(E,-c'JQIc, -(D^-cKJIc 
Sdu 

(E^~c'Kc)lcc\ -(A-cA)/cc' 


One relation between the two functions E{u), D{u) is aj^parent from 
the two tables XIV 3. 4 : 


14-51 D{u)-\-E{u) — i^+SidiC^^. 

Also we can express the constant which belongs primarily to one 
function as a limit associated with the other function: 


14-52i K-Dn == lim 1> 

«-K„l u—KJ 

14-522 K^—Ec = lim (/)(«)+ VI’ 

u-K.l 'U—KJ 

for lim (sidiC^n%— | = 0, lim (sid.n^c^-f- ^ | = 0. 

u->kA u->kA u-KA 

But the fundamental relation between the functions is implied in the 
interchange of the parts played by K^, and K^, Jacobi’s imaginary 
transformation replaces one of the functions dn^^, dov by the other, 
and we have, exhibiting the dependence on the parameter, 

•513 'Dn(UyC) = vJ)c{v,b) 

if V = vu, b = c', 6' = c. 
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SO that we may write 

•514 DJc) = vE^ic'). 

In view of the relation of the primitive functions cs^, ns^^^, ds^i^ to 
the Weierstrassian function there is a third function 

to which the integrating functions are naturally reducible, namely, the 
function by which is integrated. By definition. 


u 

£»= 1 - 


and therefore 

•516--518 Cs^6+^p^^c ^ ^^u-\-upK^ = 1 l>bu-\-u§)K^ = 

These formulae however introduce the constants §)Kc, them- 

selves, whereas only differences between these constants are required 
elsewhere in our work. 

14-6. In the parallelogram whose vertices are 0, 2K^-{-2K^, 2Kn, 

the function sd^i^ has only one pole, a double pole at K'^ with leading 
coefficient — 1/cc'. Hence the only pole of (u—K'^)bAHi, in the parallelo- 
gram is a simple pole with residue —Ijcc', and the integral of the 
function round the perimeter is —27Tijcc' or 27Tilcc' according as the 
description of the perimeter is in the positive or the negative direction, 
that is, according as the signature of the basis is i or — i; in 

other words, the value of the integral is — 27 ti;/cc'. But 


-f- J \{u—K'^)sA^u du = — J 2K^sA^udu ~ —2K^^^A2K^ 


= -4K^{E-c'K,)lcc\ 


2Kc + 2Kn 0 


J J du = j 2KcSd^u du = 2KcSd 2K^ 


Hence 


-4K^{D„—cKJIcc'. 


14'61 KgD„-\-K^E^—K^Kn = ^ttv; 

that is, writing 

•601-604 = K, K„ = vK', E^ = E, 

we have 

14-62 KE'+K'E-KK' = ^■n, 

a relation discovered by Legendre. 


= vE\ 
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Legendre’s relation is unique, for application of the same method to 
any of the twelve integrating functions leads, with differences of detail 
in the proof, to the same result. For example, to use {u—K^Anhi we 
take the parallelogram whose vertices are 

one pair of sides gives the integral — 2K^ Dn 2if^, which is — and 

the other pair gives 2K^{Dii{K^-\-2K^)—T>nK^, which is 
the residue is —1. Notice that we do not change the integrand to 
dn2(irg4-'2^) in this argument. 

Priority has been given to the quarterperiods throughout the 

discussion of constants associated with the integrating functions. There 
is of course a constant Vqiu-\-2K^)—V(iu^ but this is only 

— {Pq(M+2ZJ — Pq «}— {Pq(«+ 2ir„) — Pq tt} 
and calls for no comment. The forms taken by Legendre’s relation if 
replaces or are only trivially different from *61, and when 
K, K\ E, E' are introduced *62 necessarily reappears. 


14*7. From the addition formula 12*33 for a function sq?^ which has 
a zero at the origin, namely, 


•701 


sq('W+^) = 


sq'z^sq'i^+sqvsq'-z^ 

l—Asq^t^sq^v 


where A = qs'^iT^, we have 

sq2(t4 + ^) — — ^) 


4 sq - 2 ^ sq'i4 sq v sq'v 
(1— Asq^sq^i;)^ 


Integrating with respect to Uy 

•702 Sq(w+ 2 ;)— Sq('Z^— i;)— 2 Sq v 


2 sq^-u sq v sq'v 
1— Asq^wsq^v ’ 


Interchanging u and v and adding the formula so obtained to -702 
we have 


14*71i Sq(w+^)— Sqw— Sqv = sqt^sq 2 ;sq(i^ 4 -i;), 

or in a more symmetrical form, 

14*712. If u-\-v-\-w = 0, then 

Sq-u+Sqv+Sqti^ = sq sq v sq ii;. 

We must not overlook that in this theorem the sum u-\-v-\-w must be 
actually zero; congruence is not enough. 

Corresponding results for a function pq?^ which has neither a zero 
nor a pole at the origin can be obtained directly from the addition 
theorem 12*43, but it is simpler to derive them from and *712 by 
means of the elementary formula 

pq2-j4 = l-fps^jfiL^sq^i^, 
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which implies 

•703 Pqt4 = 'Z^+ps^iTgSqi^, 

and therefore 


14-72i Pq(t^+v)“Pq^-~Pq^ = p82ir^sqwsqvsq('24+?;); 

14*722. ^ Jacobian function of which the origin is neither 

a zero nor a pole, and if u-\-v-\-w — 0, then 


'Pqu+T?qv-\-Vqw = ps^K^squsqvsqw, 


Since the differences cs^i^— ns^i^, ds%— ns^i^ are constants, we need 
examine only one of the three functions with a pole at the origin. From 
the addition formula 


•704 


ns{u-]-v) — 


ns u ns'?;— ns v ns'u 


we have Ns(?4+?;)— Ns(?^— ?;)— 2Ns?; 

and therefore 


2 ns ?; ns'i; 
ns^— ns^?;’ 


•705 


Ns(' 144“^)— Ns?^— Nsv 


ns V ns'?;— ns u ns'?^ 
ns^?^— ns^?; 


The addition formula ^704 can be written 


•706 


ns?4ns?;ns(?4+^) 


ns^?^ . ns V ns'?;— ns^?; . ns u ns'?4 
ns^?^— ns^?; 


and since cs?^cs'?^ = ns?^ns'?^, the corresponding formula for cs(u-[-?;) 
can be written 


•707 


cs?^cs?;cs(?^+^) == 


cs^tt . ns V ns'?;— cs^?; . ns u ns'u 
ns^u—m^v 


Hence 

ns ns ?; ns(?4 + ?;) — cs cs ?; cs(?^+ ?;) 


ns V ns'?; — ns ns'?i 
ns^?^— ns^?; 


implying, for each of the three functions ps u with a pole at the origin, 
14-73i Ps(?^+?;)— Ps?^— Ps?; = ns?^ns?;ns(?4+v)— cs?^cs?;cs(w-l-?;); 

14*732. If = 0, then 

Ps?^+Ps^^+Ps^ = ns?^ns?;ns??;— cs?^cs?;cs??;. 

The formulae *711, -721, -731 are addition theorems for the integrating 
functions. Each of them can be expressed in terms of one function 
and its derivative; for example, we have 

14-74. If ?^+?;+?^ = 0, then 

(Sq?^+Sq?;+Sq??;)^ = Sq'?4 Sq'?; Sq'??;. 
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But we have to remember that there is no algebraic relation between 
an integrating function and its derivative; the theorems are not alge- 
braic addition theorems. 

For the classical integrating function E{u) and its companion D{u) 
we have 

14*75. If u-\-v^w = 0, then 

E{u)-{-E{v)-\-E{w) ■= — csiii^sni^snz^^, 
D{u)-\-D{v)-{-D{w) — c' 

14*8. We need not appeal to explicit formulae for evidence that the 
function Pq it— 2Pq \u is doubly periodic, and by direct inspection of 
periods and poles we liave 

14*81 cs'Z^+^Ls?i+ds itt ~ Psi^--2Ps hi. 

In a sense this result has no counterpart at the cardinal points K,,, 
for it is the form of the left-hand side that is attractive and 
Pq?^— 2P(p|^6 has poles congruent with the origin, mod 2/^^, 
whether is at the origin or not. The limitation is apparent otherwise. 
The differentiated form of *81 is 

14*82 ps^ == (ps'Z^-f-rs'24)(ps^-f ts2^), 

and the addition of 2K^ to u, which alters the function on the left, 
only rings changes of sign on the right. 

Formulae for Pqi^— 2Pq^?^ are obtainable in a variety of ways, of 
which perhaps the simplest is that just indicated, namely, the trans- 
formation and reintegration of *82. Particular cases are 

14*83 2E{\u)~E{u) = (nsw— cs'Z^)(l— dn^^), 

14*84 D{u) — 2D{\u) — (ns'Z^— -cs?^)(dc?^— 1). 

The general result can be written 

14*85 2Pq Pq-z^ == (qs?/— rs'Z^)(qs'Z^— ts'Z^)/Aqs'Z^, 

where A is the leading coefficient at of the square of the primitive 

function coperiodic with pq^; this coefficient is given in Table XI 4. 



XV 

THE DEPENDENCE OF THE JACOBIAN FUNCTIONS AND 
QUARTERPERIODS ON THE PARAMETER 


15*1. It is as doubly periodic functions of u that the Jacobian functions 
engage our attention, and we have thought of the parameter c as a 
constant determining a system of functions. In the transformations 
examined in Chapter XIII we have allowed discrete changes of the 
parameter, but we are now to recognize that c is in fact a second vari- 
able. The ‘constants' of a Jacobian system are functions of c, and the 
‘functions’ we have studied are functions not of one variable u but of 
two independent variables u, c. 

The Jacobian functions are differentiable functions of c, and their 
derivatives can be written down with unexpected ease, by a process 
discovered by Hermite. If in the relation 

00 

101 r — 

X 

which is equivalent to x cbu, u is constant and c varies, then 


•102 

that is, 


dxjdc - 


00 


dx 

l)(a;2+c')} 


= 0 , 


•103 


dx 

dc 



sd% du. 


As in so many problems, isolated formulae are most readily found 
from first principles, but in compiling a complete set we utilize relations 
between the functions. 


Table XV i 


The derivatives of the Jacobian functions with respect to the parameter 


d cs ujdc 
I ns If ds w Sd u 


d ns ujdc 
icsudsuSdu 


dd&ujdc 

— Jcswnsn(Scw +Snw) 


d sc ujdc 

“ J nc tf dc tf Sd w 

ddiiuldc 
— I sn w cn w Nc tf 

5nd uldc 
J sd zf cd w Nc u 


d dc ujdc 

— 4 sc tf nc tf Cn u 


dnc ujdc 
— J sc tf dc w Sd zf 


d sn ujdc 

~ J cn zf dn zf Sd zf 

dcdujdc 
Jsdzf ndzf Cn u 


den ujdc 
J sn zf dn zf Sd zf 

d sd ujdc 

J cd zf nd zf(Sc zf -h Sn zi) 
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To proceed to higher derivatives of the Jacobian functions, we need 
the derivatives of the integrating functions, or at least of the five of 
these functions which occur in the above table. If we can evaluate one 
derivative, we can evaluate the others by means of the relations in 
14-4, but except for the functions with a pole at the origin a direct 
method is shortest. 

Actually the form of the results is clearest if the problem is general- 
ized. Each of the formulae in Table XV i is of the form 

■ 104 = f /(».«)<!». 

0 

and this formula implies 


u u u 

•105 ^ j pq"*(^, c) du — c) J f{u, c) du — j pq^'*('^> c) du, 

0 0 0 
provided that as -> 0 

u 

•106 pq"K'^> c) J 

0 

a condition that is satisfied except for the functions with a pole at 
the origin. 

We have for example 


•107 


dc 


u u 

J ^li^udu = — |sn"^i4Sdi^+| J du^ 


whence in particular 


•108 


^Sni^ 

dc 


u 

— I sn^u Sd I J sn^t^ sd^'Z^ du, 

0 


The last integrand is a function of the kind considered in 14*1; since 
ns^^— ds^t^ = c, we have 


csn^t^sd^ = sd^t^— sn^^^. 


whence 

•109 




du = Sd24— Snw, 


~ = J(dn2^^Sd«4— Snw). 
dc 
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Applying -109 to 14*422 we have 

= ^(dn^t^Sd-u+Sn^^)— ™(cnt^ds24) 
cc cc 

= ^{Sni^+cs2i^(Sci^+Sn7/)} 

= Kcs^tfcSci^+ns^'i^Sni^). 

On account of the relations between the integrating functions their 
c-derivatives may be expressed in a variety of forms. One set of 
formulae is as follows: 

Table XV 2 

The derivatives of the integrating functions with respect to the parameter 

20 Cs 2 0 Ns w /0c 2diysuldc 

cs^i/Sc Sct^H-ns^t^Siiw cs^iiScw+ns^i^Snw — 2i^ 

2c'0Scw/0c 2c/dT>culdc 2c'0Ncw/0c 

Sew — dc^i^Sdw — Sew — dc^wSdw Se?^ — de^wSdw 

2c0Dnw/0c 2c0Snw/0c 2cd Cnu/dc 

— Snw— dn**wSdw — Snw + dn^wSdw Snw— dn^wSdw 

2c'0 Nd w/0c 2c 0 Cd w/0c 2cc'0 Sd w/0c 

Ndw — ed’^wNew — Cdw + nd%Cnw (c — c')Sd w — ced^wSe w + c'nd*wSn w 

Other expressions for the derivatives of Dn u and Dc u will presently 
be useful. Substituting from Table XIV4, we have 

2cc'dDnu/dc ~ (dn^u-~c')D{u)—cudn^u, 

that is, 

15*lli 2c'dE{u)ldc = —c'u-^cn^u[D{u)—cu]\ 

similarly, 

15*112 2cdD{u)jdc = cu—iiQ!^u{E{u)—c'u}, 

In a more reciprocal form 

15*12i 2c'd{E{u)—c'u}ldc = c'u-\'Cn^u{D{u)—cu}y 

15*122 2cd{D{u)—cu}/dc~ —cu—nc^u{E{u)’—c'u}, 

or briefly, 

15*13i 2d(c'TSlcu)/dc — —u—nc^uCnu, 

15*132 2d{cCnu)jdc — -z^+cn^wNc?^. 

The duality in *11, *12, *13 becomes exact if we replace the differentia- 
tions in -llg, - 122 , *132 by differentiations with respect to c', thus 
changing the signs on the right-hand side. 

In terms of Jacobian functions the amplitude amt^ is definable by 
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the pair of equations 

•110--111 sinami^ = sntt, cosam-z^ = cn^t, 

implying cuud am ujdc == d sn ujdCy 

whence 

15*14 dobmu/dc — — J dn Sd 

The other functions introduced as auxiliaries in Table XIV 2 can be 
differentiated with respect to c in the same way. 


15*2. Evaluation of derivatives with respect to c reveals the approxi- 
mate forms of functions near a value of c for which the Jacobian 
systems degenerate, that is, near c = 0 and near c = 1. 

When c = 0, the integral relation equivalent to x = csu becomes 


•201 


00 



X 


and identifies csu with cotu; then ns^^ and dsw both reduce to csc-z^; 
each of the functions dnt^, ndi^ becomes constant, consistently with 
having c for a factor of its derivative. The integrating functions are 
found by elementary integration. 


Table XV 3 


cs(w, 0) = cot^^ 
sc(i^, 0) = tan u 
dn(i/, 0) = 1 

nd(Uy 0) = 1 


ns(w, 0) = csct^ 
dc(t^, 0) = sec u 
sn(t^, 0) = sinu 
cd(Uy 0) — cosu 


Cs(u,0)= —cotu~u 
Sc(i^, 0) = tanu—u 
Dn(u, 0) ~ u 
Nd(t^, 0) = w 


Ns(t4, 0) — —cotu 
Dc(u, 0) = tan u 
Sn(t^, 0) = sinwcosii) 

Cd(w, 0) = sin wcost^) 


From this table, with XV l, we have 


ds(u, 0) -- CSC w 
nc(w, 0) = socu 
cn(u, 0) = cos w 
sd(t^, 0) “ sint4 

Ds(w, 0) = —cotu 
Nc(Uy 0) = tant^ 

Cn(i^, 0) = i(w + sinwcosw) 
8d(w, 0) = — sin wcost^) 


15-21. To the first order in c, 

•21 j_q cb{u,c) = cotu-\-\ccHd^u{u~smuoosu) 

ns(' 2 ^, c) = csc'Z4+iccott^csc^fc('z^— sini^cos^t) 

ds(t^,c) = csci^— |ccoti^csc2t(2tani^--sin'Mcos24--'i^) 

sc(i4,c) = tanii— Jcsec2t^(i^— sint^cos-z^) 

dc('M,c) = seci^— Jctant^sect^('24+sini^cost4) 

nQ{u,c) — BGGU—\ctd^nUSGQU{u—BinUGOBU) 
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• 21^-12 dn(ii, c) = 1 — Icsin^t^ 

sn(i^, c) = sin-iA— Jccosu(u— sinucos?^) 

cxi{u,c) = co8 2 ^ 4 -icsin^(iA— sin^^cosi^) 

nd(i4, c) = 

cdi{u,c) = cos^^+Jcsint4(i^+sin'Z4Cost4) 

sd(i^, c) — sinii4-Jccos?^(2tani^— sint^cost^— 14). 

It will be noticed that no two functions which coincide when c = 0 
remain indistinguishable to the first order in c. 

The amplitude am u is not a singlevalued function of u, but for the 
branch which reduces to u when c — 0 we have to the first order in 
c, from *14, 

15*22 am-z^ = u—\c(u—^\nuGo^u). 

When c = 0, the value of is for the relation sini^ = 1 is not 
satisfied when u — — Jtt; other multiples of \tt are not primitive 
quarterperiods of the set of circular functions. The value of and 
therefore of every primitive quarterperiod except is infinite. The 
signature plays no part, for it does not enter into the leading coefficients 
at and the two cardinal points which remain accessible. 

When c = 1, the relation equivalent to a: = sn^^ is 

■202 « = J 

0 

that is, X — tanhi^, and anu and dnw both reduce to sechi^; the 
functions which degenerate to constants are cd^^ and Agu. * 


cs(w, 1 ) == csch u 
sc(t^, 1 ) = sinh u 
dn(w, 1 ) — sech u 
nd(t/, 1) = cosht^ 


Table XV4 

ns(w, 1) = cothw 

dc{Uy 1 ) — 1 

sn(t^, 1 ) = tanh u 
cd(w, 1) = 1 


ds(t^, 1 ) = csch u 
nc{Uy 1) = coshu 
cn(w, 1) = sechw 
sd(w, 1) = sinhti 


Cs(i^, 1) = — cothw Ns(i/, 1) == — cotht^ + w Ds(w, 1) = — cothw 

Sc(w, 1) = J(sinht^coshw — w) Dc(w, 1) = u Nc(i/, 1) = Ksinhwcoshti+w) 

Dn(i/, 1) — tanhw Sn(w, 1) = t/ — tanhw Cn(w, 1) = tanhw 

Nd(w, 1 ) = J(sinhwcoshti+w) Cd(w, 1 ) = Sd(w, 1 ) = J(sinh wcoshw — w) 


Since c' is 1— c, not c—l, or, to put it differently, since derivatives 
with respect to c' are the negatives of the c-derivatives tabulated in 
XV 1, we have 


15*23. To the first order in c\ 

4767 K k 
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‘23i_i2 

cq{u,c) = cschi^— Jc' cothucsch^sinhi^cosht^— 14 ) 
ns(w, c) — cothi^— Jc'csch^ 2 i(sinh 2 ^coshi^— 16 ) 

ds(i6, c) = csch?i+ic'cothi 6 cschii(sinhi 6 Coshi 6 +' 2 ^— 2tanhi6) 

sc('i6,c) = sinhi6+ Jc' coshi6(sinhi6coshi6— w) 
dc(i6, c) = l + Jc'sinh^ii 

nc(i6, c) ~ cosh 16 +ic'sinh 16 ( 811111 ?! cosh 16 — 16 ) 

dn(i6,c) = sechi6+Jc'tanhi6sechi6(siiih 16 cosh 16 + 16 ) 
sn(i6, c) = tanhi6+ Jc'sech%(sinhi6Coshi6— 16 ) 

cn(i6, c) ■= sech I 6 — Jc' tanh u sech i6(sinh u cosh u—u) 

nd(i6,c) = cosh 16 — Jc'sinhi6(sinh 16 cosh 16 + 16 ) 
cd(i6, c) = 1 — |c'sinh^i6 

sd(i6, c) = sinhi6— Jc'coshi6(sinhi6COshi6+i6— 2tanhi6). 

There is no finite value for The conditions to be satisfied by 
may be taken as scif^ = u, dc === k\ since dc(i6, 1) is a constant, the 
second of these is an identity, while the first gives A^, = The 
signature remains in the formulae, and is ambiguous until the signa- 
ture is prescribed. 

The equations to be satisfied by the amplitude am(i6, 1) are 
•203-‘204 sinam(i6, 1) = tanhi6, cosani(i6, 1) — sechi6, 

and these are the equations which define the gudermannian function 
gdi6, the function which links circular and hyperbolic functions: 

15-24 am(i6, 1) — gdi6. 

To the first order in c', 

15-25 am 16 == gdi6+ Jc' sech I6(sinhi6 cosh I 6 —I 6 ). 

15-3. If 16 is not independent of c but is a function of c, then 

dpq(M,c) ^ t)pq(tt,c) du apq(M,c) 
dc ~ ■ “att 0c ' 

The partial derivative with respect to u is the derivative previously 
denoted by pq'i6, that with respect to c is the derivative investigated 
in -1. Each partial derivative has the product of the two functions 
copolar with pqi6 as a factor, and we can combine Tables XI 6 and 
XV 1 into a single table showing the function by which this product is 
multiplied to give the complete derivative dpq(i6,c)/dc. For brevity 
dujdc is denoted in this table by u. 
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Table XV 5 


CHU 

— ti-f- J 

nsn 

— w-hlSdw 

dsw 

— li — J(Sc w -h Sn w) 

8CU 

u — \^du 

dcu 

c'u — J Cn u 

ncu 

w — JSdw 

dnu^ 

— cu — ^Ncu 

anu 

JSdw 

cnu 

— ii + iSdti 

ndu 

c«iH- JNc^^ 

cdu 

— c'u + J Cn u 

sd w 

J(Sctf + Snw) 


In Table XV 5 there appear only four distinct factors, namely, 

w— cu-{-^^cu, c'u— |Cn 2 ^, ?i+-|-(Sci^+Sn?^). 

An interpretation of the factors shows that even these four are inti- 
mately related although they are functionally distinct. The function 
pqi^ is zero identically when u ~ and neither of the copolar func- 
tions is zero there. Hence d]^q(Kj^,c)ldc is zero in virtue of the factor 
given in the table, and this factor, equated to zero, gives explicitly the 
value of dKJdc. Witli iq, at the origin, we have a mere identity, since 
each of the integrating functions vanishes with u. But from the other 
entries in the table we are to expect three expressions for dKJdc, three 
for dKJdc, and three for dKJdc. Two expressions for the same deri- 
vative must be ultimately equivalent if they are not identical, and the 
sum of values of the three derivatives is zero. Explicitly 

15*31. The derivatives of the Jacobian quarterperiods with 

respect to the parameter c are given by 

dKJdc - I Sd K,, dKJdc = 1 Sd K,,. 

In terms of the functional values E^y Z),, we have from Tables XIV 3,4 
15*32i_2 2cc' dKJdc == E^—c'K^, 2cc' dKJdc ~ —Dj^-\-cK^. 

Since is by definition E{K^yC)y that is, Dn(Ap, c), to find dEJdc we 
have only to substitute K^ for u in dE(u)ldUy which is dn^i^, and in 
dE(u)ldCy which is given in several forms in *1. Since K^ is a simple 
pole of Dcu and a double zero of cn%, we have from ’lli, 

and therefore, since dn^iQ — c', 


•302 

whence from *321 
15*33i 
Similarly 
15*332 


dc 





2c dEJdc = E^—Kg. 


2c'dDJdc = —Dn+K„. 
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But in view of the forms of the expressions for dKJdc and dKJdc, we 
may use •12i_2. Since 

•303 d{E(u)—c'u}ldu = = cqhH, 

•304 d{D{u)—cu]jdu — dc^t^— c — c'nc^t^, 

it follows that 


Ue{K,)-c’K,} = \^J,E(u)-c'u]\ 

and that j^{D{K^)-cK„) = ; 

thus * 12 j _2 give at once 

15-34, _2 2d(E,-c'K,)ldc = K,, 2d{D,-cKJIdc - -K^. 

We do not alter the form of the relations *322, *342 if we remove the 
signature. In the notation of 14-601-14-604, 

15 - 35 i .2 2cc'dKldc = E—c'K, 2cc'dK'jdc == —E'-\-cK\ 

15-36 i .2 2d(E-c'K)ldc = K, 2d(E'-cK^)ldc = -K\ 


15-4. Combining -32 and -34, we see that 


15*41. As functions of the parameter c, the Jacobian quarterperiods 
are solutions of the differential equation 



From the form of this equation it is satisfied also by —K^—K^ and 
KJv, that is, by and K\ 

The solution of the equation, for sufficiently small values of c, is 
readily found. The equation can be written 


•401 


, d ( dx] dx 


— lx == 0 ; 


that is, if & denotes the differential operator 


d 

^dc 

the equation is 

•402 {(l-c)&^—c&—\c]x ^ 0, 

or, since d'^x = 0 implies x = A-\-B log c, 

•403 {&^—c{&-\-\y‘}x — d'\A-[-B\ogc), 
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where A, B are constants. Hence 

•404 X = (l-0)-V+-Blogc) 

. = (l+0+0H0®+...)(^ + 51ogc), 

where 0 is the operator defined by 

■406 0 = i{c(»+i)>) - 

applying repeatedly the fundamental property of d', namely, 

F(»){cV]^cF(&+\)V, 

we see that, for the operator 0, 

0n 

wheref 

pt?+2n-l)(2^+2n-3)...(2^?+l)12 

[ (2&+2n)(2»+2n-~2).„(2&+2) J * 


.406 


an(^) == 


Substituting 

•407 

•408 

we have 
•409-410 
where 
•411 

•412 


a«(^) • 1 = [“«(^)]^=o’ 

a„(i?).logC = [(x„(i?)]^^„logC + [da„()?)/dl?]^^j,, 


0ni 


= a„C", 0»logC = c«„C«(logC+4^„), 

/1. 3 (2ra-l)\2 

~ \ 2.4.....2w“) ’ 

o ^ A . 4 _ . _ 1 __ 

1.2'^3.4"'"’"'^(2»-l)2w’ 


and therefore 

15*42 X = (A-\- Blogc){l-\-(XiC-\-oc2C^-\- •••)-\-4:B(ociPiC-\-(X2p2^^~^ 

Both the power series in this solution have radius of convergence unity. 

From the explicit solution -42 it follows that any solution for which 
B ^ 0 has a logarithmic infinity at the origin, and therefore that every 
solution which is finite at the origin is a multiple of a single solution. 
Since when c = 0, and is finite unless c == 1, we are tempted 

to infer that i i ^ i ^21 ^ 

= t7T(l + aiC+a2C2+...), 

but the result is manifestly absurd, for c determines the lattice, leaving 

t From the operational point of view it is misleading to write the factors in ascending 
order, or even to exhibit a„(^) as a square. 
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the choice of a primitive pair of quarterperiods still open, and no 
restriction on this choice is implicit in the work leading to the dif- 
ferential equation. 

The fallacy is in forgetting that although, as we have seen in *2, 
is the only value for when c — 0, a value of which is legitimate 
when c ^ 0 need not tend to as c -> 0. In fact, as we have seen in 
11-61, if a, jS is one pair of values of the general pair of values 

is given by 

Kq = l)a-|-2%^. A,, — 2^2 1)^ 

with the condition 

(4mi-fl)(2n2+l) — 4nim2 -- ±1; 

if — 0, then 4mi-)-l is a factor of ±1 ^^^d therefore == 0 and 
K^~ a. Hence if a -> Irr and /3 oo, one and only one value of has 
a finite limit; all the other possible values of tend to infinity and 
are outside the discussion of the periodicity of the limiting function. 

The form of the solution of the differential equation is now intel- 
ligible: writing K for A^, 

15-43. Either K — |7T(l + aiC-fa2c2+- •) 

for |c| < 1, with defined by •411, or K has a logarithmic infinity at 
c = 0. 

The differential equation in -41 is unaltered if c and c' are inter- 
changed, and therefore, with the same values of as before, the 

general solution is expressible as 

15-44 (^' + ii'logc')(l + aiC'-fa2c'2+...)-f 

inside the circle |c'| =1. Also if = vK', 

15-45. Either K' |7r(l + aiC'-f - ) 

for [c'l <1, or K' has a logarithmic infinity at c — 1. 

In any event. A' has a logarithmic singularity at c ^ 0 and A has 
a logarithmic singularity at c' = 0. 

Throughout our work one set of quarterperiods has been regarded 
as essentially equivalent to another. In a discussion of functions with 
real constants the distinction between real and imaginary leads to a 
special choice of quarterperiods, and in 6-8 and elsewhere we have used 
special paths of integration for technical convenience, but the emphasis 
has been on the view that intrinsically one basis is no different quali- 
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tatively from another. We now see that if this is true of as 

a basis for a system of Jacobian functions, it is far from true of 
and as individual functions of c. Within the unit circle round c = 0, 
one value of does behave quite differently from every other value, 
and within the unit circle round c' = 0, the same is true of one value, 
or rather, since there is an ambiguous sign, of two values, of We 
must therefore devote some attention to these special values of and 
K^, defined in the first place inside the two circles. We denote the two 
functions by writing 

*413 X = '|7r( 1 -j- C-j- 0^2 ...), 


•415-416 
where = 


X, - X, X^ - tX', 


1 and as in *411 


_ / 1. 3 (2n-l)Y 

2.4 2n j’ 

For any value of c such that \c\ <1, the Jacobian system with para- 
meter c has a basis in which the first member is X^; for any value of 
c such that \c'\ <1, the system has a basis in which the second member 
is X^^. The two regions |c| < 1, |c'| < 1 have a common part, in the 
shape of a lune, but we can not say without investigation whether or 
not when c is in this lune X^ and X„ can be associated to form a basis 
of the system. 

Let us return to expressions for as integrals. The theorems 

11-84, 11-85 do not specify paths for the integrals given, and therefore 
do not enable us to recognize the associations of values that are pos- 
sible. It is through the general theorems of Chapter VI that paths are 
made precise: for the function obtained by inverting the integral 

00 

r dw 


a possible pair of quarterperiods is provided by 


-417-418 


00 


dW 

y{W{w-B){w-c)y 


2j ^{W{W-B){W-C)y 

c 


where the paths of integration are any half-lines. To apply this result 
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we use the function ds- 2 ^: since ds^JST^ = c' and ds^i?^ = — c, the Jaco- 
bian system with parameter c has a basis defined by 


•419-420 



dt 


1^ _ 1 r ^ 

" 2 J 


with rectilinear paths, or, writing t-\-c = u and then restoring the 
symbol, by 

•421—422 iT == - r ^ K [ — 

1 0 
still with rectilinear paths. 

Provided that c is not real and greater than 1, we can take for the 
path in the real axis beyond ^ — 1, and the substitution t — l/u 
then replaces this path by the segment of the real axis between 0 
and 1 : 

1 

dt 

V{<(i-<)(i-co}‘ 

But this integral remains finite as c -> 0. Hence iQ., defined by *423 or 
•421, is the particular quarterperiod X^; that is, with the assigned path, 
and with the appropriate radical, 

dt 



•423 


K, 




There is no difficulty in verifying this conclusion: the expansion of 
1/^(1— c^) is a binomial expansion, and the integral 

r t^dt 

J 

0 

is elementary. 

According to the definitions •413--414, X' is the same function of c' 
as X is of c; it follows, since the path of integration in *424 is indepen- 
dent of c, that with the same path, and the same determination of the 
radical, i 

Y' — W 

2] ^{t(l-t){l-cH)y 

0 

If the path of integration in in -422, is to lie along the real axis, 
then since the point t = 1 must not be in the path, the path is the 
negative half of the line and c is assumed not to be real and negative. 
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To replace the path by the segment between 0 and 1 we substitute 
{u—l)lu for t, and since t — c corresponds to u = 1/c', we have 
1 1 
K — I ^ r 

" ~ 2 J V{-<(l-<)(l-c'<)} ~ ^2 J V{<(l-<)(l-c'<)}’ 

0 0 

in agreement with *425, since the integral in remains finite as 
c' -> 0. 

We can now use -424 and *425 instead of *413 and ‘414 as definitions 
of the functions X, X\ Two advantages appear at once. Firstly, the 
range of values of c for which the functions are defined is far less 
restricted: instead of being confined for each function to the interior 
of a circle, the point c is subject for that function only to the condition 
that there is one half-line on which it must not lie; the common domain 
of existence of the two functions is not the lune common to two circles, 
but the whole plane except the parts of the real axis outside the 
segment from 0 to 1 which is the path of integration. Secondly, since 
the association of the integrals in one basis was assured from the 
start, 

15*46. If c has any value other than a real value greater than 1 or less 
than 0, the functions X, zj^iX' together constitute bases for the Jacobian 
functions of which c is the ^parameter; the first of these functions tends to 
\tt as 0 , the second to 05 c' -> 0 . 

The bearing of the restrictions imposed on c on the character of the 
integrals is seen in another transformation of *421 and *422. The 
substitution 

\~U 

replaces a path from ^ = 1 to ^ = oo by a path from u — c' to u ~\\ 
to 'O = 00 , 0 correspond ^ = 0, c. If ^ is real, u is on the line through 
u — c' and u — Thus 

cf 

where the path is a rectilinear segment, and this segment must not 
contain the origin if the integral is to be unambiguous; the radius from 
1 to c' does not contain the origin unless c' is real and negative, that 
is, unless c is real and greater than 1. To express the matter graphically, 
the radius from 1 to c' sweeps the plane, rotating round the fixed point 
1, and this radius is unlimited in every direction except the direction 
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in which it encounters the origin. Similarly, since t is real and negative 
along the path of the integral in *422, the substitution 

__ u—c 
” 1 ^ 

converts the path into the rectilinear segment from c to 1, and since 
the integral becomes 

r dt 

c 

it is now c that must not be real and negative. 

The relation between the formulae *424, *425 and the formulae *413, 
•414 may be expressed in another way. The series define the functions 
only inside certain circles, but these circles are not natural 
boundaries and the functions can be continued analytically across them. 
The only singularities of the analytic function of which the series in 
•413 is one element are c = 1 and c = oo, and if the c plane has a simple 
cut from one to the other of these points, the continued function is 
a singlevalued function analytic everywhere in the slit plane; if the cut 
is along the positive half of the real axis, this is the function given by 
the integral formula -424, since the two functions coincide throughout 
the domain of existence of the series. Similarly, if the plane is cut along 
the whole of the negative half of the real axis, -425 represents the 
continuation of -414 throughout this slit plane. 

From the point of view of continuation, the cuts are arbitrary except 
for their endpoints. We could for example slit the plane along the 
positive half of the imaginary axis and continue the series *414 into 
the second quadrant across the negative half of the real axis; the 
function so found would be different in the second quadrant from 
the function defined by the integral -425, but it would be equally valid 
as a standard solution of the differential equation in *41, finite near 
c = 1. But since the two cuts which are essential if the paths of the 
integrals are to be rectilinear are also adequate to the purpose of 
defining the continuations of the series, to utilize these cuts for a double 
purpose is a natural simplification. 

As solutions of the differential equation, the functions X, X' are 
rendered specific, the one by its form near c = 0, the other by its form 
near c = 1. To be in a position to express an arbitrary solution in 
terms of these two functions, we must, so to speak, reduce the functions 
to a cdmmon origin. We must find the values of the constants A, B 
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in *42 if this solution is X', or the values of the constants A\ JS' in *44 
if this solution is X. 

The infinity of the integral 


r dt 


at c = 0 arises from the coalescence of the two factors t, t—c ixi the 
radical, and is not modified in character by the presence of the factor 
1— Omitting this inoperative factor we have an integral whose 
infinity must be substantially the same as that of 2Z', and this integral 
is elementary: 


= log 


( 1+^)2 


Thus as c 0, 




dt 1 4 


where the logarithm, which is single valued because the plane is cut 
along the negative real axis, and is real for real values of c between 
0 and 1, has in any case an angle between — tt and tt. Also 




dt 

“c)+V(i-0 


J V(1- 


dt 


and since the value of the last integral is log 4, 

•428 Z'-ilog^-^O. 

Hence -42 represents X' if 

44-J51ogc = |log(16/c), 

that is, if 

•429--430 4 = log 4 B = 
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15*47. If \c\ < 1 and c is not real and negative, then 

X' = (X/7T)log(16/c) — 2(ai^lC + C«2j32C2 + ...), 

where the logarithm has its principal value and have the values 

given in *411, *412. 

The same analysis identifies X near c = 1, for the integral involved 
differs only by the substitution of c' for c: 

15*48. If |c'| <1 and c' is not real and negative, then 

X = (Tj7r)\og{Ulc')-2(a^p^&^ 

where the logarithm has its principal value and a^, have the same values 
as in *47. 


The relation between *47, *48 and the simpler theorems *43, *45 may 
be expressed differently. Without any attention to the source of the 
differential equation ^ 

dc 

where c+c' = 1, we find that the general solution of the equation is 
expressible for |c| < 1 in the form 

(u 4 + £ log c)(l + ai 0+^2 + ^iC+a2 ^2^^+*-*) 

and for |c'| <1 in the form 



log c')(l-|-aiC' + a2^'^“f“***) + ^® (“l ^1^ +0^2 ^2^'^+***)> 

where a^, are given by *411, *412, and A, B, A', B' are constants 
of integration. These local investigations give us no means of identi- 
fying in one neighbourhood the integral determined by a particular 
pair of constants in the other neighbourhood; general theory tells us 
only that there must be coefficients A^, Ag, /Xg such that the integral 
determined for |c| < 1 by ^ coincides with the integral determined 
for |c'| <1 by A' , B' throughout the lune common to the two circles 
of convergence if and only if 

A' = X^A+fi^B, B' = Ag^+zxg-B. 

What we can now do is to evaluate these coefficients: to ^ 

B = 0 correspond A' = log 4, B' = — J, and to A' = \tt, B' = 0 
correspond ^ = log4, J5 = — |. The relation between the pairs of 
constants A, B and A', J5' is symmetrical, and 


15*49 


A = 


_ (log 16)2-7r2 
^ 



log 16 

/^2 = ^ 


77 


77 


77 
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The differential equation puts Legendre’s relation in a new light. If 
x^y X 2 are any two solutions of the equation 



then 


1 

dc 


Xj^.CC 


, dx^ 
dc 


-~X2-Cc' 


dxA 


= 0. 


Hence, taking X, X' for the solutions, 




cc' X 


dJC 

dc 


^,dX\ 

^ dc) 


is constant. Now let c -> 0. Then X -> and because the 

infinity of X' is logarithmic, cX' -> 0; also dXfdc has no singularity at 
c = 0, and from -47, cdX'jdc Hence 


But, for a given value of c, any basis iT, vK' is derivable from X, lX' 
by a pair of formulae 


K = miX-\-nj^tX\ vK' = 

where is 1 or —1 according as i> is t or — t. Hence 


implying 

•432 


(^,dK ^dK'\ V I ^,dX ^dX'\ 

\ dc dc J 


and replacing the derivatives from -35 we recover Legendre’s relation 
as given in 14‘62. 


15‘5. We derived *41 from *32 and -34 by eliminating and 

Dj^—cK^, Alternatively by eliminating K^, and we have the com- 
panion theorem: 


15-51. As functions of c, E^—c'K^ and D^^—cK^^ arc solutions of the 


differential equation 




Naturally E'—cK' also is a solution. 

From the form of this differential equation, every solution which is 
a regular function of c near c = 0 is zero at that point. We have just 
seen that cdX'jdc | as c -> 0, implying from -322 that for the basis 
Xq, X^, the function D,^^—cK^ has the finite value 1 at c = 0. Hence 
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the functions E—c'K, E'—cK' derived from the basis are 

independent solutions of the equation, and we denote these solutions 
by y, Y', writing also Y^ — Y,Y^ — iY\ where i is the signature of 

The general solution of the equation in -51 can be written 
•501 y = C'T+i)'T', 

where D" are constants. A solution which is zero at c = 0 is 
identifiable by the value of its derivative: Y is the solution which 
resembles Jttc near c = 0, and Y' is the solution which resembles Jttc' 
near c = 1. 

Since the equation in *41 is transformed into the equation in *51 by 
the substitution 


•502 


y — 2cc' dxjdc, 


independent investigation of the later equation can be avoided, but 
the details of interpretation of operators are not without interest, and 
the coefficients are found immediately in their simplest forms. The 
equation is 

•503 = 0, 

that is, 

•504 = &(&-l){Cc+D), 

where ( 7 , D are arbitrary constants, and the symbolical solution is 


•505 

2 / = (l+<l)+(I>2+...)((7c+D), 

where 


•506 


and therefore 

<D« = 

if 


•507 

’ (2,?+ 2)2* 

•508 y„(^) = 

{(2^+2«— 3)(2i?+2ra-5)...(2t?+l)(2i?— 1)}2 

(2&+2n){(2&+2n-2)...(2&+2)}^2 


71 > 1 . 


Interpreting, we have first 
•509 O^C = C^yn{d'),C — 
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12 


_ {1.3 {2»-l)}2 

2(4.6 2w}2(2n+2)’ 

Secondly, 

•512 O™! = c»y„(i?).logC = c"{[y„(i?)]^,^plogc+[dy„(i?)/<ii?]^^J; 

evaluating, we have 

•513-614 yi(0) = J, = — 5yi(0) = — 

and for > 1, 

•515 yjo) = iy„-i(i) = 

and, differentiating logarithmically, 

•516 = — 4yn(0)S„_i = — y„-i8„-i, 

where 

, / 1 . 1 . . 1 \ . 1 


r2+o+-+(7 


(2n-3)(2n-2)j‘^4.w’ 


and if we take conventionally 

•518-619 yo = l, So = 1 + J, 

then 

•520 <D»1 = y„-iC’‘(ilogc-8„_i). 

Hence the solution of ^503 is 

15-52 y = (C'+JDlogc)(c+yic2+y2cH.-)+ 

4-Z>(l— yoSoC— y^S^c^— ...), 
a solution which is valid if |c| < 1. 

To compare this solution with the general solution -42 of the quarter- 
period equation, we substitute 

.521-522 v. = j5j, 8. = >-A+Ji^. 

relations that hold even for w = 0 since we must suppose j8o = 0. We 
have then 

y = ((7— Z)-|-Jlogc)(c-|-J«ic 24 -Ja! 2 C®+...)+ 

+Z>{1 — J(c+io£i c2-|-jQ:2C®+...)-|-(Jaj^lC2-f-Ja2 ^2®* ■!"•••)}> 
implying that 


dyjdc = \x 
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if the constants C, D are given in terms of J5 by 
•524r-525 C + D= 2B. 

If y is found from -42 by direct integration, there is a constant of 
integration to be determined. Alternatively, y is obtainable, from the 
same expansion *42, as 2cc^ dxjdc] the algebra is more substantial, but 
the determination is complete. 

Since y/c-> Jvr as c->0, the constants in *52 for this solution are 
(7 = Jtt, Z) = 0. 


15*53. For |c| < 1, 


and for |c'| < 1, 






where 


/ 1. 3 (2n-~l)Y 

\ 2A . ^n ) ‘ 


Since Y' = 1 when c = 0, the expression of Y' in the form *52 
requires D = I, but we must not suppose that (7 = 0; on the contrary, 
•52 implies, for small values of c. 


•526 dyjdc = JZ) log c+ ((7— i)) + 0(c log c), 


and from *47 we have 


•527 dY'jdc = = -ilog(16/c)+0(clogc), 

confirming the value D = l and giving also C—D = log 16, that 
is, C — 1— log2: 

15*54. For |cl < 1, 


Y' = {4-7rlog(16/c)}y+(l-aoaoC-|c.i8ic2-^a282c3-...), 
and for \c'\ < 1, 

Y = {4-7rlog{16/c')}F'+(l-a„8oc'-i«i8iC'2-KS2c'»-...), 
where the logarithms have their principal values and 

_/F3 (2«-l)\2 . ,_/J_ , 1 , , 1 \ 

\ 2.4 2n /’ ” \1.2'^3.4‘^"'"^(2w— r)2w/ 

with the conventional values mq = 1, 8^ = l+i- 
Taking the general solution near c = 1 as 
16-55 y = ((7'+iZ)'logc')(c'+yiC'2+y,c'3+.-)+ 


1 


4(w+l) 


+F)'(1— yo8oC'— yi8ic'2— ...), 

we can say that the solution for which C = \rT, Z> = 0 in -62 is the 
solution for which C = 1— log2, i)' = 1 in -55, and that the solution 
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for which C* — Jtt, Z)' = 0 in *55 is the solution for which C — 1— log 2, 
Z) = 1 in *52: 


15*56. For the equation 

cc' (Pyjdc^ = ly, 


the solution near c ~ 0 given by -62 and the solution near c = 1 given by 
•55 coincide throughout the slit plane if 

ttC' = 4 (l-log 2 )( 7 -{ 4 (l-log 2 ) 2 -i 772 }Z), 
ttZ)' = 4(7- 4(1- log 2)i). 


The functions of c have been defined from the basis 

They are therefore defined for the whole region throughout which X^, 
and Xy, are defined, that is, for all values of c except real values greater 
than 1 or less than 0. The expansions in *53 are particular representa- 
tions, valid only within restricted domains. We can obtain integral 
representations of Y and F' valid throughout the domains of existence 
of the integrals defining X and X' in *424 and *425 by differentiation: 

1 1 


•528~*529 


Y = 



\lt.dt 


Y'== 



yit.dt 

V{(i^(T-W}* 


0 0 

The values of the functions E^—c'K^, D^^—cK^^ for an arbitrary basis 
are implicit in the entries against T>nu and T>cu in Table XIV 5. If 


= (Imj-j- l)X^+2ni — 2m2Xj.-|-(4^2"l~ 


then since, on the basis the values of Z>^ are l^-fc'X^, 

F,^-fcX^^, we have, on the basis X^, 

•530 Xg = (^^1+ (F^j-f-cX,,)}, 

•531 Z),^ = 2m2{Xc— (I^-|-c'X^)}+(4n2+l){F^+cXy,}, 

and therefore 


•532- 533 X^-c'X^ {^m^^l)Y^-2n^Y,,, 

= - 2^2 F^+ (4712+ 1)F,„ 

in agreement with the fact that E^—FK^ and D^^^—cK^ satisfy a linear 
differential equation of which Y^ and F^^ are independent solutions. 


4767 


M m 



XVI 

THETA FUNCTIONS 


16*1. The Jacobian functions are elliptic functions adapted by means 

of constant factors for use with a standardized lattice. The integrating 

functions, and more particularly the functions E{u) and D{u), replace 

the function when the lattice is Jacobian. We anticipate therefore 

a parallel modification in the function oz, with a representation of the 

Jacobian function pqi^ as a quotient of integral functions of u. 

We recall that the function az plays a double part. As a function 

which facilitates the integration of ^25, this function satisfies the formula 

and the condition / 

a Z y aZ ^ 

— = —-^ 1 . 

az z 


As the integral function whose zeros are the lattice points 2m(jj^-\-2nco2, 

where = 2 m(x}^-\- 2 no )2 and the product extends over all values of m 
and n except simultaneous zeros. If we are to introduce a special 
function into the Jacobian theory and not simply to use a sigma func- 
tion constructed on the Jacobian lattice, we must verify that the double 
part is still played. 

Since the aggregate of values 2m7r for integral values of m is the 
aggregate of solutions of the equation = 1, the aggregate 

•101 u = 2mK^ 

is the aggregate of solutions of the equation 
•102 = 1 , 
wheref 

•103 V = {7tI2K^)u, 

In other words, as a function of u, is a function whose zeros 

are simple zeros at the points u — 2mA|j. 

For a fixed value Up of n, the condition 

u = 2mK^-\-2nK^ 
is equivalent to u—2n^K^ — 2mK^^ 


t At the moment the variable {7rlKg)u would seem simpler, but Jtt corresponds as a 
quarterperiod to and we shall find that in the long nm the insertion of the factor 2 
effects a considerable economy. 
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and therefore if p = ttKJK^, then 

is a function whose zeros are simple zeros at the points 

u = 2mK^+2nj,K^. 

Hence for any finite number of values of n, the product 

n{i g2i(v-npp)J 

p-l 

is a function with simple zeros at the points n — 2mKc-\-2nK^ for all 
values of m combined with the assigned values of n. 

If we are to extend this result to an infinity of values of the 
product must converge and therefore must tend to zero as r 

tends to infinity. Now whatever the value of v, tends to zero 

as n -> +00 only if Rl(ip) is positive, and tends to zero as n oo 
only if Rl(ip) is negative. But Rl(ip) is positive or negative according 
as Imp is negative or positive, that is, according as the signature v of 
the basis is — i or i; in other words, Rl(i;p) is necessarily negative. 

If we write as before K, vK* for K^y K^y and define a, q by the formulae 

•104-105 a = TTK'jKy q = 6"^ 

then, by the fundamental property of i;, Rio- is positive and 

•106 \q\ < 1. 

And now, p = va; if o == i, then 

^2i(v-np) _ q~2n^2iv 

tending to 0 if ^ —oo and to oo if 7^ -> +oo, while if v = — i, then 

^2i(v-np) _ q2n^2iv 

tending to oo if — oo and to 0 if n -> +oo. In either case, must 

be restricted in one direction or the other if the product 

p_e2t(v-n,p)J 

IS to converge. 

We need not conclude, however, that a functional product con- 
vergent in both directions can not be constructed. The equation 

^-2i{v-np) _ j 

has the same roots as the equation 

^2i{v-np) ^ 

and for each value of n we may use the factor or 

the factor l^e^^^~'^pP\ that is, the factor i— g 2 wpg- 2 uy qj. factor 
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l_gf- 2 npg 2 uv^ according as is positive or negative: we secure a positive 
power of q by selecting the exponential function appropriately. Since 
the two values u, — u are i, — i, 

16*11. The aggregate of values 

u == 2mK^-\-2nK^^ 

consists of the zeros of the two functions 

l^q2n^2iv^ l_q2n^-2iv 

far all positive integral values of n, together with the zeros of the function 

1 — 

The function 1— is anomalous in the enunciation of *11; there is 
no reason to prefer this function to 1—6“^^*^, but to admit both func- 
tions would be to introduce their zeros as double members of the 
aggregate. We may take the function more symmetrically as 
alternatively, we may give the whole theorem a trigonometrical form: 

16*12. The aggregate u — 2mK^-\-2nKj^ consists of the zeros of sini; 
and the zeros for all positive integral values of n of the function 

1 — cos 2v-{-q^'^. 

16*2. Since \q\ < 1, the infinite productsf 

n n 

are convergent for all values of v, that is, for all values of u: 

16*21. Regarded as a function of Uy the function 

miv n ( 1 - V" cos 2v-{-q^^)y 

where v = {7T/2Kf)Uy q = 

is an integral function with simple zeros at the points 

u — 2mKc+2nK^. 

Before applying this theorem to the expression of elliptic functions, 
we consider the transformation of the product into a series. We write 
temporarily 

•201 m = XT 

•202 < 7(0 = ( 1-0 IT {l-g2»(7+7-i)+g4»} = 

00 

t Throughout this chapter, if no range is indicated, 11 a„ denotes 11 a„ ; Cayley in 

1 

his Elliptic Functions denotes this infinite product by [o„], but the notation has not 
gained currency. 
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The function f(t) is an integral function of t, expansible in the form 
•203 fit) 

the coefficients being functions of q. For the function we have, 
for all finite values except 0, 

•204 . 

Since identically 

•205 t-^git^) = -tgit-^), 

the expansion of the odd function t~^g(t^) is of the form 

and therefore for g{t) there is an expansion 

•206 g(t) = 6^ — — ••• * 

If in ^201 we substitute qH for t, we lose the first factor; we have 
therefore 
•207 

If we make the same substitution in the product JJ (l—q^H-^), we gain 
a factor (1--^“^); that is, 

tf(Wi) = 

Hence 

•208 tgiq^i) = —£?(<)• 

Substituting the series from '203 in the functional relation -207 and 
comparing coefficients we find 

•209 q^l+Uj) = tti, q^iai+a^) = a^, = “s. 

whence 

•210 ffli = q^-^/Ci, == q^-^/c^, = q^-^jca, 

where 

•211 Ci-(l-g2), c^=.{l-q^)(l-q% 

C3 = (l-g^Kl-g^Kl-gO) 

Similarly, substituting from ^206 in ^208 we find 


•212 

whence 

h = 9^*1. 

h = q*i>2> 

h = 9**3. 

•213 

h = q^-^K 

d 

II 

eo 

64 = 


To determine 6^, we turn to the relation between the two functions 
fit), git). From -209, 

i\—t)fit) = \—q-^ait-\-q-*a^t^—q-H^t^+..., 
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and therefore 6^, the coefficient of for positive values of n, in 

the product of this series and the series in -204, is given by 

When we substitute from -210 and *213, we have a series for 6^; the 
index of q in the numerator of the term containing is 

r{r+l)+{n+r){n+r-\~l)—2(n-{-r)—(n—l)n, 
that is, 2r{n-\-r), and therefore, for all values of n, 

1 /y2(ll+l) ^4(n+2) ^6(?t-j-3) 

•214 +? + .... 

^l^n+1 ^2^n+2 ^3^n+3 

Now the sequence c^, Cg, Cg,... converges to a non-zero limit and no 
terms in this sequence are zero; hence the aggregate of values |Ci|, jCgl, 
1 ^ 3 1,... has a lower bound which is not zero, and l/lc^^/i+rl ^ 
all values of r and n. Also 

|g2(rj+l)_|_^4(n+2)_j_^6(n+3)^^^^ | \q\^^l(l~ \q^\). 

Hence as ri -> oo, 6i— — 0; 

that is, 

•215 = 1/limc^. 

Absorbing the factor l—q^^ of into the typical factor of the func- 
tion g{t), and replacing t by we have the fundamental identity 
16-22 sinv n{(i- g2n)(l_2g2n(>Qg 2v-\-q^^)] 

= 2 ( — 

For the standard integral function of u with zeros at the lattice 
points 2mKf.-\-2nK^ we multiply the function for which -22 gives two 
expressions by the constant 2e-^^^; the series on the right of -22 is 
formally a Fourier series, and it is always convenient to have an explicit 
factor 2 in the coefficients of the sines and cosines in a Fourier series; 
the exponential factor taken in the form q^l^, converts the index 
(n—l)n of g in the typical coefficient into {{2n—l)l2}^, thus bringing 
this coefficient more clearly into relation with the trigonometrical func- 
tion sin(27i— l)v. With this modification, the function, Jacobi’s eta 
function, is denoted by H('w): 

16*31 H(i^) = 2g^/^sini;— 2g®/^sin3v+2g26/4sin5z;— ..., 

where v = {7tI2K^)u and q^ denotes unambiguously whatever the 
value of m. From -22, 

16*32 H('24) = 2g^/^sini; JJ {(l-~g2nj(l — 2g2^cos2i?-}-g^^)}. 
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Addition of 2K^ to u is equivalent to addition of rr to v; hence 
•301-302 n{u+2K,) = -H(2^), ^(u+4.K^) = H(u). 

Addition of 2K^ to u is equivalent to addition of vcr to v, that is, to 
multiplication of by q. If = t, the function H(u) defined by 
•32 is a constant multiple of e-^g(t), where g{t) is the function defined 
by *202; hence the functional relation ^208 is equivalent to 

•303 li(u+2Kn) == 

whence 

•304 'K{u-\-4:K^ = 

the exponential factor in Tl{u-\-2K^) supplying a further factor q-^^. 
From ^301 and -303 it follows that if S(u) is defined as the logarithmic 
derivative W(u)lfl(u), then 

•305-306 S{u+2K,) = S^, Z(u+2KJ == E{u)-7tvIK„ 

and therefore E'(u) is doubly periodic in 2K^ and 2K^, Since ii{u) is 
an integral function with simple zeros at 2mK^-\-2nK^^y S( 2 ^) is a func- 
tion whose only accessible singularities are simple poles with residue 1 
at each of these points, and E'(u) is an elliptic function with principal 
part —ll{u—2mK^—2nK^)^, Hence E'{u) differs by a constant from 
— cs^. But if E'{u) = A— cs%, then since E(u) and Csi^ are both odd 
functions, 

•307 E{u) = Au—Q^u. 

Since E{u-\-2K^) ~ E{u) and Cs(i 4 - 1 - 2 A^) = Csi^— 2^/^, *307 implies that 
AK^ = —E^ and we have 

16*33 W(u)IIl(u) ~ S{u) — —{EJK^)u—CsUj 

•308 S'(?4) = —{EJKc)—cs^u. 

From the expression of H(i^) as a product. 


•309 


S(^) = ^^/cotv-f 4sin2t; 2 


ri2n 


- 2 g 2 n cos 2v-\-q^‘ 




•310 S'(tt) — |~®®®^^+8cos2w 2 j — 


rj2n 


COS 2v-\-q^'^ 


As -> 0, v 0, 


CS^I4- 


— 16 sin^ 2v 2 Q — 
1+c' 


ry4n 


( 1 — 2g2w COS 2v-\-q^'^Y] 

1 1 


csc*w— 




3 ’ 
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and therefore from *308 and *310, 


•311 


l+c'^/7r\2n \ 

K, 3 \irjU2 Z(l~y2n)2j* 


16*4. There is no need to revert to first principles to obtain integral 
functions with zeros congruent with the cardinal points 
The function has simple zeros at all the points 

u = {2m-\-\)K^-{-2nK^, 

Addition of to u is equivalent to addition of \tt to v, and we have 

16-41i VL(u~\-K^) = 2g^/^cos?;+2g®/^ cos 3?; +2^25/4 cos 

16*412 ~ 2gi/^cosi; JJ {(1— g2^)(l-}-2gr2wcos 2i;4-g'^^)}. 

Addition of to u alters more substantially the form of the func- 
tion. This addition is equivalent to the multiplication of by 
and it is convenient here, and occasionally elsewhere, to write r for 
this parameter. Whether u is t or — i, sinmv = (e^^^—e-^^^)l2vy and 
we have from *31, 

vq^f^}i{u-\-K^) = r{Te^^ 

j ^13^^6g5w y. — 6g — Sw ^ ___ ___ y> — 7g — Tuv^ | 

_^18(g6uv_^g-6uv)_|_ 

that is, 

16*42 H(74-t-A^) = vq-^l^e-^Q{u)y 

where 

16*43i 0(7^) = 1 — 2gcos27;+2g^cos47;— 2g'®cos67;-f ... . 

Similarly from *32, 

vq^l^R(u+KJ = r{re^^-r-h-^^) H {(l-g2^)(l-g2^+V*^^)(l-g2n-ig-2i;v)} 
—e-^^ JJ {(1— g2w)(l_g2n-lg2w)(l_^2n-lg-2i;r)|^ 

the bracket outside supplying the missing factor l—qe^^^ required to 
restore the symmetry; thus as a product, 

16*432 &{u) — U {(1— g'2nJ(l_2g'2n-l(jQg2t;-f g'4n-2J| 

The constant factor vq-^l^ and the exponential factor do not affect 
the zeros of the function, and 

16*44. The function Q(u) is an integral function with simple zeros at 
the points u = 2mK^-\-{2n-\-l)K^, 

It is remarkable that 0(7^), which is connected with the lattice that 



THETA FUNCTIONS 


273 


includes and not with the lattice that includes the origin, is struc- 
turally somewhat simpler than 
Adding tt to v we have 
•401 &{u+2K,) = 

and from -42 and - 303 , 

whence 

•402 @(u-\-2KJ = -q-^e-^^Q{u), 

a result easily confirmed from - 432 . From -42 and -303 we have also 

that is, 

•403 Q{u-\-K^^) ~ 

the relation between the functions H(?^), ©(i^) is symmetrical. 

The logarithmic derivative Q\u)IQ{u) is a function Z{u) such that 
Z\u) is periodic in 2Kc and 2K^ and has for its only accessible singu- 
larities double poles congruent with Near 7i'(u) ~ — 1 l{u—K^)^, 
and since this is the form of in this neighbourhood, 

Z\u) — 


where jS is a constant. Since Z{u) and Dnu are odd functions, 

•404 Z{u) = Dnu—Bu, 

and since Z{u-\-2K^) = Z{u) and Dn(t4-f-2iir^) = J)xvu-[-2Ef,, -404 implies 
K,B = E,: 

16-45 Q'{u)l&(u) = Z(u) = 'Dnu—{EJK^)u. 


From -432, 
•405 

•406 Z'(u) 


27T q^n—X 

= (iV(2cos2»T 

\kJ \ Z, l-2g2n-icos2t;+g4^-2 


and therefore 
•407 


-4sin2 2v 


1 


«4n-2 


(1— 2g2^-^ COS 2v-\-q^^-^)^y 




(l_g2n-l)2 


In we have an integral function whose zeros are at the 


4767 


Nn 
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points substituting for ^ ’43i and •43, 

we have 

16-46i ©(tt+iTj) = l+2g'cos2i;4-2g*cos4«+23*cos6«;+.--, 

16-462 0 {«+-Kc) = IT {( 1 — 2 *")( 1 + 22 ‘*"-^ cos 2 t;+g<»- 2 )}. 


16-5. On account of the part played by circular functions in their 
construction, the four functions ©(«), &(u-\-Kg) are 

simply periodic; we have in fact 

16-51i_2 B.(u+2K,) = -H(%), ©(tt+2Z,) = Q(u), 

and u+Kg may be substituted for u in these relations. For addition 

of 2K^ we have, since addition of tt to u replaces e~'^ by — e~"”, 

16-52i H(m-4-2A:„) = 

16-522 Il{u+K,+2KJ = ?->e-2-H(«+X,), 

16-623 ©(tt+2.fi:„) = -q-h-^Qiu), 

16-524 Q(u+K,+2K„) = q-h-^'"Q{u+K,). 

Hence the quotient of one of the four functions by another is a doubly 
periodic function, and this function is easily identified, save for a con- 
stant factor, since its zeros and poles are known. 

To express the Jacobian function pqtt as a quotient, we replace the 
four functions H(ti), ©(«), Q{u-\-Kg) by functions whose 

leading coefficients at the origin are 1, writing 


16-63i_2 

16-533-4 




TO 

H'(0)’ 


W = 


H(«+Z,) 
H(ire) ’ 


KM = 


©(«) 

©( 0 )’ 


KM = 


@{‘U-{-Kc) 

me) ■ 


We can supply the constant factors piecemeal from the formulae for 
the functions themselves; in writing down formulae for KM we have 
to remember the factor dvjdu, of which the value is nl2K^. 

Taking the original functions in factors we have 


16-54i 

16-642 

16-543 

16-644 


KM 


2K. 


-sm 


TT 


.n 


1 — 2 g 2 »» cos 2v-[-q*'^ 


(l_g2»)2 

1 2g*” cos 2v-{-q*”’ 


a, . -r-T i-j-zg-'-cosz?; 

„ , . j-T 1— 2g^"“^cos2i;-|-g^”-2 

».(») = n (!-;»-■)« 

_ j— r l-f-2g*”“icos2t)-t-g*”-* 
dW — i I (l_^j2n-l)a • 
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If the original functions are developed in series, then equally 

j sinv— g^-2sin32;+g2.3gjj;^5^_ 

'■ l_3gl.2^5g2.3_ ^ » 

cos 3v+g^-^ cos 5v+.,, 

l+gl.2+g2.3+... > 

2q cos 2v+ 2q^ cos 4:V^2q^ cos 6?;+ . . . 
l-2g+2g4-2g»+... ’ 


16-65i 

»?,(«) = 

16-552 

Uy) = 

16-553 

Uy) = 

16-554 

Uy) = 


1 -}- 2^4" 2g'^+ + • • • 


These adjustments secure that the quotient &^(u)ld‘q(u), which is an 
elliptic function with the periods the zeros and the poles of pq?^, also 
has the same leading coefficient as pqt^ at the origin: 


16'56. For all values of % the Jacobian elliptic function pqu is the 
quotient ^p{u)ld'q{u). 


16*6. If in *56 we express the theta functions as products, we can 
combine the typical factors of the two functions and express the elliptic 
function also as a product. We have for example 


•601 


cs cot V 

2Kf, 



1 + 2g^" cos 2v-\-q^^^\ 

1 -- 2q^^ cos 2v+^| ’ 


To find a series for pq u, we recall that pq u is expressible as a multiple 
of a logarithmic derivative; if conditions of convergence are satisfied, 
a product fov f{z) leads immediately to a series for f'(z)/f{z). If rqu, 
tqu are the functions copolar with pqu, then rq't^ is a multiple of 
iqupqu and tq'-z^ is a multiple of rq t^pq ; hence for an appropriate 
value Ap of A, rcfu—Xtcfu is a multiple of (rqi^— Atq'Z^)pqt^, that is, 
pq-z^ is a multiplef of (rq'^t— Atq't4)/(rqw— Atqi^). The poles of the 
logarithmic derivative of a meromorphic function are the zeros and 
the poles of the function itself; thus the zeros and the poles of 
rq^^— Aptq?^ constitute a partition of the poles of pqu, that is, a parti- 
tion of the zeros of These zeros are the common poles of rqu 

and tqu\ the constant Ap has such a value that the combination 
xqu—\tqu loses some of the common poles, and these poles are not 
merely lost as poles but replaced by zeros. If a pole of tqi^ is a zero 
of rqt^— Atqt4, that is, of (rttt— A)tqi^, it is a double zero of rtw— A, 


t This is the form in which pqw is expressed in Table XIVl; of the two combina- 
tions available, the one chosen for the table is the one which has for a zero. 
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and since the only values of viu at poles of are rtii^ and — rt^T^, 
these are the possible values of A^. 

We can verify this conclusion. Since is a multiple of 

every zero of qt^4 is a zero of one of the two factors itu—vtKg, 
vtu-{-vtKq, and since these functions have no zeros in common, all the 
zeros of each of them are double. The quotient (rt u—it ifg)/(rt Kg) 
has all its zeros and all its poles precisely double, and is a multiple of 
{{vtu—xtKg)l(itv]'^, that is, of {vq^u—iiKgtqu)'^: 

16*61. An elliptic function whose logarithmic derivative is a multiple of 
pq u is a multiple of one of the functions rq rt Kg tq u, rq t^+rt Kg tq u; 
the zeros of these two functions constitute a partition of the zeros of 0'g{u), 
and the zeros of one function are the poles of the other. 

Constant multiples being naturally ignored in the enumeration, there 
are twelve pairs of functions of the form r(\u^Tt Kgt(\u. From the 
relation to pqt^ this is evident, and in fact tc{u'^tj: KgVq^u is simply 
^tTKg{x(\u'^vtKgtQ{u). The factorization of (\t^u can be effected 
either by means of rt^ti— rt^iQ or by means of pthi—pt^^Kg, and leads 
to two pairs of functions, but the factorization of qr^t^ by means of 
tx'^u—ti^Kg leads to the same pair of functions as the factorization 
of qt^i^ by means of rt^^^— rt^iQ. 

To express the functions rq w^rt ^^^tq^^ as infinite products, with 
a view to expressing pq u as an infinite series, we consider more closely 
the partitioning of the zeros of d'g(u). We can describe the zeros of 
&g(u) as the points congruent with Kg to moduli 2K^,, 2K^, 2K^. These 
moduli are not periods of the Jacobian system, but they give rise to 
the three sets of Jacobian periods 

2K,, 4K,, 4K^; 4K„ 2K^, 4K,, 4K,, 

We can therefore partition the zeros of 0‘g{u) in three ways into con- 
gruences whose moduli are periods of Jacobian functions: 

(i) u ~ Kg, mod 2K^, 4K^; u = Kg-{^2K^, mod 2K^, 4K^\ 

(ii) u ~ Kg, mod4iiQ., 2K,^\ u = Kg+2K^, moA4K^, 2K^\ 

(iii) u = Kg, mod4iQ., 2K^-\-2K^\ u = Kg+2K^, mod4^Q., 2K^^2K^, 

Applying each partition to the four possible values of Kg, we have the 
twelve pairs of aggregates required for the zeros and poles of functions 
of the form rqt6=Frt AT^tqi^. Each aggregate can be associated with an 
integral function whose zeros it provides. We stipulate that the pro- 
duct of two functions whose zeros together comprise the zeros of d'g{u) 
is to be the function d'g{u), that the quotient of one of these functions 
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by the other is to be doubly periodic, and that the leading coefficient 
at the origin is to be 1 in every case; as we shall see, with these con- 
ditions the functions are determinate. We denote the two factors of 
d'q(u) each of which has zeros separated by the interval 2Kj^ by 

using the minus sign for the function which vanishes at Kq. 

To determine a function whose zeros are the points 2mKc-\-^nK^ is 
to repeat the argument of *1 and *2, with the equation 

g2t*(u-2np) _ J 

replacing the equation ^ 2 iiv-np) _ 

that is, with replacing q throughout. Hence 

•602 = .de^^^^sinz; JJ (\ — 2q^^Go&2v-\-q^^), 

where ^ is a constant and f{u) is an integral function which vanishes 
with u. It follows, since {u) = that 

•603 == (l-2^4»^-2cos2z;-f^«^-^). 

From these formulae 

and since d'l~ {u) is to be periodic in 

•604 2/(zi+4^c) = 2/(zz) + 2^7ri, 

where is an integer. Again, since by -303 

we have, replacing by 2K^ and d'J^u) by 
•605 

and therefore, since by -394 

«?,(«+ 4 ^„) = 

we have 

from -605 and *606, since d'%~ {u)ld%^ (u) is periodic in 
•607 2/(i^+4A^) = 2f(u) + 2vTTi, 

where v is an integer. From *604 and *607, the derivative f'(u) is a 
doubly periodic integral function, and is therefore a constant A, and 
having inserted the constants A, B in *602, -603 in order to postulate 
a zero value of /(O), we have f(u) = Xu. But with this form of the 
function, -604 and -607 imply 

4AiLg = jjLTri, ^XK^ — imij 
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and since the ratio of to is not real, these conditions can not be 
satisfied unless n, v, A are all zero. Hence /(«) is zero, identically, the 
factor is unity, and 


16 - 62 i 


2K- . T — r 1— 2o*“cos2t;+3*" 

= — ?smv 

n 11 (1— 


16 - 62 , 




T — r 1 — 2g*'*-2cos2«;+g®“-^ 




qAn-2^2 


To infer from d'g(u), we substitute for v, and for cr and 

therefore q for q^\ again there is no exponential factor, and we find 

16-623 {u) = — -sm^t) I j > 


16 - 62 . 


l+2g“ cos?;+g®”_ 




whereas in •62^_2 the individual factors of as written in *541, are 
distributed unbroken, some to compose and the others to com- 

pose (t^), in •623_4 each factor of d'J^u) is broken and contributes 
a component to each function. 

The aggregate ^mK^-\- 2 n{K^-\-K^) consists of those members of the 
aggregate 2 mK^-\- 2 nK^ for which m and n are both even or both odd, 
and therefore the factors of are the factors of d'^~{u) for which 

n is even and the factors of 0 '^s ^{u) for which n is odd, together with, 
possibly, an exponential factor; after verifying that there is no ex- 
ponential factor, we have 


16 - 62 , 




{u) 


4 C 


-Sin 




1 — 2 ( — cos V + 


16 - 62 e 


= cos^vjPJ 


1 + 2 ( — g)" cos V + q^^ 

{i+(-g)^F 


We derive partitions of d'Jiu) from partitions of d^siu) by substituting 
v—\tt for V. Exponential factors can not become necessary, since the 
periodicities are unchanged, but the constant factors must be supplied 
after the substitution; since none of the functional factors vanish when 
V = 0, we have only to divide each separate factor by its value there. 


16 - 63 i 


^ (u) = cosv 



1 + 2 q'^^ cos 2v+g®" 


16*632 


= n 


l+2g^”“*co8 

(l+g-4«-2)2 ’ 
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16-63. !.;-(») = V2sto(J.-Wn‘-=^T^?^. 


16-63., 


16-63. 


16-63* 


= V2cos{j7r— |v) I I 


1 + 25 “ sin 


1+q 


2n 


Si-M = V2si„(i,-5.) n 

&^+(u) = V2cos(i7r-H Yl 


To substitute for in d'^~{u) and d^a^{u) we must take the 

numerators of the typical factors in the factorized forms 

( 1 _ g47ig2i;i;) ( J ( 1 — -2^2vv^ ( 1 _ g4n-2g-2ini) ^ 

The factors can not be recombined after the substitution, and the 
numerator of the typical factor of {u) remains as 

( 1 _ g4n-3g2tni) ( 1 _ g4n-lg-2ui?) 

It follows from *543 that the numerator of the typical factor of is 

(1 _g4n-3g~2tn))(l __g4n-lg2wi) . 

we can derive this factor alternatively by absorbing into the first factor 
deduced from d%~(u) the factor 1 
factor sin v, and representing the factor 

(1 

as 

We have now 


g-ig 2 uv given by the extraneous 


.^4n-lg2i;t7)(l_^4n+lg-2utJ) 

^ i ^4n-lg2vvJ^ J g4(n-f-l)-3g-2wj^ 


•609 

where A, B are constants and f{u) is an integral function of u which 
vanishes with u. The infinite products are unaltered if v-\-27t is sub- 
stituted for v; hence the periodicity of i'^) implies 

•610 2f(u+4:Kc) = 2/(tt)-f 2/x7ri, 

where jjl is an integer. Substitution of q^e^ for reproduces the infinite 
products, except that in the first the factor 1— gf-3e-2yv replaces \—q^e^^ 
and in the second the factor 1— replaces 1— Thus 

•611 = — gr-3g~2uVg/(w+4£rn)-/(M)^c-^,2^J^ 

•612 ^^+(t4+4iL^) = — 

and the condition of periodicity of the quotient i® 

•613 2f(u+^KJ = 2f{u)-2G+2imi, 
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where v is an integer. As before, f'(u) is a constant, and f(u) is a 
multiple of u, which we may take to be kv. We have now, from -610, 
•613, since the addition of 2Kc to u is equivalent to the addition of tt 
to V and the addition of to u is equivalent to the subtraction of 
o from vv, that is, to the addition of va to v, 


• 614-*615 2ktt — fiTriy 2 kgv — — a-\-v7ri. 

We must again take v = 0 , but the conditions then require k = 
and are satisfied if /x = u/i = ±1- Hence 


16-64i 


e,\w pj il: 


_g4n-3g-2uvj^2 g4w-lg2t;vj 


(l_g4n-3)(l_^4n-l) 


16-642 





( 1 _^4n-3g2i;tJ)( 1 __g4n-lg-2ui;) 
( 1 — g4n-3)( lZ:^4n“l) 


The complete denominator in each function is simply JJ (1— 

To write down &^~'{u) we have only to replace 2K^ by 4A^ in d'niu), 
that is, to replace by q and v by \v. To avoid fractional indices we 
use, as in *4, an explicit symbol r for 
•616 r 2 = q. 


No exponential factors are required, and we have 
1 — cos 
“( 1 - 


16-643 ^rw = n 


1 * 2 ^ 1 — 1^2 


I"-**. n^u) = n 

To find ^~{u) and d^^{u), we replacef e"® by in • 625 _ 8 . Apart 

from constant factors and an exponential factor el"®, • 625,3 give the 
products 

( 1 — e-®®){( 1 4-r V®)(1 +r 2 e-®®)}{( 1 — rV®)( 1 — r^e"®®)} x 

X {( 1 +r«e®®)( 1 4 -r«e-®®)}. . 

( 1 H- e-®®){( 1 — r V®)( 1 — r 2 e-®®)}{{ 1 +r V®)( 1 +r*e-®®)} x 

X {( 1 — r*e®®) ( 1 — r*e-®®)}. . . , 

and these are transformed into 

{( 1 — re-®®)(l+re®®)}((l-fr®e-®®)(l— rV®)}{(l— r®e-®®)(l+r®e®®)}..., 
{(l+re-®®)(l— re®®)}{(l— r®e-®®)(l-frV®)}{(l+r 5 e-®®)(l— rV®)}.... 

Substitution of r%"® for e®® multiplies these products by the same 
factor, — r-%-2®®. Hence the quotient of one product by the other is 


t The reader may consider why we can not apply to • 64 a _4 the process by which 
•625-4 O'**© derived from • 623-4. 
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periodic in and since each product is periodic in no exponential 
factors are wanted and we have 

16 . 64 , »i-M - n 

16 . 64 , n-w = 

Lastly, the partitions of d'^{u) are derivable from those of d'^(u) by 
the substitution oiv—^ir for v: 

16 . 65 , »rw = 

1 ^ 11 a 4 -a«»- 3 U 14 -< 7 «»-n 


1 1 (l+^f«»- 3 )(l+ 54 »-i) 

11 (l+g««-3)(l+g4„_i) - 


>•653 ^rw = n 


16-653 ^-(m) = ]^ 


1 — sin 

l_|_r4»-2 ’ 


= n 


1 + 27*2^ sin V + 

2_|_y4n-2 ’ 


1 — cos V — 


9 «*w = n 


To replace the products in •62~-65 by series is in most cases only to 
apply, with a change of variables, the identities implicit in the double 
expressions for the functions d'^{u) in *54 and *55. With the series, the 
fact that the product of the two functions [u) is the function 

&g(u) is no longer obvious. 


16*66i i?rw = - 


2Kf. rsmv—r^sm3v-\-r^^^in5v—... 


16-663 ^rw = 


77 r— 3r»+5r25— ... 

0^0./ X 1 — 2r^ cos 2v 4- 2r^® cos 4,v — cos 67; + . . . 

^ i^r>+2r‘»-2ri^+Z • 

4Kg sin 111 — r^-^sin fi>+»-^-®sin|i>— ... 

_ cos|v+ri-®cosfw+r*“-®cos|i>+... 

* ^fq:7sx:(L72r3:fr;7 • 




1AAA J'sinlti+r^sinfi;— r^Sginlw— r«»sin|i;+... 

■ ® ^ ^ TT ■ r+3r»-5r25-7r«+... ” 




r cos \v—r^ cos ft;— cos cos |v+... 

y. -■ y»9 y*25 y.49 _|_ ^ 


4767 
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the signs alternate in pairs in •BCj.g, as they do below in •673.4, '681.2, 
•685.3, And •693.4. 


16-67 i .2 

= 


16 - 673.4 

^r(«) = 


r cos w+r* cos 3w+r®® cos 5v 

r+r*+r*®+... ’ 

1 + cos 2 j; + 2r^® cos 4v -|- 2r®® cos 6t> + . . . _ 


n^{u) 


l + 2r®+2ri®+2r®®+... 


(cos \v — sin \v) — r^-2(co8 f sin f v) — r *-®(cos \v — sin |i;) + . . . 




(cos \v + sin \v) — r^'2(cos — sin ft;) — r 2 . 3 (cos |t; + sin |i;) + . . . 

1 — ' 


16 - 675.3 

^ _ r(cosft;— 8 inft;)+r*(cosft; 4 -sin|t;) 4 -r^®(cos|t;— sin|t;)+.-. 
(M) - r+v»-Fr 2 ®+:;‘; 


oiHu) = 'A' 


r (cos \v + sin \v) + r® (cos ft; — sin ^v) + r2^(cos + sin |t;) + . . . 




No products like those in • 64 i _2 and occur in *6, but we can avoid 
a functional examination by making a substitution directly into 
Except for constant factors, d'^{u) and d'^(u) are derivable from i 9 '^“'(t^) 
and by substitution of for that is, of for 

and multiplication by an exponential factor; the exponential factor is 
^-\vv each case, for the factor 1— has been taken from sin?; in 
the formation of - 64 ^^ from *621, and it is a factor that must be 
imported to produce the explicit factor The relation between the 
pairs of functions is in no way dependent on the form in which the 
functions are written, and therefore the series required for 
d'^n"^{u) are 


g — — igw /’^(r — 3g3uv ~|~/*^^(r — — 5vv^ ^ 

|.4^^-2g2uv_|_|.2g-2t;vJ_|_|.16^^-4g4utJ_|_|.4g-4uvJ 

^36^^— BgCuv ^6g— _j_ ^ 

Supplying the denominators, we have 


i 6 - 68 i 

16*682 


giiiv ^1.2^-ivv ^2.3gfui?_|_|^.4g-Juv^ 

1 — /• 1*2 — ^ 2 . 3 _|_|. 3 . 4 _|_ ’ 

g-i vw y.l.2gf uu |.2.3g-t V V _j_ ^ 


^n+(«) = 


jj^ ^1.2 ^2.3_|_^3.4_j_ 
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Transformation of •643_g is immediate, since these products are formally 
identical with the products for and : 


16*683 = 


16*684 = 


1 — 2r cos v-\- 2r^ cos 2v—2r^ cos 3v+ . . . 

r^2r~+2r^--2r^+ . . f ' 

1 + 2r cos v-\- 2r^ cos 2v-\-2r^ cos 3i;+ . . . . 


16-685 


l+2r+2r«+2r»+... 

l+2yrsini; — 2r^ cos 2w — 2t;r® sin 3^4- 2r^® cos 4?; + . . . 
1— 2r«+2/-i«-... 


16-68 > _ 1 — 2ursint;— 2r*cos2i;+2ur*sin3i;4-2r^*cos4v4-... 

• 6 n W l-2r«+2ri«-“ 

Lastly, subtracting |7 t from i; in -68i_g we have 


16-69i 
16-692 
16-693 
16-69„ 


l+ri-®+r2-3+r»-«4-... 

1 — 2r sin v — 2r^ cos 2v + 2r® sin 3i;-l- 2r^® cos 4w — . . . 

l-2r«+2ri«-.7 — — , 


.4 n^{u) = 

16-695 


1 4 " 2r sin t;— 2r^ cos 2v~ 2r® sin 3v + 2r^® cos 4i;4- ... . 


l-2r4+2ri»-... 

1 — 2i;r cos + 2r^ cos 2v — 2vr^ cos 3 v + 2r^® cos 4v — . . . 

1 — 2ur+ 2 r^— 2i;r®+ 2r^®— . . . ’ 


0^4-/ \ l + 2l;rcos^;+2r^cos2^;4-2ur®cos3^;+2r^®cos4?;4-... 
1M9. ,>3+W = ^ 1 + • 


16*7. The fundamental connexion between the twenty -four functions 
which we have now evaluated and the Jacobian elliptic functions was 
explained in advance. 

16*71, If ksi^ is the primitive function coperiodic with pq^^, and rqte, 
tqi^ are the functions copolar with pc\u, the ratio d^~'{u)ld'q^{u) is equal 
to a linear combination of rq u ayid tq u in which the common pole is 
replaced by a zero, and the logarithmic derivative of this ratio is a constant 
multiple of pq u. 

It remains to tabulate the results in detail, supplying constant factors 
from Tables XI 2 , 7 . 
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Table XVI i 


2(nsw— dsw) 

W 


2miu 
1 + dnw 


dr(u) 

2(d8w — cste) 


2sdw d'^~(u) 


I+cdw 

2{nsu—csu) — 


2snw 

l+cnw 


dj~{u) 
' ^+(M) 


dcu—k'ncu _ (\-\-k')cdu 


1-A;' 


l-^-k'ndu 


mu) 

mu) 


cnw+usnu 


l + usct^ 
dn w 


ncu—scu 


-kcnu 

-k ~^ ' 


cnu ^ ^c~(u) 
1+snw i^c^(u) 

dc u—k' sc u — 


cdu ^i~(u) 
l+Fsdtt “^+(w) 


1 


(IHHfc)ndw 

\-{-kcdu 




dnM+tifcsnw = 

i—vheau 




cdu—vk'sdu = 


dcu 


m^) 

m^) 


l-{-vk'scu 

ndt4 + /3sdw = 


dnw 


_ 




-ksnu d'2'^(u) 

kcdu-i'vk'ndu 
k + vk' 


{k — vk')dcu 
k—vk'iicu 


dtw 

■ d^+(M) 


Particularly interesting is the expression for cn«+usnM, for this 
function is Inserting from •64j_2 the values of d^{u) and d^{u) 

as products, we have explicitly 

guamu _ gav 

i 1 (I — g47i+lg2i;vj^ — q^n+Z^-^vvy 


00 1 

But log IT = — > > — g"^4n+p)g2r^ 

n=0 4-^^ m 

71VV 

m{l—q*"^y 


qj)m^2mvv 

m(l— 6 


divau = 



g3m J ^^2mvv g-2muv J 


and therefore 
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that is, 


^ j 2gsin2v ^ 2q^sm4:V , 2g3sin6i; , 

Ji:^) + + 3{l+q^) + • ••’ 


if the expansion of the logarithms is valid, that is, if \qe^^'^\ and \qe-'^'^^\ 
are both less than 1; this condition can be written as < 1, 

that is, as Rlcri^Imv > 0: the point is in the strip 

— Rlcr <; \m{{7rlK)v^ <, Rlcr. 

The rearrangement just applied to the logarithms can be applied to 
logarithmic derivatives. If A is any constant such that |Ae^*^| < 1, then 


-log(l— -Ac^*^) 


i 2 

m—l 


and therefore, if |A| <1, 


— log IT (l~A^e^^) 
dv n-l 




^rn^miv 


In each of the quotients ^p~{u)ld‘^^(u) the products are of the form 
suitable for this transformation, and only the restrictions on the range 
of V have to be supplied. The factor dvjdu, that is, 7tI2K, enters through- 
out, and a second factor has to be inserted from Table XIV 1, for the 
logarithmic derivative of rp^—rqXpqp?^ is not necessarily the func- 
tion but is a constant multiple of tpz^. The complete set of 
formulae is contained in the following pair of theorems. 

16-73. Within the strip — 7rRl(X7X) < Imv < 7rRl(iiL7X), 


K 2Kv 

— cs 

277 77 

K 2Kv 

— ns 

277 77 

K. 2Kv 

— ds 

277 77 

k'K 2Kv 

-—sc 

277 77 


r+^2 r+gS r+g«~' 

, gsinv g^sinSv g^sinSv 


i , OJliJ. I 

cscw+ip— + ^ 


F+T: 


, q sin V sin 3?; q^ sin 

i«"-Tw-WW - 

. q^ sin 2v q'^ sin 4v q^ sin 

-T+^+ -1+^-- 1+7-+ •••> 


K ^^2Kv __ , qcoBv g^cos3v , q^cosdv 

1-(73 + “ 


k'K 2Kv . 

nc = fsec?;- 

277 77 


qQOBv , g'^cos3v g®cos5v , 
+ l+q^ 


• 73 , 
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16*74. Within the strip —■\7rl^\{K'jK) < Imv < \7 t^\{K' jK), 

K . 2Kv 1 . qQOs2v , g^cos4:V . g^^cosGi; , 

“i+W + 1+?“ + T+?- + - 

kK 2Kv rsinv , r®sin3v , r®sin5^; , 

^ 277 7T l—q ^ l—q^ ^ l—q^ 

kK 2Kv rcosv . r^cosSv . r®cos5i; , 

i;"'— = t+F+t+?'+t+F'+-’ 

k'K ^2Kv 1 qeo^2v , q^C0B4cV g^cos6^; , 

“ 4“!+^ + ^+^ 

„ , kK j 2Kv r cos v cos Zv , cos 6v 

■’‘‘= ST'”*— = Ti?— i:r^+-r=?^— ■' 

„ , kk'K j 2Kv r sin v sin 3v , r® sin 5v 

“T+?-T+?- + T+^“-- 

In these formulae K, K' denote iT^, KJv, and therefore by the 
definition of u, 'R\{K*IK) is essentially positive. In *74, as elsewhere, 
r is a definite value of q^l^. 

16*8. In the formal sense, theta functions and ^r-series solve superbly 
the problem of inverting the elliptic integrals. If we express dnt^ as 
substitute v — \tt in *553^4, we have 

16-81 k' = /l-2g+2 g^-2g»+- \^ 

\l + 2g+2^+2g»+..j ’ 

whence, if = k\ one value of A' is connected with q by the relation 

•801 = 2g+2g^+2g^^+... 

1 + A' 1 + 254+251®+ 253®+ . . . ■ 

If 5 is given, this relation determines A', and therefore determines 
k', c', and c. Conversely, if the parameters are given, and if 

e = Ki-^')/(i+n 

the equation 

•802 _^±g!±.g±:::.,._ = e 

1 + 254+ 251®+ 253®+... 

has only one solution which vanishes with e, and this solution is de- 
velopable as a power series 
•803 5 = €+a^€^+a^€^+.„ 

which can be shown to be convergent if jej < 

With 5 known, the condition sniT^ = 1 gives a variety of expressions 
for K^; in particular, from *732 

16-82 + 

77- 1-g 1— 3»^1— 



THETA FUNCTIONS 


287 


and from *55^ and -563 

16*83 == l-3g^+ 5 g«-7gi^+..* l+2 q+2q^+2q^+,„ 

TT l+g2_j_g,6^gl2_j_ * i__2g+2g^ — 2g®+../ 

And from the definition of g, the value of follows immediately from 
the values of q and K^, ^ 

These developments do not touch the theoretical inversion problem, 
the problem of ubiquity, except by providing powerful means of attack. 
The problem in this form is to prove that the equation -81, as an 
equation in g, possesses solutions for every finite value of k' except 
fc' = Oj and that the aggregate of solutions for a given value of k' other 
than jfc' = 1 is an automorphic aggregate corresponding to the aggregate 
of values of vKJK^ belonging to one and the same Jacobian system. 

16-9. The effects of halfperiod and quarterperiod additions on theta 
functions are summed up in (i) the pair of formulae 
16 * 91 i _2 fl{u-{-2K^) = — &(u-\-2K^) = 0 ( 2 ^), 

given above as (ii) a comprehensive induction from *42 and *403, 

namely, 

16-92. If^(u) is either of the two functions Q{u)y then 
(S>{u + mK^) = 

where is the same function as if m is even and is the other of 

the two functions if m is odd, 

and (iii) the following permutations: 

16-93i d,(M+A;) = {H(A,)/H'(0)}d,(«), 

16 - 93 , = v{q-m{())l}l'(0)}e-'>”&ju), 

16-933 = -{n'{0)/K{K,mu)> 

16-93, »ci^+K„) = {g-iM0(/ir^)/H(A„)}e— 

16-935 = {e{K-}f@(0)}&/n), . 

16-93e = v{q-^l*W(0)l&(0)}e-'’''&,(u), 

16-93, U^+K,) = {Q{0)IQ(K,)}&„(u), 

16-933 ^ai^+K) = {q-^l*B(K,)lQ{K,)}e-'’'’&,{u). 

These results are all derived from the definitions of H(i^) and 0(t^) 
as series, and if doubly periodic functions with simple poles have not 
been constructed otherwise, theta functions provide an austere method 
of introduction. The variable is at first v and one quarterperiod is 
the transition to u is again made with a view to the function snu, 
but the general lattice does not come into the picture, and the Jacobian 
lattice is seen rather as an alternative to one other lattice than as the 
canonical representative of a class. 
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17*1. If the parameter c is real, the six members of the anharmonic 
group of numbers to which c belongs are all real. Of the six numbers, 
two are negative, two are positive and greater than 1, and two are 
positive and less than 1. In dealing with Jacobian systems with a real 
modulus, we lose nothing by adopting as a canonical system one whose 
parameter and modulus satisfy the conditions 

0<c<l, 0 <k <1. 

A system whose parameter does not satisfy the first of these conditions 
can be derived from a canonical system by one of the transformations 
of the anharmonic group, that is, by a combination of Jacobi’s two 
transformations . 

With 0 < A; < 1, the integral relation 


•101 


u 


oc 


dx 




is a case of the relation studied in Chapter IX. There is a basis composed 
of a real quarterperiod K and an imaginary quarterperiod iK\ where 
X, K' are given by 


17-11i_2 K 


00 

J: 


dt 


00 


dt 




1 0 
the integrations with respect to t being along the positive half of the 
real axis and the radicals being positive. The integral 


00 

J 


dt 




is mixed, whatever the path of integration. 

Since X, ^X' are values oiuin *101 corresponding to the values 1, 0 
of X, it follows that if x is regarded as a function of u, then iX' is a zero 
of this function and the value of the function when u K unity. 
That is to say, X, iK' is a Jacobian basis, and the integral relation 
•101 is equivalent to the functional relation a; = nst^ on this basis. 

In terms of the Weierstrassian function p(t4;Xc,X^,X^), wher^ 


X, = X, X, = iX', 


Ka = 


-K-iK', 
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we have 

•102--I04 cs 2|4 = d8% = e^, 

where e^, e^, denote P^n> From the double series defining 

pw in terms of K and iK\ the function is real if u is either real or 
imaginary; in particular and are real, and therefore, since 
~ real. It follows that the two products 

{pu—e^}{p{u-\-K)~e^, {pu—e^}{p(u-\-iK')—e^], 

which have constant values, are real, and therefore that ^{u+K) and 
p(u-\-iK') are real whenever is real. Hence if /S, C, Z>, N denote 
the points 0, K, K-{~iK\ iK\ the function pu is real on the perimeter 
of the rectangle SCDN, and from •102--104 the same is true of the 
three functions cs^tt, ns^it, ds^zt. The property extends algebraically to 
reciprocals and quotients: 

17-12. If 0 < c < I, the squares of the twelve Jacobian functions are 
all real on the perimeter of the fundamental rectangle SGDN. 

The function pqz^ has one of the four points 8, C, Z), N for a zero 
and one for a pole. These points, which may be denoted by P, Q, 
divide the perimeter SC DNS into two stretches. If u describes the 
perimeter, it is only as u passes through P or Q that pqz4 can change 
character from real to imaginary, or can change sign from positively 
real or imaginary to negatively real or imaginary. At the origin, or for 
small positive real values of u, each of the Jacobian functions is real 
and positive. Hence pqz^ is real and positive throughout that stretch 
from P to Q which includes the side SC, The two sides of the rectangle 
which meet at P meet at right angles, and because the zero of pqz4 
at that point is simple, the function, which is real in one direction from 
P, is imaginary in the perpendicular direction; the real values being 
positive, the imaginary values are positive or negative according as 
rotation from the real side to the imaginary side through one right 
angle is in the positive or in the negative direction. We can therefore 
recognize geometrically both the character and the sign of pq u on each 
stretch of the perimeter, and since we can write down from the classical 
formulae cn%i = l-8n%, 

the values of pq^zt at the corners where it is not zero or infinite, we can 
complete without difficulty the set of diagrams on p. 290. 

We can insert leading coefficients at the poles and zeros in these 
diagrams: at the origin in cszz, nsw, dsw the leading coefficient is 1, 

4767 p p 
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and since the derivative of each of these functions is the negative of 
the product of the other two, the leading coefficients at their zeros are 
k, ikk'i any other function is derivable as a reciprocal or a quotient 
from these three. 


_j 5 

! I 

i i 

00 < — cO 


ns ti 


k 

oo< 


^0 


ds u 


A 

oo^ 



} sc U !'• 

I I 

I I 

A 

0'> » 00 


cO 

r 

dc^^, I 

I 

I 

y 


Oj >ik/k 

Y 

I 

ncu [ 

I 

I 

'' V 

i > - »oo 


cx)5 > 0 




:l/k 



' 1 



Y 

dn u 


sn u 


cn u 1 

f 



1 


1 

V 

A 


0^ 




1 ^ 


1 sd u 

I 

1 

0) ».l/k' 

The continuous lines show the sides along which the functions are real, the dotted 
lines the sides along which the functions are imaginary. Arrowheads point towards zero 
from negative real or negatively imaginary values, away from zero towards positive real 
or positively imaginary values. 

A function of u can not change from real to imaginary as u describes 
a path without a sudden change of direction, if the only singularities 
of the function on the path are poles, whether or not the path passes 
through any zeros. Hence the character of the function pqt^ along 
a side of the fundamental rectangle is maintained along the whole 
infinite line of which that side forms part. In particular, 

17*13. With a real 'parameter between 0 and 1, all the Jacobian func- 
lions are real for all real values of u; for imaginary values of u, the six 
even functions are real and the six odd functions are imaginary. 

The variation of a function along a produced side of the fundamental 
rectangle is seen most readily in terms of zeros and poles. 


0> *^op 

ndu 






cd u 


00 

r 

I 

I 

I 

I 

Y 

<0 


Fig. 33. 
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Suppose first that P, Q are opposite corners of the rectangle, and 
denote the rectangle by PRQT, On the lines PR and PT there are 
zeros and no poles; on the one line, pqt^ oscillates between — pqii!^ 
and +pqi^, on the other line, between — pqiT^ and one set 

of values is real, the other imaginary. For example, along the real axis 
cn^^ oscillates between ~1 and +1, and along CD this function oscil- 
lates between —ik' jk and -j-ik'jk. On the lines QR and QT there are 
poles and no zeros; pq^4 remains outside the range (— pqJS^, +pq-fir,.) 
on QR, outside the range (— pqJ?i, +pq^/) on QT, and is real on one 
of these lines, imaginary on the other. Along the imaginary axis, cn?^ 
falls from +oo to +1 and rises again to +oo as increases from —iK' 
to +iK', rises from —oo to —1 and falls again to — oo as u increases 
from iK' to SiK'; along the line ND, cnu rises from — ioo to —ik'jk 
and falls again to —ioo as u—iK' increases from 0 to 2K, falls from 
+ioo to -\-ik'lk and rises again to +ioo as u—iK* increases from 2K 
to 4cK, and so on. 

Secondly, let P, Q be adjacent corners of the rectangle, which can 
now be denoted by PQRT, The variations along the lines PT and QR 
are of the two kinds already described. For example, along the real 
axis mu oscillates between —1 and +1, along the imaginary axis mu 
oscillates between —i and +i. Along ND, mu is real and either 
greater than +1/^ or less than —l/k, and along CN, mu is imaginary 
and takes no values between —ijk' and But now there are two 

other types of variation. On the line RT, jpqu has no poles or zeros, 
and oscillates between pqA"^ and pqA^, which in this case necessarily 
have the same sign. For example, along the real axis dni^ oscillates 
between and +1, along CD, snu oscillates between +1 and 
and along ND, csu oscillated! between —i and —ik\ Lastly, on the 
line PQ the function pqt^ has zeros and poles alternating, and takes 
all values of the right kind, that is, all real values or all imaginary 
values, changing sign at each pole as well as at each zero, and therefore 
showing the same direction of increase everywhere along the line. Thus 
the values of mu increase steadily from — oo to +oo as ^ increases 
through real values from —KtoK, and repeat this increase as u 
increases from K to SiT , from ZK to ^K, and so on; similarly sn u increases 
steadily from — ioo to ^ increases through imaginary values 

from —SiiC' to —iK\ from —iK' to iK', from iK' to ^iK', and so on. 

17*2. We made occasional use in Chapters VII and VIII of the 
generation of an elliptic function as a particular integral of a differential 
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equation of the first order which when made rational in the dependent 
variable is of the fourth degree in the variable and of the second degree 
in the derivative. If we generate a copolar triad of Jacobian functions 
by means of simultaneous equations, the individual equations are much 
simpler. Writing 

•201-*203 snw = a;, cnu = y, dnu = z, 

we have 

•204~-206 dxjdu = yz, dyjdu = —xz, dzjdu = —cxy, 
with the initial conditions 

•207-209 a;(0) = 0, i/(0) = 1, ;s(0) = 1, 

and in this definition of the functions there are no ambiguities to be 
resolved. The initial values of x, y, z, substituted in •204--206, give 
the initial values of the first derivatives, and by successive differentia- 
tion of •204-«206 we obtain initial derivatives of as high an order as 
we wish, and so, theoretically, Taylor expansions for the three func- 
tions near the origin. From these expansions the functions can be 
continued analytically. 

It is no part of our design to develop the subject logically and 
thoroughly on a fresh foundation, nor does this method offer any of 
the advantages of a method in which the double periodicity is known 
in advance, but assessed as an illustration of the manipulation of a set 
of equations, the examination of real and imaginary values of the 
functions x, y, z defined by •204--206, in the case in which c is real, 
is instructive. 

For definiteness, we suppose from the first that 0 < c < 1. Because 
c is real, all the derivatives, of whatever order, are real for real values 
of X, y, z, and the functions are real for sufficiently small real values of 
u. By integration, 

• 210-211 x^+y^ = l, cx^+z^ = l, 

and therefore ^ 

0 

with the positive value of the square root near t = 0. The formula 
persists as far as a: = 1, since by hypothesis c < 1. 

With the square root positive, the formula 

dt 
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defines w as a real monotonic function of | from ^ = — lto^ = l, and 
therefore defines ^ as a real monotonic function |(w) of u from u = —K 
to u = K, where ^ 

•214 K = { 

0 

a value easily identified, if c = k^, with K as defined in With 

^(u) so defined, the set of equations •204--206 with the initial conditions 
•207--209 has for its unique solution over the range —K ^ u ^ K 

•215 x(u) = ^(w), y(u) = z(u) = ^{1— 

where the square roots are defined to be positive. Within the range, 

•216 x{—u) = —x(u), y{—u) = y(u)y z{—u) = z{u), 

and the extreme values are 

•217 x{-K)=-l, ^(-~Z)=:0, z{-K) = ¥, 

•218 x{K) = 1, y{K) = 0, z{K) = k\ 


where h' is the positive square root of 1— c. 

To extend the range, we consider the set of values at if as a set of 
initial values operating to maintain the identity of our set of solutions 
of the set of differential equations. At K, since xz is positive, dyjdu 
is negative, and therefore for sufficiently small positive values oiu—K^ 
y is the negative square root of 1— and if the radical is read as 
positive, ^ j 

dx ^{{ 1 — a:^)( 1 —cx^) ’ 

Beyond K, x decreases from 1, and we have 

dt 




a relation that persists until the radical becomes zero, that is, while 
X decreases from 1 to —1 and u—K increases from 0 to 2 A. Thus for 
K ^ u ^ 3K, 


“--(/-I) 


dt 


^{(l_<2)(l_c<2)} 


= K- f 


ct^)y 


that is, 
•219 


z(u) — ^{2K—u) = —^(u—2K) — —x(u—2K). 
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It follows that y{u), z{u) are numerically equal to y{u—2K), z{u—2K), 
and since y(u) is negative and z{u) positive, 

•220 y{u) = —y{u—2K), z{u) = z{u—2K), 

At the other extreme of this second range, 

•221 x{ZK) = -1, y{ZK) = 0, z{^K) = 

and this is the same set of values as the set *217 for hence is 
a period of the three functions, as functions of a real variable, and 
•219--220, which may be written 

•222 x{u-\-2K) ~ —x(u), y{u-\-2K) — —y{u), z{u-\-2K) — z{u), 

hold for all real values of u. The variation of the three functions along 
the whole of the real axis can now be described. 

Next we consider the functions as functions of the real variable v, 
where u = iv. The differential equations become 

•223 dxjdv — iyZy dyjdv = —ixz^ dzjdv = —icxy, 

and to remove i from this set of equations we have only to introduce 
i as a factor into one of the dependent variables. If we are not thereby 
to introduce i into one of the initial values ‘207-- 209, it is x that we 
must modify, and we write 

•224 u = iv, ^ x{u) = ix(v), y{u) — y{v), z{u) = z{v). 

We have then the set of equations 

•225 dxjdv = yz, dyjdv — xz, dzjdv = cxy, 

with the initial conditions 

•226 :r(0) = 0, ^(0) = 1, z(0) = 1. 

On account of the changes of sign in the differential equations, 
•210-*211 are replaced by 

•227-228 y^—x^ = 1, P-cx^ == 1, 

and the relation between x and v is given, for some finite range of 
values of v, by ^ 

^ J ^{{i+m+cfi)y 

. 0 

with a positive radical. The relation 
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defines v as a real monotonic function of rj, and rj inversely as a real 
monotonic function 'q(v) of v; the range of r) is unlimited, but the 
integral 


•231 


/ 


dt 


has a finite value K\ and it is only for the range — jfiT' ^ v ^ K' that 
the function rj{v) is available. The solution of *225, *226 for this range is 

•232 x{v) = rjiv), y{v) = ^{l + r)^v)}, z(v) = ^l{l+cr)%v)}, 
and for the same range 

•233 x{iv) = ir]{v), y(iv) = sl{{l+r)^{v)], z(iv) = ^{l+cri\v)}, 

all square roots having their positive values. 

At V — K' the functions x(v), y(v), z{v) become infinite, and extension 
of the range presents a fresh problem ; two solutions may be indicated. 
We can provide finite values by changing the functions, writing 

x{v) = IjXiv), y{v) = Y{v)IX{v), z{v) = Z{v)lX{v) 


and crossing over by means of the values 
X{K') - 0, Y(K') = 1, 


Z{K') = jfc. 


Alternatively, we have from -230, *231, for small values of J5 l'— v. 

Ilk 


7]{V) 


K'- 


implying 

•234 x(v)'^ y{v) 


1 

v-K” 


and these asymptotic formulae must persist through the pole from 
negative to positive values of v—K', It will be found that for the 
succeeding range K' ^ v ^ ZK', 

•235 x{v) — x{v—2K'), y(v) — —y{v—2K'), z{v) = —z{v—2K'). 


From the point of view of the complex variable, the asymptotic 
formulae •234, in the form 


•236 x{u) 


Ijk 

u~iK” 


y{u) ~ 


ilk 

u-iK'’ 


z{u) 


u-iK' 


are effective not merely along the imaginary axis but throughout the 
neighbourhood of iK', and they serve to identify the solutions, from 
whatever direction the point iK' is approached. 

Just as the zero of snw at the origin enables us to reduce the 
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discussion of the functions sn iv, cn iv, dn iv for real values of v to the 
solution of a set of differential equations satisfied by real functions of 
V, so the zero of cn at enables us to deal with the functions 

sn(^+it;), Qn(K-\-iv)^ dn(iir+i«^). The set of equations satisfied by this 
set of functions is again *223, but we must now introduce i as a factor 
into y, since the initial values of x and z are finite and different from 
zero. Writing 

•237 x{K-\-iv) — x(v), y(K+iv) — iy(v), z(K-l-iv) — z(v), 
we have 

•238 dxjdv = —yz, dyjdv = —xz, dzjdv = cxy^ 
with 

•239 x(0) = 1, y(0) = 0, z(0) = 

and now 

•240-^24I x^—y^ = 1, cy^-\-P = c', 

where c' = 1— c. We require a monotonic function ^(v) defined by 

£ 

0 

for —k'/k < C < k'/k. The substitution —cfi) = identifies 

k'lk 

dt 

V{(<2+l)(c'-c<2)} 

with K' as defined by -231, and for the range —K' < v < K\ 

•244 x{K+iv) = yl{l + ^^v)}, 

y(K+iv) = —iC(v), 

z(K+iv) = 

The extreme values are finite, namely, 

•245 x(K+iK') = Ijk, y{K+iK') = z{K+iK') = 0, 

and the extension of the range presents no difficulty. It may be 
observed that if we choose an auxiliary function to suit the expressions 
of and z^ in terms of x^, the range of v is more restricted and the 
construction of the solution proceeds by shorter steps. 

Lastly we consider the line through iK' parallel to the real axis. 
The differential equations •204--206 are unaltered, but to adapt either 
the asymptotic formulae -236 at iK' or the values *245 at K-\-iK' to 
real functions we must introduce i into y{u) and z{u), changing two of 


•243 
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the three functions since now it is only through the functions that i can 
enter. If we propose to use the values *245, we write 

•246 x(K-\-iK'+w) == x{w), 

y{K+iK'+w) = iy(w), 

z(K-\-iK' -{-w) = iz(w). 

The differential equations are 


•247 dxjdw — —yZy dyjdw ~ —xz, dzjdw = —cxy, 
with the conditions 

•248 :r(0) = l/k, y(0) = —h'jk, ^(O) == 0, 

and the quadratic relations are 

•249-'250 cx^—z^ — 1, cy^—z^ = c'. 

The formula 

0 

defines m{w) over a range easily identified as — K ^ w ^ Ky and over 
this range, 

•252 x(w) = ^J{l + vT^w)}|ky y{w) == —^j{c'+m^(w)]|ky z{w) = vt(w). 
Hence, for —K ^ w ^ K, 

•253 x{K-^iK'-{-w) = ^J{1 + VT \w)}lk, 

y{K-\-iK' -\-w) = —i^j{c'-\-v 7 ^{w)}jk, 

z{K-\-iK' -\-w) = im(w). 

For large negative values oi m, w-\-K is small and positive, and 


m{w) ~ 

writing K-{-iK'-{-w = Uy we have 

m{w) ~ 


1 

1 

u-iK'^ 


and since the square roots in the formulae for x{K+iK'-\-w) and 
y{K+iK'+w) are essentially positive, we recover -236, for small positive 
real values of u—iK'; to reach small negative real values of u—iK' we 
have to extend the range of w, and *253 is no longer applicable. 

It need hardly be said that the results proved in this section are 
established by the arguments used here only for the lines along which 

4767 Q q 
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the functions have been studied. We have not, for example, proved 
that 4:K is a period of the Jacobian functions of a complex variable. 

17*3. Like 9*2, sections -1, *2 deal with the perimeter of the funda- 
mental rectangle. We can appropriate the result of 9*46, since the 
factors which convert the functions of the earlier chapters into Jacobian 
functions are purely real or purely imaginary. 

17*31. If X and u are complex variables, and if the parameter c of the 
Jacobian function pqw is a real number between 0 and 1, the transforma- 
tion X = pc\u maps the fundamental rectangle and its boundary in the 
u plane on a quadrant and its boundary in the x plane. 

Since the real values of pqt^ on the boundary of the fundamental 
rectangle are positive, the quadrant of the x plane that is mapped is 
either the first or the fourth; if k as well as c is positive, the quadrant 
is the first for the three functions with the origin for a zero, and for 
the three functions nau, ndu, Acu. 

The mapping is conformal except at the two points x^, x^ on the 
boundary of the quadrant which correspond to the two corners 
of the rectangle; the values of x^., Xi, namely pqiTy, pqiQ, are the values 
shown explicitly in Figure 33. As in 9*4, we can distinguish three cases: 
x^, Xi may be both on the real radius of the quadrant, one on the real 
radius and one on the imaginary radius, or both on the imaginary 
radius. There is, however, as the figure shows, no equality now between 
the third case and the first; the two exceptional points are on the real 
radius in six cases, on the imaginary radius in only two cases. 

If Xj., Xi are given, that is, if a quadrant with a given pair of excep- 
tional points is to be mapped, a suitable value of the parameter is seen 
at once from the set of diagrams: if Xj. and x^ are on the same radius, 
the smaller of the ratios x^jx^, xfx^. can be taken either for k or for k* \ 
if Xj. and Xi are on different radii, the numerical ratio \ x^lxi\ can be used 
either for kjk' or for k' jk. 

If it is the rectangle that is given, we have the ratio of K to K\ 
We can construct a function gj(2J; a>^, cu^, a>;^) with coy :co^ = iC :iK' and 
find the normalizing factor from this function. We have now very little 
choice in the numerical values of x^ and but since our choice among 
the twelve functions on the Jacobian basis K, iK' is still free, we can 
choose the radii on which the points x^ are to be found. 

17*4. For real integration, the diagrams composing Figure 33 render 
vivid the formulae of Table XI ii. The results are similar to those in 
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9*5, but it is the essence of the Jacobian theory that the functions are 
real and positive for the definite range 0 ^ u ^ K, and differences in 
detail make explicit enunciations necessary. 


0 ?!, 0 < x^, the values of the integrals 


j 


dt 


r dt 

J 4(i+m+k'H^)} 


are determined by = cs u^, x^ — sc 

with the conditions ^ ^ K, 0 ^ u^ ^ K. 


17-42i_2. // 1 < ^2, 1 < x^, the values '^5 of integrals 

Xi 


j ^{it^-i){t^-k^)y j 

ns u^, 


dt 


are determined by x. 


dc u^ 

with the conditions ^ U2 ^ K, ^ u^ ^ K, 

17*43i_2. If Jc' < ajg, 1 < Xq, the values u^y u^ of the integrals 


CO 

/ 


dt 


/vP' 


dt 


iT, 1 

are determined by x^ = ds u^, x^ = nc u^ 

with the conditions 0 ^ u^ ^ ^ u^ ^ K, 




17*44i_2- If k' ^ x^ 1 < x^Q < 1/fc', the values u^, u^^ of the 
integrals 1 ^ 

/ \j{^¥){f-k^y / V 


dt 




are determined by x^ = dn = nd 

with the conditions 0 ^ Uf ^ K, 0 ^ < K. 


17-45i.2. IfO ^11 I") 9 ^8 the valuers Uz-yyy of the integrals 

1 Xn 


/ 

Xii 


dt 


V{(i-<2)(i-W)} 


r dt 


m^)} 


are determined by x^ = cd^j, Xg = snwg 
ivith the conditions 0 ^ ^ K, 0 ^ Ug ^ K, 
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17*46i_2. // 0 < 0^9 < 1, 0 < a;i 2 1/^ » values %2 


integrals 


/ 


dt 


/ 


a:, 0 

are determined by = cn u^y 

with the conditions 0 < ^9 < if , 0 < t^i 2 


dt 

= sd%2 

< iT. 


As in 9-5, the six possible forms of the radical, each associated with 
two natural values for the fixed limit of integration, provide twelve 
types of real integral, and by means of the twelve functions a standard 
integral of each type is given. Thus the evaluation of either of the 
integrals 

C dt C dt 

J J V{K+A)(^<2+.)}’ 


for any combination of signs for which the radical can be real, requires 
only a substitution t = yw with a positive real value of y; the necessary 
value of y is obvious, and the result, in the form x ~ y^qUy unam- 
biguous. A definite integral can be evaluated from either end of its 
range, that is, by either of two complementary functions. 

The substitution = w replaces the integrals in •41-»46 by standard 
integrals such as 

00 00 

•401-402 r r 

J ^{w{w+l){w+c')} J ^{w(w—l)(w—c)} 

Vi Vi 

with evaluations 

•403-404 = cs^i^i, y^ = ns2^2;2> 

and so on. Conversely, the six integrals of each of the forms 

y 

r dw r dw 

J ^{w(KW+A)(jbLW+y)}' J ^(w(KW+A)(fiw+y)} 

V 

for which the integrand is real for positive values of w are covered by 
a preliminary substitution w — St^y and the six of each form for which 
the integrand is real for negative values of by a preliminary sub- 
stitution w = —St^y where 8 is positive in each case. 

Although we use twelve functions in order to express each integral 
by means of a function appropriate to its sign-combination and to the 
range of integration, this does not mean that for practical applications 
we have to tabulate the twelve functions. If the value of one function 
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is known, the value of any other can be inferred from the algebraic 
relation between the squares of two functions. For example, if the 
integral is of the type which provides the value of cdw^, we have 

sd^n 1- 


“ nd% 


-^11 


and can be identified from a table of the function sn^. To put the 
same conclusion differently, the substitution 


l—Xi 


11 ^2 


transforms the integral 


-k^xh 


into 


1 

J 

Xu 

Xn 

/ 


dx 


11 




dXa 




and could be applied first if Legendre’s integral was the only one to 
be recognized. But it is to be noticed that the substitution involves 
the modulus k and can be applied more readily to the function when 
the modulus is known than to the integral when the modulus has still 
to be found. 

Fundamentally the distinction between the set of theorems 11‘81~ 
11«83 and the set •41-'46 is that in the earlier set it is the identity of 
one manyvalued function with another that is affirmed — each value 
which occurs on one side occurs somewhere on the other side also — 
while in the latter set a particular value of the one function is identified 
with a particular value of the other. In the same way, the integrals 
derivable for K, namely 


00 

f 

0 

1/k' 

J 


dt 




1 

/ 


dt 


dt 


1 

J 


dt 


u kf 

though formally identical with those in 11*84 are now integrals from 
which K is determinable, since the paths of integration are assigned. 

17*5. In this section we consider briefly the reduction to a standard 
form of the integral J dxl^(f>(x), where (f>{x) is a general polynomial of 
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the fourth or third degree with real coefficients. It is sufficient if we 
bring the polynomial in the radical to one of the forms 

w(kw-\-X)(ijlw-\-v), 

without regard to the combination of signs; the processes of the last 
section are then applicable. 

If <l>(x) is of the fourth degree, there is no loss of generality in sup- 
posing (f)(x) expressed as the product of two quadratic factors d(x), t/j(x) 
with real coefficients. If there are real constants such that 


•501-502 e(x) = k(x-oc)^+X{x-^)^ t/j(x) = fi(x-oc)^+v(x-p)^ 
the substitution 


17-51 


X—a 

x—p 


= t 


reduces the integral J dx|^J(|>(x) to a multiple of J dtl^{{Kt^-\-X){iit^-\-v)}. 
Alternatively, the substitution 


17-52 



= w 


reduces the integral to a multiple of J dwlyJ{w{KW+X)(fjLW-\-v)}y and 
therefore the substitution 


17-53 


0{^) 

tlj(x) 


= yy 


is equivalent to a bilinear transformation between w and y in which 
the factors kw-\-X, ixw-\-v correspond to y, Ijy, and reduces the integral 
to an integral J dy|^J{y{my-\-p)((Ty-\-r)}y where the factors mi/H-p, ay+r 
correspond to x—a, x—p, and are therefore multiples of (x—a)^ji/f(x), 
(x—^)^lifj{x). The constant y is available for bringing the factors pre- 
cisely to the standard forms, but in a numerical problem it may be 
best to give y a definite value in the first place, at the cost of a second 
substitution when the form J dy/^j{y{my-\-p)((7y+T)} is reached. 

The simultaneous expression of d{x), iIj{x) by means of real squares 
is possible unless f these quadratic functions both have real roots and 
the pairs of roots are interlaced. If both functions have real roots, then 
whether or not the two pairs of roots are interlaced, the transformation 
13-704 is available as a real transformation. The anharmonic group of 


f Geometrically, if d{x, y), y) denote the homogeneous functions y^d{xjy), y^tlf{xly), 
the simultaneous reduction is possible if there are conics d{x, y) = c, tli(x, y) == d which 
touch each other, and the only case in which this does not occur is that in which the 
two families of conics d{x, y) = A, y) — are both composed of hyperbolas and 
the two pairs of asymptotes are interlaced. 
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the four roots is real, and a substitution can be chosen for which the 
ratio is between 0 and 1. There may be a negative constant factor in 
the radical, but this signifies only that one of the factors must be 
reversed before the appropriate elliptic function can be detected. 

The reduction of J dxl^<l)(x) when (f>{x) is cubic connects the Jacobian 
and Weierstrassian functions, but we are not here concerned with the 
Weierstrassian side of the problem. We suppose ^(x) to be given in 
the form {x— 0 L)d{x), where a is real. If d{x) has real roots jS, y, a reduc- 
tion to the form J dyjAj[y{'nTy-{-p)((jy-\-r)] is immediate. If the roots of 
0(x) are complex, the substitution 

17-54 


converts the integral into the form J dzlAj{az'^-\-2hz^-\-b}, in which real 
quadratic factors of the form az'^-\~^{ab)±:cz are obvious. Alternatively, 
regarding x—ol as a degenerate form of a quadratic factor i}){x), we 
make the substitution 


17-55 


6(x) 

X—OL 


suggested by -53; if d(x) — a{x— (xY-\-2h{x— (x)-\-b, we have 



{a{x— oL^—bY ~ (a:— a)2{(2/— 2A)2— 4a6}, 
and the integral is a multiple of J dyj^Jxiy), where 

Xiy) = 

and the quadratic factor has real roots because the roots of 6{x) are 
not real. 


17-6. The numerical evaluation of the Jacobian functions is reducible 
for sufficiently small values of c to the evaluation of circular functions, 
for sufficiently small values of c' to the evaluation of hyperbolic func- 
tions ; the formulae required are expansions in ascending powers of c 
or c', and we have seen in 15-2 how the expansions can be found. But 
in these expansions the functions of u which multiply the successive 
powers of the parameter become cumbersome very rapidly, and the 
series are of little practical use beyond their first or second terms. In 
choosing a system for use in an actual problem the immediate choice 
of the parameter is choice within a real anharmonic group, and we can 
always suppose the parameter to be positive and not greater than \ 
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and the modulus to be not greater than |V 2 , but this restriction is 
altogether inadequate to the purpose of using power series. 

It is the Landen transformations which enable us to diminish the 
value of c or the value of c' to any desired extent. In the real field, 
K decreases steadily to and K* increases steadily without limit as 
c -> 0 . We know the order of increase of K' \ from 15*428', 


K’ = ^log(16/c) 

where A Hence c = 16e“^'^^, and for large values of K' 
17-61i 0 16c-^ 

where the symbol denotes practical indistinguishability, and where 
*601 G = ttK* jK, 

as in Chapter XVI. 


The effect of the second Landen transformation is to double the value 
of cr, and therefore ultimately to replace c by approximately c^/lG: if 
Cl = 1/4, then Cg — 1/4^ and C 3 1 / 10 ®. With such a rate of decrease 
as this, it is better to repeat the transformation until c is negligible 
than to use series in which c and are multiplied by functions laborious 
to evaluate. For small values of a, 

17-612 c'=i^l6e“i/^ 


and the effect of the first Landen transformation is to halve a and to 
diminish c' accordingly. 

While the asymptotic relations •61i_2 show clearly why the operation 
of the Landen transformations is effective, we must use an exact rela- 
tion between consecutive values of the parameter until we find that 
this has merged in one direction or the other into the asymptotic rela- 
tion. If a Jacobian system U has moduli &, k\ and if the system JSfU 
derived from U by the first Landen transformation has moduli A, A', 
then from 13-512, 13-515 


-602-603 




4Jk 




4A' 

(l+hT 


If we have a Landen chain 


where U,, 


..., U_3, U_2, U_ 1 > Uo> ^2, U3, ..., 

^Un -1 values of n, then 


K = 




KU 




•604-606 
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Since decreases from 1 to J as i decreases from I to 0, 

is always between k\ and \k\, and is always between k!^_i and 
in accordance with the asymptotic formulae, k^_^lk% -> J as w — oo 
and k'Jk'^_^ -> J as -> +oo. 

Let us write 


•606-607 = bja^, k'^ = b'Ja'^, 

and consider the relations •604-*605 in the forms 


•608-609 




^n— 1 V (^n ^n) 

^n-1 i(^n + ^w) 


From any pair of unequal positive numbers aQ, 6o, of which we sup- 
pose ttg to be the larger, we can form a sequence of pairs of arithmetic 
and geometric means by the recurrence formulae 


hK-i+K-il K = 
be reversed: s 

x^—2anX-\-bl = 0 


17-62i.2 a 

This pair of formulae can be reversed: since > 6^^ > 0, the roots of 
the equation 


are real, positive, and unequal; is the larger and the smaller 
of these roots. The pair of formulae ‘62 therefore generates a chain 
of pairs of numbers which can be extended indefinitely in both direc- 
tions; this chain is called an arithmetico-geometric chain. A given pair 
of unequal positive numbers belongs to one and only one arithmetico- 
geometric chain, and the chain can be developed from any one of its 
members. 

Since we have 


•610-611 

also 


whence 


K-K) = 






•612 

Hence as n-> -\-oo the decreasing sequence {a^} and the increasing 
sequence {6^} have a common limit. This limit is a definite function 
of the initial pair of numbers called by Gauss their arithmetico- 

geometric mean and denoted by M{aQ,b^, Since the sequence of pairs 

4767 R r 
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of numbers may be developed from any of its members, b^) has 

the same value as Jf(ao, 6o), whether r is positive or negative; the 
arithmetico-geometric mean belongs in fact to the chain rather than 
to any one pair of numbers in the chain. 

In the opposite direction, the inequality -612 becomes 

^ 6^), 

implying that as w — oo, -> oo. Since < M{aQ, 6o), 

< W«o.*o)}^ 

for all values of n, positive and negative, and therefore if -> oo, 
bn 0. 

17*63. In the arithmetico-geometric chain determined by a 'pair of 
unequal positive numbers («oj^o)) i^'^ds doumwards to M{aQ,bQ) and 
bn tends upwards to 6o) as n-^ -\-co, while an tends upwards to oo 
and bn tends downwards to 0 as n -> —oo\ the ratio bjan tends upwards 
to \ as n -> -\-QO and tends downwards to 0 as n -> —oo. 

It is to be observed that an arithmetico-geometric chain has a definite 
direction; we can assign the suffix 0 to any member of the chain we 
please, and the allocation of all other suffixes is then determined 
unambiguously. 

We can now express the relations •604-*605 as follows: 

17*64. In a Jacobian system U in which k and k' have real positive 
values, let a^, b^ and Uq, 6q be any two pairs of positive numbers such that 

aQ . — 1 . k, Uq : — \ i k , 

and for both positive and negative values of m, let (a^, 6^) and 6^) 
be the mth members of the arithmetico-geometric chains evolved from (a^, b^) 
and (cLq, b^); then if JSf is the Landen transformation which doubles the ratio 
of K to K\ the moduli kn, k'n of the system are given by 

K = KK> K = 

whether n is positive or negative. 

To take a^ and a^ as unity would obscui*e slightly the completeness of 
the relation between the Landen chain of Jacobian systems and the 
two arithmetico-geometric chains; with Uq, k^, k^ written for U, k, k\ 
this relation persists throughout the length of the chains, but no two 
values of a„^ or of a^ are equal, and to assign unit values at the parti- 
cular system Uq is arbitrary. 
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The arithmetico -geometric chains giving and k'^ have opposite 
directions; symbolically the correspondence is 


... JSf-2Uo 

^-1U„ 

Uo 

.SfUo 


... (<X_2>6_2) 

(^-1> ^-1) 

(ao, 60) 

(%> ^1) 


(a2, 62) 

KM) 

(®05 ^0) 

(«_i, 6_i) 

(n_2, 6-2, 

As 71 -> +CO, k^ -> 


as 7i-> 

t 

8 

1 

0, 


1 . In other 

words, the Landen chain hangs between the two extremes of a system 
in which the functions are circular and a system in which the functions 
are hyperbolic, and in view of the rapidity of the convergence in each 
direction, in practice all but a few of the sets composing the chain are 
sensibly indistinguishable from one or other of the limiting forms; it 
is the few which are distinguishable that interest us. 

The relation between the variables u, v in the systems U, JSf U is 
« = where ^ |( 1 +*) = 1 /( 1 +A'); 

also V — corresponds to u — If then is the variable and 
is the quarterperiod in the system we have 

•613^*614 = (l+^n)'^wj ^{n-D — + ^n)-^(n)‘ 

Since 1 + = «-n+ 6 -n ^ , 


(l_ 


these relations can be written 


• 615-616 


implying that the ratios 


^(n— 1) 
^-(n-1) 


a_. 




:a_ 


are constant along the chain. As ri. — oo, 

K(n) k')\ 

hence 


17 - 65 i K = i 7 r/Jf(l,*'), 

and since the relation of K' to k is the same as that of K to k\ 

17-652 K' = \TTlM{l,kY 

Applying - 651 , -652 at an arbitrary point of the chain, we have 

• 617-618 k'^), K[^) - k^), 
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and combined with the equality of ratios 

= ujK, 

•617 and give the relation between the variable and the central 
variable u in the form 

•619 == uM{l,k'), 

whether n is positive or negative. 

Turning now to the transfer of functional values along the chain, 
we have to extract from the results in 13*5 formulae adapted to itera- 
tion. If we eliminate ds-z^ from 13-51i_2 and cnu from 13*5l3_4 we 
have 

•620 Q^u = |(l+^)csi;— 1 ( 1 — A:)sc V, 

•621 Anu = |^(l-f^)dnv+|(l— A;)ndi;. 

Analytically the difference between these two formulae is trivial, for 
cs(w-f-A^) = —vAnu and in the one system corresponds to in 
the other. Writing for u, v we have 

17*66i csi^,. = 

cs 

17-662 AnUj , — 

Even these simple recurrences can be for some purposes improved, for 
Q^{Kf,~u) — k'scu, An(K^—u) = k'nAu, 
and therefore, since A' = {l—k)l{l-\-k)y 
•622 (1— /;)sci; = (l+^)cs(fl'c“^)j 

•623 (1— jfc)nd?; = (14-^)dn(J?^— v). 

Hence • 66 i _2 are equivalent to 

17-663 CS-W, = Kl + ^r){cSt^^+l-C8(ir(,+D-'Z^^^l)}, 

17-664 = i(l+i^r){dnt4^+i+dn(A^(^+i)— 

We can not reverse -620 and *621 rationally, to express csv and dnv 
in terms of csu and dni^. That is to say, we can track the functions 
cs u and dn in only one direction along the Landen chain, the direction 
of diminishing index, or briefly the negative direction. But from 13-5l5_e 
and 13-5l7_8 we have 

ns 2 i; = J(l+A')iist 4 +^( 1 — Z^')sn^i, 

dc2i; = ^(l+A')dc?^-f 1(1— A')cdi^, 


•624 

•625 
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and therefore, writing v as and u as 

17-666 nst^,. = 1(1+ fc;)ns , 

17-666 = i(l+A;;)dc|t^,._i+|^P^^ 

Thus in the positive direction we can track the functions ns u and dc u. 
Modifications of -624 and -625 by formulae corresponding to -622 and 
-623 are of no practical value in the present connexion, for the argu- 
ment introduced is K^—u and is imaginary. Formally, -624 and 
•625 are equivalent, for ns(i^+ir^) = dc 2 ^ and u ~ corresponds to 
2^; == H,. 

That we do not track the same function in both directions is of no 
consequence. In any case a function pq-z^ that we require may not be 
one of the functions we can track, and it does not matter if we have 
to connect 'pqu with for one purpose and with ns'z^ for another 
purpose. If we are thinking of the tracking of particular functions as 
auxiliary to the determination of the whole system of Jacobian func- 
tions at one end or the other of a series of transformations, it is the 
squares of the functions with which we are concerned, and we may 
prefer to track the squares: 

17-67i csX = J(1 cs*Mr+i— , 

C 8 

17-672 

17-673 nsX = i(l+^r)®n82 . 

From a recurrence for the square of any one Jacobian function we 
derive also a recurrence for an integrating function. For example, 
•664 gives 

17-681 = l(l+*r)PnM,+i+Dn(M^+i— A'(^+D)-f2^;+iM^+i}; 

by 14-74, E(u—K^ — E{u)—E^-\-csn.usn{u—K^), 
and therefore 
17-682 E{u,) 

= (l + *r){-6^(«r+l) — i^6-+n— P?+lSn«,.+l cd«,+i+^;+l«,.+l}. 

When %,+i = Ai,.+D, E{v,,) = 2E{K(^)) — 2E(^); hence 
•626 E(^) = i(l+^r)^(r+l)+M^“^r)^(i-+l)- 
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Expressed for iteration along a chain, the relations 13-520, 13*521 
between consecutive amplitudes take the form 

•627 tan(^^_i— = A^^tan^^, 

•628 sin( 2 <^^+i— 

The appearance of tracking the same function am u in both directions 
is deceptive, for the actual relations are between circular functions of 
the amplitude, and at each stage we have the problem of identifying 
the argument, from the tangent or sine. It is 

only for real values of the amplitude that this treatment is practicable, 
whereas the recurrences of -66 and *67 can be used if the values of the 
functions are complex. But unless the theory of the arithmetico- 
geometric mean is extended to complex pairs of numbers, by the 
resolution of an ambiguity at every stage, a real value of the modulus 
between 0 and 1 is essential to the application of this theory to the 
Landen chain. 

The practical use of the Landen chain is to connect a system U with 
a system in which the numerical relations between the functions and 
the argument are known, to whatever order of accuracy may have been 
prescribed. Suitable systems are to be found in both directions along 
the chain: whatever standard of tolerance is laid down, for sufficiently 
large positive values of m, is a system V in which the modulus 

is negligible, the amplitude of v is indistinguishable from v, and the 
elliptic functions degenerate to circular functions; for sufficiently large 
positive values of n, is a system W in which the complementary 
modulus is negligible, w is effectively the hyperbolic amplitude, and 
the elliptic functions degenerate to hyperbolic functions. Moreover, — 
and this is of course of prime importance — convergence along the chain 
is so rapid that the loss of accuracy in relating U to the nearer of the 
two systems V, W is negligible. The nearer system is V or W according 
as c < I or c> with c < |, c.g < J . 10 "^ and with c > |, Cg < J . 10 “^. 

There are two problems of evaluation: we may require the values of 
functions of a given argument, or conversely, as in the evaluation of 
elliptic integrals, it may be the value of a function that is given and 
the value of the argument that is to be inferred. The first step is to 
determine the value of m or n for which or is negligible; V or 
W is then a known system. If u is given, v or as the case may be 
follows from -619; the passage from V to U is in the positive direction 
along the chain, nsv is effectively cscv, and ns?^ is found from nsv by 
repeated use of - 665 , or ns^t^ from by repeated use of - 673 ; the 
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passage from W to V is in the negative direction, c&w is identified 
with cschti?, and csu is found from csw by means of *661 or *663 or 
cs^z^ from cs^i^; by means of -61 ^ or -GTg. Any other of the twelve func- 
tions of u is then found algebraically from ns^t^ or cs^i 4 . If it is the 
inverse calculation that is to be performed, the value of a function of 
u being given, we have first to calculate cst^ if V is the intermediary 
system, ns^ if W is the intermediary system; then csv, that is, cotv, 
can be found from cs-i^, or ns tv, that is, cothiv, from ns 2 ^; it is assumed 
that V can be deduced from cotv or w from cothiv, and finally the 
required value of u is given by *619. 

The function dni^, being nowhere zero or infinite for real values of 
u, might seem to be a ‘safer’ and less troublesome function to carry 
through a chain of operations than cst^, but it is for that very reason 
a less sensitive function; if it is dni^ that is actually wanted or given, 
naturally this function is used, but it is less fitted than for the 
reconstruction of the whole system or for the determination of u. 

We have expressed the evaluations as operations in finite terms, the 
standard of accuracy being premised. They may also be expressed as 
operations determining a convergent sequence whose limit is the re- 
quired value. To illustrate this form of expression, let us enunciate 
two theorems in which the amplitude is introduced. 

If k_^ is negligible, ilf(l,/bl,„) is indistinguishable from unity, and 
•619 takes the form 

•629 

A trivial change of notation puts the recurrence -627 into a clearer 
form for negative values of r, and we have 

17*69i. If is determined, for positive values of m, by the recurrence 

with the initial value then as m->QO, 

2-mf^^M(l,k')F{<l>;k). 

This form of the theorem reveals plainly that when kL^ has become 
indistinguishable from unity, no further change in 2 ”"*^^ can be 
effected. 

From •bis, for positive values of n, 

•630 = 

As n 00 , the product on the right converges to a limit A' which is 
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a definite function of k\ and we have for sufficiently large values of n 
•631 ujA!, 

while from 15*24, 

•632 — 

Hence 


17-692. determined, for positive values of n, by the recurrence 

with the initial value <f>Q == <j>, then as n-> co, 

^ F{<l>\ k)lf[ ( 1 +^;), 

• 1 

where the function on the left is the inverse gudermannian. 


17-7. The Landen transformations are not restricted theoretically to 
real values of variables and parameters, but for practical purposes the 
simplicity of many of the formulae is deceptive in the complex field: 
to calculate ^ numerically from W and x Cleans of the relation 
tan(<^— x) = A'tan;^ when the numbers are all complex is a formidable 
undertaking. 

An alternative process of computation is provided by the g-series of 
Chapter XVI. If the value of q is known, K is given, as we have noticed 
in 16-8, by the substitution v = the condition ^^{u) = d'^fu), and 

the four functions d'^{u), d'J^u), d'^{u) can then be computed for 

any value of u. The g^-series in 16*55 converge very rapidly, for although 
they are power series, they are power series with lengthening gaps: the 
index of the typical effective term is either n^ or n{n-\-l). From the 
four cardinal theta functions, the twelve elliptic functions come im- 
mediately. 

If it is k that is given, q is to be found as in 16*8 from the equation 


•701 

where, if h'^ = k', 


l-f2^4-f2gi6-f2g364-... 


•702 6 = l{l-^h')l{l+N) = ^(1-F)/(1+AT = Wl{l+k')(l+hy. 


As we said previously, the solution of *701 takes the form 


No formula is known for the coefficient a^, but the early coefficients 
can be found by the crudest methods: 



REAL FUNCTIONS AND REAL INTEGRALS 


313 


17-71 q = €-f2€S+15€»+150€i3-f 1707617+ 20910€21+0(€25). 

If the parameters are complex, the g-series give the only method of 
computation that can be called practicable. We can not say this if the 
parameters are real, for Legendre’s tables were in fact compiled by 
means of the Landen transformation; it is true that these are tables 
of elliptic integrals, not of elliptic functions as we now use the name, 
but numerical inversion is a simple operation and it is certainly possible 
to compute an amplitude either by inverse interpolation in Legendre’s 
table or by direct use of the process described in -69. For an isolated 
determination this method is still to be recommended, but for sys- 
tematic tabulation to a moderate degree of accuracy the advantage is 
perhaps with the g-series. The four cardinal theta functions once 
recorded, the user finds by one simple division the value of any one 
of the twelve elliptic functions which he needs. 

The problem of avoiding division by small values of &J^u) or 
is solved by the use of 16*73. If the functions 

(7r/2iL )cot v—csu, ns u--{7tI2K)c8C v, {7tI2K)csc v—dsu 

are tabulated for small values of v, and the functions 

{7Tl2k'K)tsinvscUj dc^^— (7r/2A^)sec v, (iTl2k'K)8ecv—ncu 

for values of v near interpolation in these neighbourhoods takes the 
familiar form of interpolation for the circular functions, the subsidiary 
functions tabulated being regular and tending to zero. But the series 
in 16*73 and 16*74 converge much less rapidly than the series in 16*55, 
and it is only for a special purpose that they are to be preferred in 
numerical work. 

17*8. A few words may be added on the case of a real parameter 
and a complex variable. We can deal with this case by means of the 
theta functions at the cost only of computing circular functions of a 
complex argument. Alternatively, addition theorems reduce pq('i4+iv) 
to combinations of functions of u and functions of iv, and by Jacobi’s 
imaginary transformation of 13*2 the functions of iv are replaced by 
functions of i;; if A; is real and between 0 and 1, the complementary 
modulus k' which serves as primary modulus to the functions of 
V is subject also to these conditions, and Rl{pq(w+iv; A:)} and 
Im{pq(t^+iv; A;)} are both determinable as combinations of real func- 
tions of u and real functions of v. A complete table, constructed from 
12*31, 12*32, and Table XIIi, follows: 

4767 
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Table XVIIi 

cs(u-\-iv) cswcsvdsv— inswdswnsv 

ns(w+tv) nswnsvdsv— tcs lids w CSV 

ds(w+tv) dswcsvnsv— icswnswdsv 

SQ(u-\-iv) scwcnvdnv-f-incwdcwsnv 

dc{u-\-iv) dcwdnv-f ^c'scwncwsnvcnv 

nc(w+^v) ncucnv+tscwdcwsnvdnv 


dn(u-\-iv) dnwdc V— tcsnwcnwsc vnc V 

sn(w-|-iv) snwncvdc v+tcntidnt^sc V 

cn(ti + iv) cnwncv— tsntidnwscvdc V 


nd(w+^^^) ndwcdv + ^csdticdwsdvndv 

cd{u~\~iv) cdwndv— tc'sdwndwsdvcd V 

sd(w+^^) sdwcdvnd v-f-icd wndwsd V 


ds^w + ds^v 


l+c'sc*wsn*v 


1 + c sn^u sc^v 


1 — cc'sd^t^sd^v 


The primary modulus of the functions of v is equal to the 
complementary modulus of the functions of u-\-iv and of u 


The dissection of an integrating function requires little but the 
application of these results to the addition theorems in 14*7. 



Table XVII 2 


Cs{w+iv) 

Ns(t4+^v) 

Ds(it-f-iv) 

Csu—i'i^Bv+S 'j 

Nsw— iCsv+zS 

Dsw— tDsv+^S' J 

where 

^ CiUidiS^w — ic^n^diS^v 

ds^wH-ds^v 

Sc(w+iv) 

T>c(u-\-iv) 

Nc(w+tv) 

Sci^— iSnv— C ] 

T>cu-^iDnv—c'C 

Ncw+^Cnv— (7 J 

where 

^ njdiC^s^w — i CjdinWv 

cs^w ns^v-j-c' 

Dn(w-f-w) 

Sn{i/+tv) 

Qn(u-\-iv) 

Dn w+^Dcv-f-ciV '| 
Snw — iScv— ^ 
Cnw-f ^*Nc v+AT j 

where 

^ CidiH^s^ — in^diC^s^v 

ns*w cs*v+c 

Nd(w-f 

Cd(w+iv) 

Sd(w-|-^^^) 

Ndti+i Cdv— cD ] 
Cdw+iNdv+c'D 
SdM-iSdv-Z) J 

where 

^ Cjn^d^s^w — i CiHjd^s^v 

ds^w ds*v— cc' 


The moduli are related as in Table XVII i 


The association of real modulus with complex argument, far from 
being artificial, is of the utmost practical importance, since it is in- 
evitable if conformal transformations are to be applied in detail. The 
fundamental property of the simple transformation x — is ex- 
pressed in *31 above; we conclude with two transformations in which 
elliptic functions operate through a parameter. 

If 2 = ds^^ and i/; == Ds then 

•801 dzjdw = -2c8^nsC/ds^ = 
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It follows from the Schwarz-Christoffel theorem on polygonal contours 
that if c and c' are real and positive, the real axis in the z plane corre- 
sponds to a ‘rectangle’ with one corner at infinity and with a re-entrant 
angle at the point w = Ds(Zj-l-Z„): 

17- 81. If the variables z, w are connected through the variable ^ by the 
relations z = ds*^, w = Ds{, loith 0 < k < 1, the half plane Imz > 0 is 
represented conformally on the part of the second qtiadrant of the w plane 
which lies outside the rectangle whose corners are 

0, -{E-c'K), -{E-c'K)+i{E'-cK'), i{E'-cK'). 

Lastly, writing u—^K^ for u in the relation 

8n«sn(«-fi:„) = snK^sn{K^-\-K,X 

we have 

•802 sn(^K^+u)8n{iKn—u)=—llk, 

implying, in the classical case, 

•803 |sn(|tX'-f<)| = 1/V^ 

for all real values of t. Hence, if 2 = sn^, the line in the ^ plane from 
^iK'+K to \iK'—K yields in the z plane a semicircle from 1/VA to 
— 1/V^, and since the line from K to K-\-\iK' yields the stretch of the 
real axis from 1 to 1/V^, the interior of the rectangle whose corners 
are :^K±_\iK’ corresponds to the circular area \z\ < l/^k with slits 
from lf^/k to 1 and from —l/dk to —1. But, if = u-}-iv = sin(^/A), 
where A is a real constant, the interior of the ^ rectangle whose corners 
are ±^7rAiiAA corresponds, for every real value of h, to the interior 
of the ellipse u^j cosh^-^-v^lsinh^ = 1, slit from the vertices (±cosh h, 0) 
to the foci (rh L 0). We secure coincident rectangles by taking A = 2KI7t, 
h — -irK'liK, and the circular z region then corresponds to the elliptical 
w region. The slits can be obliterated, for they are occasioned only by 
discontinuities in the variable and it is easily verified that the 
functional values of both z and w are continuous across them: 

17-82. By the parametric relation 

x-\-iy = sn^, u-\-iv — sin(7T^/2J?’), 
with 0 <k <\, the interior and the boundary of the ellipse 
«2seoh2(7rZ74.S:)-f«;2csch2(77Z74Z) = 1 
are represented conformally on the interior and, the boundary of the circle 
x^-\-y^ = \jk. 



EXERCISES 

For notes on these exercises see pp. 323-31 below 

1. fjz+gjz+hjz = — ^2. 

2. ^Jz = pz+gjzhjz+hjzfjz+fjzgjz. 

3 . fj^izfj'z = gj’*Jzgj'z = hj^izhj'z = fj'zgj'zhj'z. 

4 . = 9fhf, gmwf = gfigf+hf), hj 2 Jcu/ = h,(gi + hj), 

f j i<«J/ = —g/hfigz+h/). 

5. eg^fixfji/fi(x-p)+e^,gixg}ggi(z-p)+efghjxh}phj(x-g) = 0 . 

6. e,ftfjxfj(2—x)fj2/fj(2-2/) + e*/gjxgj(z—x)gji!/gj(z—2/) + 

+ efi,hjxhj(z-x)hjyhi(z-p) = -e^^e^fe,,. 

7 . If 211+2:2 + 2:3+2:4 ^ 0 , then 

(») n fjZr + Cft/ n gj^r + e/j H z^ = -c„^e^,e,g, 

r r r 

(ii ) j f zi j f Zj f j Zj f j Z4 - e*, hf z, hf z j gj Zj gj Z4 - gf 2i gf z j h j 23 h j Z4 

= —^oh^hf^fo* 

(iii) f j Zi jf Zj hg 23 gh 24 + e^, gj Zi hf Zj jg Z3 f h Z4 + hj Zj gf Zj fg Z3 jh Z4 

== ^oh^hf^fo" 

8. The function (^,\xigy-\-h\x ']gy)l(i']x-\-hgy) is symmetrical in x and y. 

9 . For any value of the constant a, the functions przpr(2 + a), qr2qr(2: + a) 
have the same periods and the same poles. 

10 . Unless one of the points is a zero of pqe and the other is not, the 

zeros of the function (pq2: — pqa»,.)(pq2: — pqca^) are all double or quadruple and 
the poles are all double. 

11 . If p, q, r, t are the four cardinal symbols, the integral 

r pq z dz 

J l + ]5 pq2;j 

is reduced to an elementary integral by the substitution viz — w. 

12. If a, jS, y are the values of the integral J dwj ^(w^— 1) to infinity, (i) from 

the origin along the bisector of the angle between the positive halfaxes, (ii) from 
w = \ along the positive real halfaxis, (iii) from w — —i along the negative 
imaginary halfaxis, the relation a+j8+y = 0 is equivalent to the relation 

00 00 

C dt r dx 

J J 

0 1 

between positive real integrals. 

13 . The matrix 

snwdnv dnwsnv enu env 

cn w cn V — sn w dn v — dn w sn v 

cn V enu dn w sn v sn w dn v 

is of rank two. 

14 . Any triad of copolar Jacobian functions x, 2/» 2: is a fundamental set of 
solutions of a homogeneous linear differential equation w'" = 6w'~\-<l>w, 
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16. The Wronskian of any triad of copolar Jacobian functions is a non-zero 
constant. 

16. Regarded as functions of w, the three functions 

cswcs(w4-v)» n8wns(w-}-v), d8t^ds(w+v) 
have the same periods and the same poles, and the two combinations 

cst;ns wns(w4-^)-“iisvcswcs(w-i-t;), dsvns wns(w-f ^) — nst;dsi^ds(w-ft?) 

are constants. 


17. snwdni;ns(tAH-v)H-dnusnvcs(w+v) — cnv, 
snwcni;ns(t^+^)+cnwsnvds(w4-v) = dnv. 

18. As equations in u, the four equations snSw = ±1, snSw = ±1/^ have 
only double roots; in terms of sn^^, each equation is of the ninth degree and has 
one simple root and four double roots. 


19. (i) 

(ii) 


\—cn2u /snwdni^\2 
l+cn2w \ cnu / ’ 

sc — t _ sc w + i / c'sc^w — 2ic'sc>^u — 2i sc w — 1 \ ^ 
sc3w-i-t sc w — i \c'sc%4-2ic'sc®w + 2iscii— - 1/ 


20. (i) Sid^c^n^ == tan(iam2t^); (ii) sc(J/fc + w)sc(JjFQ — w) = 1/A;', 
(iii) If — am JiiQ, then &a\Kc — cotjS, k' = cot^jS, and 

cd(w + i^c) = — cscj3(dnu— csc2j8snwcnw)/(cnw— snwdnw). 

21. Functional equivalents of 


(i) 


I 


dt 


V{(3<2 + 4)(2<»+ll)} 


, (ii) = J 


dt 


V{(3^2 + 4)(2^2+ll)} 


are (i) t -y/(4/3)sc(i;V33), (ii) t = ^(ll/2)cs(vV33), with c = 25/33 in each case. 


22. Functional equivalents of 

3/2 

dt 


(i) 




(ii) V = 


V{(9-4<2)(6<» + 7)}’ 

I 3/2 

are (i) t = fcn(«V73, 46/73), (ii) t = fnc(vV73, 28/73). 


dt 


V{(4<^-9)(6«» + 7)} 


23. If 
then 


00 

= /v- 


dt 


V{(< + )(^ sm^^)(t + o* sin*y )} ’ 


cn(Ja7 cosy; cos secy) = siny. 


24. The relations 


00 

C dt 

j V{(<- i)(<-4)(<-6Krr9y}’ 

.... f dt . 

= J V{(<-l)(<-4)(6-«)(9-«)}’ < < < 6. 

5 

1 

^ J V{(l-<)(4-<)(6-<)(9-«)}’ ' ^ 

t 
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are equivalent to 

(i) t = 6 + 4ns4v, (ii) t — 5+sn4t;, (iii) t = 6 — 4dc4v, 
with A; = 1/4 in each case. 


25. The relations 


(') •’-/ 
0 

(ii) ^’ = J 


V{(2<+l)«(6-2<)(4-<)}’ 


0 < « < 6/2, 


V{{2<+1)«(2<-6)(«-4)}’ 


are equivalent to 


. _ 6 — 6cdav 

“ 6 + cdocv ' 

with Jc = 3/5, a = 5V3/2 in each case. 


6dcav-f-3 
3 — dcav * 


26. The relations 




dt 

V(T+^)’ 


are equivalent to 


(i) 2V3/(V34-l-0 = l+cn{v^3,(24-V3)/4}, 

(ii) 2V3/(<+l-V3) = nc{t;^3,(2+V3)/4}-l. 


27. The relation 


I 


dt 


is equivalent to 

(i) (1— <*) = (l+<’)cn(2v, J), (ii) t = SidiC»n>(v,i), 

(iii) «= J(l+i)sd{(l— t)?;, J}, 

(iv) (l-«)/(l+<) = (V2-l)sc{i(2+V2)(Vi-t>),l-(V2-l)*}, 
where is a value of the integral when the upper limit is 1. 


28. The integrals 


J V(l-*‘)’ J V(6a:‘+l»a:’‘+16)’ /v(6a:‘-19a;»+16)’ 

*> > 6/3 

are converted into Legendre’s form by the substitutions 

(i) = t/V(2-2/2), (ii) = b(\-y^)IZy\ (iii) = (iQ- V)/6(l-2/2). 

29. The substitution (3a; + 2)V(2a;— l)(a;— 4) = ^y^ converts 


V(6a;*+19a;2^15)’ 


X 

J 


V{(2x-l)(x-4)(6a;H4)} 


J V{(i- 


into a multiple of J 

30. The interior of an isosceles rightangled triangle is represented conformally 
on a halfplane by the transformation z — dcwdnw with parameter 1/2. 



EXERCISES 


319 


31. The interior of an equilateral triangle is represented conformally on a 
halfplane by the transformation 

z — (cs^^;-{-ns^£;)(cdl^?+nd^l^) 
with parameter (2-}- V3)/4. 

32. The interior of a rightangled triangle which is half of an equilateral triangle 
is represented conformally on a halfplane by the transformation 

(l—z)/(l+z) = (1 — V3s2daC*n2t/;)3, 
with parameter (24- V3)/4. 

33. The interior of an isosceles triangle each of whose base angles is one-third 
of a right angle is represented conformally on a halfplane by the transformation 

== 1 _ ( 1 V3can2d2s2l^?)“®, 

with parameter (2— V3)/4. 


34. If p, q, r, t are the four cardinal symbols. 




pqudu 


pqu+pqKt 
where a, j8, y, 8 are constants 


_ ^ r rq w du 

aPtw4-prtte, = yptw + oqtt^, 

J pqM+pqX< 


dxi.u-{-k 
du 


k{ ^ fesdtt-f nd^. A;* f 

J 1— AJsnw J 

f -^^ Csu - dsu , 

J new— 1 J l-l~kanu 

u 

f 


dnu du 


7 = Dcu-'k'scu, 


= D(u)—k^u—kdcu, 


36. k^ 


du __ ncw4-2 

(r4-cnw)(dnw4-^') ~ csw4-nsw 


■ log t ,l - A:'(Nc M + Ns M + ds m). 

dsw 4 -Aj 


37. (i) Writing A = 1 — esn^sn^v, let 

^(A“^SiCidin3w)/5w — A~W,^, d(A~^ 8iCidin^v)/dv — 

if (f)(v) = can^Vy then as a function of snw, is divisible by A, the quotient 

being A® — 2cn*wdn®w. If further /(v) = ns^v, then 

d(A~^ SiCidin.^u)/du—d(fA~^ s^Cid^n^vj/^v = /A. 

(ii) For an appropriate range of values of v, 

K 

, 1 1 f du 

J 1 -c 


= —K Cav — Ev, 


-can^uan^v 


38. If the functions of v have for parameter the complement of the parameter 
c of the functions of u, then for appropriate ranges of values of v, 

K 

(i) c'siCid%^i;J = c'KCdv—Ev, 


0 

K 


(ii) dll 


n ^ s ^ c^v J 


- sn ^ wdn ^ t ; 
du 


14 - sn*w cs*v 


— KT > cv — Ev -\-\ tt , 


39. If aini/j — sinexsin^, then, with modulus sin a, 

w /2 ff /2 


W 2 it/2, 

J ^ / coa^coa^d dd — (csc®oc4‘l)JS7— Xcot^a. 
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40. If {X,iX') is the fundamental Jacobian basis, that is, the baisis such that 
X -> Jtt as c -> 0 and X' -> Jtt as c' — > 0, the series 


1 + mcc ') + (^) V')‘ + (^) + . 


converges to (2/7r)X inside the loop of the lemniscate |cc'| = J that surrounds 
c — 0 and to (2/7r)X' inside the loop that surrounds c' = 0. 

41. Near c = 1, if 0 < a < 1, then 
1 


1 


where 


1 


integration is along the real axis of the t plane, but c may be complex. 

42. With the notation of Ex. 41, 

J rr-e + -^1 - J TITt 

0 0 
if the integral on the right exists. 

43. In the notation of hypergeometric functions, 

X(c) = i7ri^(iJ;l;c). 

44. Inside the circle which has c — 0, c' = 0 for the ends of a diameter, 

= {X+X')/B, 

(c'-c)/’{i,i;f;(c'-cn = {X'-XyC, 


where 


B 


1 


dt 


^ 3 / 4 ( 1 _^) 3 / 4 » 


C = 2^1/2- 


1 

-K,i, = i J 


dt 




46. If/(t4), g{u) satisfy the conditions 

f{u-^2Kc) =f{u), g(u + 2Kc) = -g(u), 

and are regular throughout the parallelogram whose vertices are then 

Ke 

j {f(u+Kn)+f{u-~Kn)}dnudu = 277 /( 0 ), 


-Ke 

Ke 


J {g(u-\-Kn)—g{u—Kn)}i^nudu = —27rvg(0)lky 

-Ke 

Ke 

J {g(u-\-K^)^g(u-Kn)}Gnu du = 2TTg(0)lky 


where v is the signature of the basis 

46. In the notation of Ch. XVI, with a rectilinear path of integration and for 
integral values of n, 

irq^ 


j dn u cos 2nv du — ^Trsechnr = - 
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Kc 

J sn u .sin( 2n -\-\)v du — cscli(n -|- J)t ~ 
0 
Kc 

J cn cos( 2n-\-\)v du = sech(n J )t ~ 


^r^n+i 


TTr^n+l 


47. If the line from —K^, to is indented to avoid the origin, the integral 
of csu along the path formed is — ttu or ttv according as the indent does or does 
not pass between 0 and on the line joining these points. 


48. If the parallelogram whose vertices are has parallel indenta- 

tions at 0 and and if the indented contour surrounds the origin, then the 
integral of (1— 6*”^^)csu round the contour is expressible as 


(l+g2»^) J (l-e2»^*’)CSudw + 77^(1 

— he 

where the path of integration may be rectilinear. 


49. 




cs u sill 2nv du ~ 


1 


2 ‘ 


50. 


. ^2Kv 
— dn2 : 

7T^ TT 



2q cos 2i; 


4^2 cos 4t’ 

“ i-v’ 


+ 


6q^ cos 
l-q^ 


+ .... 


51. If d‘p{Ur) i« denoted by p^, and if % 4 -t ^2 + ^a + ^4 — then 

cc'siS2S3S4 — cCiC2C3C4-"C' UjU 2113114 + did2d3d4 = 0, 

c C 1 C 2 S 3 S 4 c S 1 S 2 C 8 C 4 + d 4 d 2 n 3 n 4 — nin 2 d 3 d 4 = 0 , 

c'n4n2S3S4>-did2C3C4— c' 848203114 -f-C4C2d3d4 = 0, 
did28384 — 11411203044-04020304 — SiS2d3d4 = 0; 

also S 4 C 2 n 3 d 4 -f C 4 S 2 d 3 n 4 4 -n 4 d 2 S 3 C 4 4 -din 2 C 3 S 4 = 0 . 


52. If p 4 . Pa, p denote d'p{u), d'p{u-\-v)y the sets of ratios c:n:d, s:n:d, 

s:c:d, s:c:n satisfy four sets of equations, as follows: 


cc4C2.c4-c'n4n2.n— d4d2.d 0, 
csjSg.c — d4d2.n-j-n4n2.d = 0, 
d4d2.c4-c'S4S2.11 — C4C2.d = 0, 
0402.0— 0402.11 + S4S2.d — 0; 

c' 8402.8 4 - C4d2.c — d4C2.d = 0, 

c'n4S2.s4-d4C2.c — Cjdj.d == 0, 
C4d2.s— 8402.0—11482. d = 0, 
djCg.s- OiSj.c- S4n2.d — 0; 


CS4C2.S — Ii4d2.n4-d4n2.d = 0, 
cCiSg.s — (14112.114- Ujda.d = 0, 
n 4 d 2 .s— 8402 . 0 — 0483.(1 = 0 , 
d 4 n 2 .s — 0483.0 — 84 C 2 .d = 0 ; 

S 4 d 2. 8 4- 04112. 0 — 11402.0 = 0, 
d 4 S 2. 8 + 11402. 0 — 0403.0 = 0 , 
0402.3 — S4d2.c — d4S2.n — 0, 
iiiCg.s — djSg.c — 84d2.n = 0. 


53. If £{/} denotes the Laplace-transform of the function /(^) .of the positive 
real variable t, that is, the function of the positive real variable p defined by 


then 

(i) 

(ii) 

4767 


£{/(<)} = J e-'-'/fO dt, 
0 

£{[V^/27r]} = 

Tt 
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54 . If the relation of the several functions to the lattice, and their dependence 
on the parameter a (where q ™ e~°)t are indicated by the notation 

Hiu) - H>;a), H(w+A;) - 

0{w) = 0n(v;o), 0(w+A’c) 0d(^;(T), 

then for — J < i, 

£{113(771;; 77^^)} = — (1/Vjt))sinh(2t;yp)sech Vp, 

£{ 0 „( 77 V; 772 O} = (l/yp)co.sh(2vyp)cschVp, 
and for 0 < y < 1, 

£{Hc(.77y ittH)] — — ( 1 / Vp )sinh{ ( 2y — 1 ) Vp}sech 4p , 

£{0rt(77y;772^)} = (l/Vp)cosh{(2y— 1) Vp}csch Vp. 

55 . If is the typical member of an arithmetico -geometric chain in which 

ao: 5 o = if with tanjfo “ VA:'tan<^, then as 

M(\,k')F(<f>-,k). 

56 . If in the transformation x ^ the Jacobian parameter c is a real 
numb('r between 0 and 1 , and the points P, Q are adjacent corners of the funda- 
mental rectangle, then the line which joins the midpoint of PQ to the midpoint 
of the opposite side of the rectangle is represented in the x plane by a circular 
quadrant of radius [pq J(A^— Aj,)| whose centre is the origin. 

57 . If two variables z, w are connected through an intermediary by the rela- 
tions z = pq^^, w — Pq^, with 0 < A; < 1, and if the pole and the zero of pq^ 
are adjacent vertices of the fimdamental rectangle, the halfplane Im z > 0 corre- 
sponds to a w quadrant enlarged by the addition of a rectangle in the corner of 
an adjacent quadrant. 
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1 . By comparison of periods and principal parts; since the functions are odd, 
the additive constant is zero. Cf. 14-81 oh p. 244. 

2. From Ex. 1 by differentiation. 

3. Trivially from Ex. 2, 

, ^ g|lJ 2 ^ ^ j 

(fjz+gjz)(fj 2 +hjz) (gjz+hjz){gjz+fjz) (hjz + fjz)(hjz+gjz) 

4. Ex. 2 gives rmambiguously. 

5. Since 2f j a;f j i/f j(a; — i/) = {p'x{^y—ef)-\-^'y{px — ef)}l(§)x—py), 

6 . For arbitrary values of x and the function of z on the left can have no 
poles that are not simple, and the possible residues are all zero by Ex. 5. To 
find the constant, put z = 0 . 

Alternatively, by elementary algebra in terms of the p function. 

7. (i) An alternative enunciation of Ex. 6 . 

(ii) Replacing by + z^—Wf, 

(iii) Adding oj/, to Z 3 , Z 4 . 

Writing Z 4 = 0 we have a multitude of pairs of formulae from which addition 
theorems are deducible; see Ex. 61, 62. 

Results equivalent to those in this exercise are given by Tannery and Molk. 

8 . In terms of primitive functions the relation to be verified is 

gj^ivfj^i/— = fj^xgj^i/— /IhjV 

The function given is jg(aJ+ 2 /) + fg(iC+ 2 /)> found from 4*7 1^ by the substitution 
of y—Wg for y, 

9. Addition theorems can be deduced; see Ex. 16, 


10. The only case of quadruplicity is that in which = Wj. and pqoj, ^ 0. 

11. Since the difference between the two fractions l/(a— 6pqz), l/(ot+6pqz) 
is integrable, the integration of the fraction l/(a— 6pqz), and therefore of any 
rational function of pqz, can be effected in terms of the integral of the sum of 
the two fractions, that is, in terms of the integral of a function of the form 
1/(A + Rpq*z). This is Legeildre’s standard integral of the third kind. The 
integral of the first kind is the integral of pq*z and is in effect standardized by 
the Weierstrassian function and by the functions we have called the integrating 
functions; the integral of the second kind is the inverse of a Jacobian function. 
See further Ex. 37, 38. 


12 . For direct verification we have, by the substitution < = l/y, 

1 00 00 

dt 

o' ;i 0 

and by the substitution = (a;— !)/(«;+ 1), 

1 00 


f _ 

f -if 

J J 

1 V(<*+1) *J 


C dt _ r dx 

J V(<‘ + 1) "" J 


!)}■ 


Tlie relation c«+/3+y = 0 is that between quarterperiods; see 6-603. 

4707 
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13. The source of this result is given in Ex. 62, where it can bo seen that 
addition of quarterperiods yields only three results essentially distinct from this. 

14,15. Independent proofs are easy, but either result may be inferred from the 
other, since the determinant is the derivative of the Wronskian \xy^z''\i 

The functions a?, t/, z satisfy a set of simultaneous differential equations 
x' = ayz, 2 /' = hzx^ z* = cxy^ 

where a, 6, c are constants. Hence x*^ = ax(hz^-\-cy‘^), and therefore a;'" = Bx'-\-<f)Xt 
where 6 = bcx^+cay^+abz^, (f> == Zahcxyz, Alternatively, 

a;* == a(^-hA), i/* = 2 :® = c(^+(7), 

where if/' = 2xyz and G are simultaneous values of x^/Uy y^fh, z^fcy wlience 

the value of the determinant \xy'z''\ is a^hH\B--G){G~-A){A — B). 

16. Putting u = Kq in the first difference, u in the second, wo liave 

csi;nswns(w-f^)— nsvcstics(w-l-t;) — dsi?, 
dsvnswns(w4-t?)— ns«^ dswds(t^ + i^) = ocsv. 

Combining these formulae with the two derived from them by interchange of 
u and V we have two pairs of simultaneous equations from which cs(t^ + t;), 
ns(w-l-v), ds{u-fv) can bo found. 

17. By adding to both u and v in Ex. 16. 

By adding quarterperiods to w, v independently, or by arguing on any two 
functions prwpr(w+i;) and qrwqr(u+^)» we obtain a profusion of equations of 
which sixteen in all are essentially distinct; those sixteen, found by an alternative 
process which organizes them, are given in Ex. 52. 

18. The argument is functional: sn'3w is zero in all four cases. In algebraical 
verification, evaluating sn3t4 as sn(2u-^u) we find, if snt^ = Xy 

1— sn3w_ l-i-x/l — 2x-^2k^x^ — k^x^Y 

l + sn3t^ \—x\\-\-2x—2k^x^ — k>^xV * 

1— A;sn3w_ \-\-kx i\ — 2kx-{-2kx^ — k^x^Y 
l^A;8n3w \~kx\\-\-2kx—2kx^—k^xV 

The roots of sn3w = 1 which are double in terms of sn^4 are congruent, 
mod4Jfirc, 2K^y with 1^^^® roots which are simple are con- 

gruent with ZKq, 

20. (i) The functions are imiform, their squares are equal, by Ex. 19 (i), and 
they both resemble u near w == 0. 

(ii) A version of scusc(if<.‘~^) = sn sd If k and k' are real and positive, 
we have |sc(iiirg+^0| == 1/VA;'. See Ex. 56. 

(iii) In this form of the results there are no ambiguities to be resolved. The 
values of dn and k' are given by (i) and (ii), and the formula for cd(w-f 

is a case of 12*444. 

21. We can scan Table XI 11 for the sign pattern, but a moment’s preliminary 
consideration discovers the functions wanted. The critical values are both 
imaginary, and therefore the points P, Q are the comers of the fundamental 
rectangle which are on the real axis, and the functions available are sew and 
csw, of which the first, with zero at the origin, is the better suited to (i), and 
the second, with pole there, to (ii). We have now only to assimilate (i) to 
(dxfduY — (l+c'a;*)(14-iJJ*) and (ii) to (dxjduY — (x^-\-\)(x^-{-c'). 



NOTES ON THE EXERCISES 


325 


Alternatives still remain, for we could take == (ll/2)a;* in (i) or ~ (4/3)a;* 
in (ii); the results are functionally accurate, but they imply a negative value for c. 

There is no real need to use different functions, for the relation (ii) is equivalent, 
from (i), to < “ when the fixed limit has one of the 

four natural values there is one specially appropriate function. 

22. In each case one critical value is real and is at the origin, and the other 
is imaginary; hence P, Q are diagonally opposite and have the origin between 
them, and the functions available are cnu and new. In (i) the real values of 
the function are less than the value at the origin and the function is enw; in 
(ii) the real values increase with t and the function is new. After making the 
substitution which reduces the first factor of the radical to 1— re* or a;®— 1, we 
have only to divide the second factor by the sum of its coefficients to reduce 
it to c' -\-cx^ or &x^-\-c. 

24. Since the two critical values are real, P, Q are adjacent corners of the 
fundamental rectangle. 

(i) In general, oo as a limit is of no significance before the radical has been 
transformed, but hero it is clear in advance that the substitution will bo of the 
form < — 6 = Aa;, and therefore that oo has the same significance for the function 
before transformation as afterwards. Hence the function, with a polo at the 
origin and two real critical values, is ns w. To vary the procedure, we substitute 
^—5 — Ansav, and compare the given relation 

(dtldv)^ {(^-5)2-42}{(^-6)2-12} 

with the relation 

(dtIdvY (a/A)2{(^-5)2-A2}{(^-5)2-cA2}. 

(ii) The origin becomes a zero after transformation; we substitute 

t—5 — Asnav, 

and compare the two relations 

(dt/dv)^ -= {42-(^-6)2}{ia-(^-5)2}, 

(dt/dv)^ = (a/A)2{A2--(i-5)2){A2-c(t-5)2}. 

(iii) The integral is the same as in (i), with 10 — ^ for t, that is, with the sign 
of 5 changed, but the fixed limit is now a zero under the radical; that is, the 
function acquires one of its critical values at the origin, and the form in which 
the result is given is more compact than t — 5 — 4ns4(?;— v), in which v is the 
complete integral for case (i) and 4v is Kc* 

25. The range of zeros under the radical is not symmetrical, and the homo- 
graphic transformations must be constructed. In each case the function required 
has two real critical values of which one is at the origin, and since a critical 
value at the origin is necessarily 1, the association is of x = 1 with ^ = 0 in (i) 
and of = 1 with ^ = 4 in (ii). Hence in (i) the values —l/k, —1, 1, 1/A; of a; 
correspond to the values 4, 5/2, 0, —1/2 of ty and in (ii) the values —1, —kyky 1 
of X correspond to the same values of t in the original order — 1/2, 0 , 6/2, 4. In 
each case {(1— A;)/(l+A;)}® can be equated to the cross-ratio ( — 1/2, 4; 0, 5/2), 
and k = 3/5. 

The two transformations are 

1 6-2« 1 1+a? .. 1 2^-6 _1 6a;-3 

2t "4'1-a;’ 6 ’ 2^ “4’5a; + 3’ 
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and the two functional relations are (i) x = cdav, (ii) rr = dcav. Substitution 
gives the two values of a, which are necessarily identical. 


26. (i) By finding the values of A for which (l-|-^-|-i®)+A(l— 0 is a perfect 
square in t, we construct the identities 

4(l+<+^2) ^ (2-V3)(V3+l-<)2 + (2+V3)(V3-l + 0^ 

4V3(l-0 = (V3 + l-«)«-(V3-l+^)^ 

The function required has one real critical value and one imaginary critical value, 
and the real critical value corresponds to a zero value of the integral, that is, 
is at the origin. Hence the function is either cnu, with factors l—x^, 

or ncu, with factors a;*— 1. 

From Ex. 19 (i), the relation can be written explicitly in the simple form 

< = 1 — V3 SgdgC^n^ Jw, 

Remark that t = 0 has no significance for the function and is not a natural 
limit for the integral; in other words, if we invert the relation 



dt 


the argument of the elliptic function must take the form cx{v — Vq) with Vq ^ 0. 
On the other hand, oo is a natural limit, and if we take for integrand, 

the integral from ^ to oo inverts economically in the real field. 


27. (i) Writing = y and transforming the now radical by means of the 
identities 4i/ = (1 +2/)^ — (1— 2/)^ 1+2/^ = i(l+2/)^ + i(l“2/)’** 

(ii) Immediately from (i); see Ex. 19. Wliile (i) is the more useful for com- 
putation, (ii) presents ^ as a uniform function of v. 

(iii) Actually more obvious than (i), using a fourth root of — 1 ; transformation 
to (ii) is a straightforward exercise in separation of real and imaginary parts. 

(iv) Applying the standard process to the factorized quartic by means of the 

identities 2V2(l±«V2+«2) = (V2±l)(l+t)» + (V2Tl)(l-<)®. 

A transformation of functions whose modulus is 1/V2 to fimctions whose com- 
plementary modulus is (V2— 1)^ is a Landen transformation. 


28. (i) The sign-pattern of (1— a;2)(l-|-a;2) is that of sdw and cnw, but with 
cnw it is the lower limit of the integral that is variable. To render the factors 
multiples of 1— c'sd^t^, 1-f csd^w, we must take c == c' = J; then 

= Jsd^ti = isn^w/(l — Jsn^if). 

(ii) The sign-pattern and the position of the variable limit indicate csw, and 

the factors 2a;2+3, 3a;2-f 5 are to become multiples of 1, 08 * 1 /+ c'. To secure 

c' < 1 we associate the factor cs^w-j-l with the larger of the two numbers 3/2, 
5/3. Thus = 6cs*w = 5(1— sn2w)/sn*w. As it happens, we have not needed 
to determine the parameter, but from the identity 

3(2a;2+3) = 10cs*w+9 = 10(cs2w-|-c') 

we have c' = 9/10. 

(iii) The function is dew, the factors are to become multiples of dc*w— 1, 
dc®w— c, and to have c < 1 we associate dc*w— 1 with the larger of 3/2, 5/3. 
Thus 3a;* — 5dc*w = 5(1 — csn*w)/(l — sn*w), while c = 9/10. 
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29. From the identities 

14(6a;2+4) = (5a;-6)*+5(3a;+2)2, 8(2a;- l)(a;-4) = (6a;-6)2-(3a:+2)2, 

the substitution V6(3?j+2)/(5a; — 6) = t converts the integral v into the form 
associated with sdw, with c' = 1/6; that is, t == sd(av, 5/6) where a is a constant. 
The integral in,y belongs to sc«^, and is therefore the result of the transformation 
implied in the relation sc^w — sd2t^/(l— c'sd^w), namely, 

- 6(3a:+2)V{(6a;-6)2-(3;r + 2)2}. 

30. If the origin in the z plane is to correspond to the right angle and the 

points i 1 to the base angles, the Schwarz- Christoff el form of the transformation 
may be taken as ^ 

o _ f 

1 

the factor 2 being introduced for convenience. The substitution — 1 — zH*^ gives 




implying t^l2 = sdw, with c = J. 

Although z is not a singlevalued function of ty we have shown incidentally that, 
with the tacit choice of radicals that we have made, z == dwjdt ~ V2dcii>dnta. 
It follows that Zy as a function of Wy has no branchpoints, and that in fact the 
expression of z by way of t defines two separate tmiform functions of w which 
are equally effective for the representation. 

To drop the factor V2 from z now only alters the scale in the z plane. 

31. The Schwarz- Christoffel transformation 


f 

z 

is converted by the substitution z^—\" zH^ into 




Since 1/2 = dt/dWy and scale factors are unimportant, it follows from Ex. 26 (i) 
that one solution is 2 = (1 +cnic)*/sntednti?, with the parameter given. 

32. With appropriate values of the constant C and of the constant of integra- 
tion, the transformation 

dzjdw = C2V2( 1 -zYl^( 1 +2)W« 
is converted by the substitution 1 — 2 = (l-f^)^^ into 




which, by Ex. 26 (i), is equivalent to 


t = I- V3 


l—cxi2w 
1 I ca2tc’ 


2+ V3 
4 * 
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33. The substitution converts the Schwarz -Christoff el transforma- 

tion, in this ca«o 


to the form dtjdw — — (2/V3)-^(«®~ 1). But it is to be noted that z is not now 
a uniform function of w. This is not mere want of ingenuity. It follows from 
Briot and Bouquet’s discussion, J. de VJ^c. Poly, (1866), of the differential 
equation afterwards shown by Schwarz and Christoffel to be at the heart of the 
problem, that the only triangles for which uniform conformal representations 
exist are the three considered in Ex. 30-32. 


34. The integrands are multiples of 

pq ti(pq w — pq i^^)qt%, rq w(pq w — pq Ki)c\t^u. 


36. Since Nst^+1/^ tends to zero with w, so also does Nsi^+dsi/. In terms 
o^ E{u), Nsw+dsw — snw/(cdt 4 +ndw)+w— JSJ(w). 


37. (ii) By repeated integration from (i). On each side the function vanishes 
when V = K and is an odd function resembling K/v near v ~ 0. 

Let y denote the path of integration for u from 0 to Ky let y' denote the 
reflection of y in the origin, and let F denote the curve obtained by translation 
of y'+y repeatedly through a step 2K in either direction. Then there must be 
a path of integration for v from 0 which does not cross either of the curves 
obtained by the translation of F through :^iK\ In favourable cases, and in 
particular if the u path is straight, the two v barriers are the edges of an infinite 
strip; restriction of v to a strip of this kind is apparent in the form of the nvsult, 
for the function on the right is periodic in 2K but not in 2iK\ 

38. Identities similar to that in Ex. 37 (i) are constructed, the v numerator 
being snvcnvdnv in (i) and csvnsvdsv in (ii). In (ii) one v barrier is obtained 
by rotating F tlirough a right angle round the origin, and the function on the 
left is discontinuous at = 0, tending to -{-in or to — Jtt according to the relation 
between the directions from which u and v approach the origin. 

Except in notation, the results of Ex. 37 (ii) and Ex. 38 are due to Legendre, 
and the method is his. The integral is the complete integral of the third kind, 
in the three forms possible with real values. It is only the complete integral 
that is reducible; the indefinite integrals of Ex. 34-36 do not involve an arbitrary 
constant independent of the Jacobian system, and if they are regarded as 
involving integrals of the third kind, these integrals are degenerate. Substitution 
of iC' for V in 38 (ii) is equivalent to one of Legendre’s proofs of his identity 14*62. 


39. Substitute at once 8 — amw. The product by fii^sin^a is the volume 
common to two circular cylinders of radii R, i?sina with perpendicular axes 
which intersect; the first integral uses polar elements of area, the second cartesian 
elements of area, in a plane perpendicular to the axis of the more slender solid. 

40. The series satisfies the quarterperiod differential equation. 


41. The integral is identically log 1/(1— c)—Ji +72, where 

1 


h 




t (l-f)i-«(l-cf) 


— —pi dt, — r 

«(l-cf)“l * J 


dt 


(l_^)i-«(i_c0“ 



NOTES ON THE EXERCISES 


329 


With the substitution c'</(l— <) = u, where c' =5 1— c, 
0 1 




where 


1 \du 


=/'■ 

= f ji L_)_^ 

J \ (1+w)“/m(c' 


= O(c'), 


+m)' 

Without tho factor c', the integral would bo divergent for c' = 0; that is, l^ 
is not O(c'). With the classical restriction, c'+u > and since 


/(- 


1 

\ du 

(1+W)“ 

lu^l^ 


is finite, = O(c'^l^) immediately. For a complex value of c', let tlu‘ half-lino 
from 0 through c' cut some fixed circle whose radius is independent of c and less 
than 1 in 6, and deform the path Oc into 06-}- 6c; the integral J along 06 is 0(c''/2), 
by a slight modification of the argument just used, and tho integral along 6c 
is O(c'). 

With the substitution l—t = c'u, 

1 1 

du 


I ^ f -f 


+ 0(C% 


(l+u) 

0 0 
and /j, /fi, and the unevaluated part of are all dominated by J. 


44. The functions satisfy tho quarterperiod equation, tho first is unchanged, 
tho second changed only in sign, if c and c' are interchanged. 

Tho values of B, C in terms of iTj/g and E^i 2 are obvious, since the hypt'r- 
geometric functions become, unity when c = c'. For the integral forms, we have, 
from Ex. 41, near 2 = 1, 

1 1 

C dt dt 1 

J = J 'fiiiiizifrijr-ztyi * "" 

0 0 

1 ' 1 

0 0 

giving, when z = (1 — 2c)*, the dominant term as log(l/c) in each case; on the 
other hand, X'-\-X — Jlog(l/c)-|-0(l). 

Appeal to symmetry and skewsymmetry avoids tho evaluation of constants 
in the application of Ex. 42. 


45. By integrating the functions f{u)csuy g{u)nsuy g(u)dH u round tho parallelo- 
gram. The difference in postulated behaviour between /(w) and g(u) is wanted 
because csw is not negatived by the addition of 2Kc to u, and the form of the 
integrand differs in the second and third integrals because tho addition of 2Kn 
to u negatives dsw but not nsw. 

The parallelogram provides similar theorems for the functions ndt^, 

cdu, sdw. Parallelograms with centres at other cardinal points produce the 
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same six theorems. A function with a pole at 0 dr Kq can not occur in theorems 
equally general if the path of integration is to be from —Kq to Kq* 

46. By taking /(w) = e^***^^, g(u) = in Ex. 46. The results, with trivial 

additions, are equivalent to the Fourier expansions 16’74i_8, and 16*74 4_8 can* 
be found in the same way; the factor KJ^tt enters because the Fourier integration 
is with respect to v, not to u, 

47. The integral is a value of log( — 1 ), fcut instead of examining the various 

configurations, integrate csu roimd the boundary composed of the given path, 
a congruent arc joining to K^-\- 2 K^y and the lines from to 

^Kc-\-2Kn, The integral is doubled, and the value of the contour integral is 
27rv times the residue at the included pole, which is at 0 or at 2 Kn according to 
the lie of the indent. 

48. Immediately from Ex. 47. 

49. From Ex. 48, by changing the sign either of n or of w and combining. 
The formula does not give a Fourier series, since 2 {l“^^”)/(l+ 9 '^”) is divergent, 
nor is such a series to be expected, since csu has a pole at the origin, but 16*73i 
follows immediately if the fraction is written as 1 — There are 
similar proofs of 16 * 732 _ 6 . 

51. The first formula is the result of Ex. 7 (i) rewritten. Then are 

replaced by Ui-\-Kcy u^—K^y by and by Ui-{-K^y in turn. 

Lastly Wj, W 3 , W 4 are replaced by 

There are no other typical forms, but when the arguments are permuted, a 
total of sixteen formulae, distinct for assigned arguments, is obtained. Each 
formula may be divided by a product Piq 2 r 3 t 4 to provide a relation between 
Jacobian functions, but if the results are presented in this form duplication is 
harder to avoid and the structure of the group becomes harder to appreciate. 

62. From the complete set of sixteen formulae implied in Ex. 61, by writing 
Oy U 3 = — (t^i+W 2 )* Any fwo formulae in the same set can be utilized, in 
three distinct ways, as a pair of simultaneous equations giving addition theorems 
for two copolar Jacobian functions. For example, sn(t 4 +v) and cn(w+t;) can be 
found algebraically from 

snwdnvsn(t 4 +v)-fcnwcn(w+v) == cnv, 
dnt/sni;sn(w+v) + cnvcn(w+v) == cnu. 

Since an addition theorem has been used to establish Ex. 5, this process is not 
an independent proof of addition theorems from first principles. 

The Jacobian equivalents of the individual formulae in this example can all 
be established by an examination of poles; they provide excellent material for 
practice in this kind of analysis, and an attractive short cut to the addition 
theorems themselves. Some of the results can be anticipated in form and con- 
structed in detail; see Ex. 16, 17. 

53. In (ii), the function operated on is the greatest integer in Vi{/27r; on the 
right, the numerical coefficients in the indices are the squares of the even numbers, 
zero excluded, and the series within the brackets is J( 0 (K) — 1 } for q == 

that is, for K'/K = 47 rp. 

54. The notation is improvised. For results in this field, see Doetsch, Theorie 
und Anwendung der Laplace-Transformatiori (Springer, 1937). 
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55. The subj^titution == A^tanjf^ converts the recurrence 

tan(^^^i 

into (the foyn tanjf^^i — /x^tan2jf,^ if == 1. This formal simplification of 
the Landeii recurrence is due to Gauss. The auxiliary variable x seems to have 
no oth(^r part to play. The recurrence for the hyperbolic amplitude 0 is modified 
in the same way: if tanhi/f,^ = ^(a,J6^)tanh with tanhi/fQ = VA^tanh^, then 

asw->oo, 2-«ip„~>MH,k)G{9;k'), 

where G(6;Jc') is the integral in 13-604. 

A wealth of arithmetico -geometric formulae is given in L. V. King’s monograph 
On the Direct Numerical Calculation of Elliptic Functions and Integrals (Cam- 
bridge, 1924). His explicit recurrences all follow the positive half of the chain 
based on (1, A;'), but since he deals with functions whose modulus is A;' a.s well 
as with functions whose modulus is k, he does in effect use the positive half 
of the (1,A;) chain also. His serious handicap is the restriction to the classical 
functions. 

56. No formulae are needed; see Ex. 20 (ii) and compare the proof of 17*803 
in the text. 

57. Compare Th. 17*81. The accessible re-entrant angle of the infinite ‘rect- 
angle’ is now on one of the axes: a trench is dug at the foot of a wall. 

Unlike the transformations in Ex. 30-33, this transformation and that of 
Th. 17-81 have a variable element in addition to scale factors. To apply 17*81 
to a rectangle of given proportions we have to determine c from t]u3 ratio of 
Ds/v^ to DsK,,, that is, in effect, of c'K—E to cK' — E\ 
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